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Abstract

In the study of the necessary conditions of optimality for multiple
state optimal design problems, there are situations where the optimal
design can be found among sequential laminates which justifies the par-
tial relaxation of the original problem. In this paper we characterise the
situations where such conclusion is doubtful. If the space dimension is
greater than the number of state equations, a more precise information
on optimal microstructure is given.
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1 Introduction

Consider the conductivity problem in an open set Ω ⊆ Rd:

−div(A∇u) = f ,

where A is a matrix function (the conductivity coefficients), f ∈ H−1(Ω) the
source term, and u an unknown function, modelling the temperature or, in
the electrostatics, the potential. It is of interest to determine all effective
conductivities which can be obtained by mixing two isotropic phases αI and
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βI, the conductivity of mixture being described by a characteristic function χ
of the region occupied by the first material αI

A = χαI + (1 − χ)βI . (1)

In optimal design an arrangement of given materials is sought, which would
be optimal in a certain way. Such problems usually have no solution, and one
way of relaxing them is to consider generalised (composite) materials obtained
by homogenisation [6, 8, 1].

The composite materials are described as limits, in the sense of H-topology,
of sequences of the form (1). In this case the characterisation of the set of all
possible limits is known.

More precisely, if a sequence of characteristic functions converges weakly
∗ to θ in L∞(Ω), then the corresponding sequence of conductivity matrices,
given by (1), H-converges to a matrix function A such that A ∈ K(θ) holds
almost everywhere on Ω, where K(θ) is the set of matrices described in terms
of theirs eigenvalues:

λ−
θ ≤ λj ≤ λ+

θ (j = 1, . . . , d) , (2)
d∑

j=1

1

λj − α
≤ 1

λ−
θ − α

+
d − 1

λ+
θ − α

, (3)

d∑
j=1

1

β − λj
≤ 1

β − λ−
θ

+
d − 1

β − λ+
θ

. (4)

The numbers λ−
θ , λ+

θ are the harmonic and the arithmetic mean of α and β
(in proportion θ and 1 − θ): λ+

θ = θα + (1 − θ)β and 1
λ−

θ

= θ
α

+ 1−θ
β

. It is

important that the converse statement is also true: For any θ ∈ L∞(Ω; [0, 1])
and any measurable matrix function A, satisfying A(x) ∈ K(θ(x)) a.e. x ∈ Ω,
there exists a sequence of characteristic functions (χn) converging weakly ∗ to
θ such that χnαI + (1− χn)βI

H−⇀A. This fact is actually crucial for a proper
relaxation of optimal design problems [6, 9, 10, 1].

Particularly simple composite materials can be obtained by lamination;
i.e. by interchanging the layers of two materials in such a way that their thick-
ness ratio is θ

1−θ
. If we pass to the zero limit of layer thickness (with the ratio

preserved), we obtain a homogenised material, which is anisotropic, and called
simple or rank–one sequential laminate.

A rank–r sequential laminate is obtained by lamination of a rank–(r − 1)
sequential laminate with a single pure phase (always the same one, which
is then called the matrix phase). The conductivity of a rank–r sequential
laminate is a matrix with exactly d− r eigenvalues equal to λ+

θ and such that
the equality in (3) is satisfied if the matrix material is αI, or (4) if the matrix
material is βI. The equalities in (3) and (4) hold simultaneously only in the
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case of a rank–one laminate, where d − 1 eigenvalues are equal to λ+
θ and one

is λ−
θ .
In this paper we consider the case of optimal design problems with m

state equations. In the following section, for the sake of completeness, we
shall formulate the problem and present the necessary conditions of optimality,
which are important for its numerical solution.

Tartar showed that in the case m = 1 an optimal design can be found
among simple laminates, even in the case of mixing more than two anisotropic
materials [9]. Similarly, for the case m < d and two isotropic original materials
with conductivities α and β in [3] we were able to conclude that optimal A∗ can
be found among rank–m sequential laminates with matrix material α (α < β!).
This strange asymmetry in two original materials can be justified by some
simple examples, see [2]. In the third section we consider the general case of
arbitrary m, where the analogous result cannot be obtained — we examine
where the problems may occur. In the last section, for the case m < d we
shall take a closer look at the situations where the optimality condition does
not uniquely determine the optimal microstructure. Here we shall actually
present a technique how to replace the optimal microstructure with a simpler
one, which will still be optimal.

This problem can be viewed as a justification of the method of partial relax-
ation, where one does not consider the full relaxation of the original problem
by all possible composite materials, but just uses sequential laminates. This
procedure is important in situations where the explicit characterisation of com-
posite materials is not known, for example, in the case of mixing more than
two materials or in the linearised elasticity.

2 Multiple state optimal design problems

In the multiple state optimal design problems, one is trying to find the best
arrangement of given materials, such that the obtained body has some op-
timal properties regarding m different regimes. Optimality of a distribution
is measured by an objective function, which is usually an integral functional
depending on the distribution of materials and the state functions, obtained
as a solution of the associated boundary value problems [1, Sect. 3.1.3].

More precisely, for given f1, . . . , fm ∈ H−1(Ω), the characteristic function
of the first material χ : Ω → {0, 1} and A given by (1), the corresponding
temperatures u1, . . . , um are uniquely determined by{ −div (A∇ui) = fi

ui ∈ H1
0(Ω) .

(5)

With notation u = (u1, . . . , um), the optimality of a given mixture is measured
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by the cost functional

J(χ) =
∫
Ω

(
χ(x) gα(x, u(x)) + (1 − χ(x)) gβ(x, u(x))

)
dx

and our goal is to minimise this functional over the set of all measurable
characteristic functions χ on Ω. In some applications, a constraint on the
amount of given materials is given:

∫
Ω χ dx = Vα. Functions gα and gβ should

be chosen in such a way that u �→ (gα(·, u), gβ(·, u)) is a continuous nonlinear
operator from H1

0(Ω,Rm) weak into L1(Ω,R2) strong [6, 1].
As mentioned in the Introduction, the relaxation of this problem is neces-

sary. It consists in introducing the local proportion θ : Ω → [0, 1] of material
αI, instead of χ with values either 0 or 1. From the homogenisation theory it
is known that (1) cannot be used to express A in terms of θ, since we have to
accept all possible conductivities belonging to the set K(θ). The relaxation is
written as⎧⎨⎩ J(θ,A) =

∫
Ω

(
θ(x) gα(x, u(x)) + (1 − θ(x)) gβ(x, u(x))

)
dx → min

θ ∈ L∞(Ω, [0, 1]) , A ∈ K(θ) a.e. on Ω ,
(6)

where the components ui of u are solutions of (5). Additionally, if the con-
straint on the amount of given materials is present, the local proportion should
satisfy

∫
Ω θ dx = Vα.

This relaxation allows us to use classical techniques of calculus of variations
to obtain necessary conditions of optimality. For the convenience of the reader,
we shall present the main result, while the details can be found in [1, Section
3.2].

For the existence of the Gâteaux differential the assumptions on partial
derivatives ∂

∂λj
gα and ∂

∂λj
gβ are needed: they should be the Carathéodory

functions satisfying growth conditions∣∣∣∣∣ ∂

∂λj
gi(x, λ)

∣∣∣∣∣ ≤ k′(x) + c′|λ|p−1 , j = 1, . . . , m , i ∈ {α, β} ;

for some k′ ∈ Lq(Ω), q > 2d
d−2

and 1 ≤ p < 2d
d−2

.
As it is usual in optimal control problems, to express this Gâteaux differen-

tial explicitly in the terms of variations δθ and δA, the adjoint states p1, . . . , pm

are introduced as solutions of{
−div (A∇pi) = θ ∂gα

∂λi
(·, u) + (1 − θ)

∂gβ

∂λi
(·, u)

pi ∈ H1
0(Ω)

i = 1, . . . , m .

Finally, for any admissible variation δθ and δA, the first order variation of
J is calculated by

δJ =
∫
Ω

δθ[gα(·, u) − gβ(·, u)] −
∫
Ω

m∑
i=1

δA∇ui · ∇pi . (7)
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Let us denote by (θ∗,A∗) a solution of the relaxed optimisation problem (6);
the corresponding state and adjoint functions are u∗ and p∗. The necessary
condition of optimality says that δJ ≥ 0, for any variation of optimal θ∗

and A∗. We shall consider variations only in A (δθ = 0). Since the set
K(θ∗) is convex, the admissible variations δA are of the form A − A∗, for
some A ∈ K(θ∗), and the necessary conditions are simply written as: Almost
everywhere on Ω the problem⎧⎪⎨⎪⎩

m∑
i=1

A∇u∗
i · ∇p∗i → max

A ∈ K(θ∗)
(8)

has A∗ as a solution (here and in the sequel, · denotes the Euclidean scalar
product on appropriate vector or matrix spaces).

3 Optimal microstructures for arbitrary m

At the beginning of this section we shall reinterpret the necessary condition
of optimality (8). For the moment, we can take any number of states m into
account.

Define the mapping T∗ : Ω → Rd×m as T∗ = A∗∇u∗ = (A∗∇u∗
1, . . . ,A

∗∇u∗
m)

so that, almost everywhere on Ω, T∗(x) belongs to H(θ∗(x),∇u∗(x)) (to be
more precise, this holds for any common Lebesgue point of mappings θ∗, A∗

and ∇u∗), where

H(θ, ξ) := {Aξ : A ∈ K(θ)} , θ ∈ [0, 1], ξ ∈ Rd×m .

For a fixed ξ ∈ Rd×m the mapping Φ : A �→ Aξ is linear, so H(θ, ξ) = Φ(K(θ))
is a convex and compact set. Notice that H(θ, ξ) consists of just one point if
and only if θ ∈ {0, 1}, i.e. K(θ) contains only βI or αI, or ξ = 0.

In this notation the optimality condition (8) states that, for almost every
x ∈ Ω, the problem {

T · ∇p∗(x) → max
T ∈ H(θ∗(x),∇u∗(x))

(9)

has T∗(x) as a solution.
The convexity and closedness of the set H(θ∗(x),∇u∗(x)) thus implies the

following conclusion.

Lemma 3.1 For points x ∈ Ω such that ∇p∗(x) 
= 0 we have T∗(x) ∈
∂H(θ∗(x),∇u∗(x)).

On the other hand, if ∇p∗(x) = 0 we have no information on optimal design
(θ∗,A∗). The same problem can occur in some other situations, where ∇p∗ does
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not vanish. For example, if m = 2, at some point we could have ∇u∗
1 = ∇p∗2 and

∇u∗
2 = −∇p∗1, so A∇u∗

1 · ∇p∗1 + A∇u∗
2 · ∇p∗2 = A∇p∗2 · ∇p∗1 −A∇p∗1 · ∇p∗2 = 0,

for any A ∈ K(θ∗). In general, this situation can easily be described [1]
by introducing M(x) = Sym (

∑m
i=1 ∇u∗

i (x) ⊗∇p∗i (x)) , where ⊗ denotes the
tensor product of vectors in Rd. Now A∇u∗ ·∇p∗ = A ·M, and the situations
given above relate to M = 0.

Nevertheless, the difficulties can arise even in the case when M(x) 
= 0.
Let us fix x ∈ Ω, a common Lebesgue point of mappings A∗, θ∗ and ∇u∗,

and simplify the notation: we shall write A∗ ∈ Rd×d, θ∗ ∈ [0, 1] and a ∈ Rd×m

instead of A∗(x), θ∗(x) and ∇u∗(x), respectively. Therefore, for given A∗, θ
and a, we know by Lemma 3.1 that A∗a belongs to ∂H(θ∗, a), or equivalently,
for some v ∈ Rd×m, we can consider A∗ to be a solution of optimisation
problem {

Aa · v → max
A ∈ K(θ∗) .

(10)

The function we wish to maximise in (10) can simply be written as A · M,
with M = Sym (

∑m
i=1 ai ⊗ vi), where ai and vi represent the i-th columns of

matrices a and v, respectively.
The classical von Neumann result (v. [5]) says that the maximum in (10) is

attained at a matrix A such that A and M are simultaneously diagonalisable.
Therefore, after denoting by λ = (λ1, . . . , λd) the eigenvalues of A, and by
μ = (μ1, . . . , μd) those of M, (10) can be rewritten in the form{

λ · μ → max
λ ∈ Λ(θ∗) ,

(11)

where the set Λ(θ∗) ⊆ Rd is described by inequalities (2–4).
If a solution λ∗ of (11) for given μ is unique, then it is an exposed point

of Λ(θ∗) (a point is exposed if it has this property for some μ). In this case,
we have precise information on A∗. The exposed points of the set Λ(θ∗) can
easily be determined: they satisfy the equality in (3) or (4), so the optimal A∗

corresponds to a sequential laminate of rank at most d.
Actually, the difficulties arise only in the following situation.

Lemma 3.2 The optimisation problem (11) has more than one solution if
and only if μ ≥ 0 with at least two vanishing components.

Proof. For the sufficiency, let the first two components of μ vanish; the
others are nonnegative. If we put last d − 2 eigenvalues λj equal to λ+

θ∗ ,
the scalar product λ · μ is maximal since Λ(θ∗) ⊆ [λ−

θ∗ , λ
+
θ∗ ]

d. Notice that
(λ1, λ2, λ

+
θ∗, . . . , λ

+
θ∗) belongs to Λ(θ∗) if and only if (λ1, λ2) satisfy the same

inequalities (2-4), for d = 2 and θ = θ∗, as depicted in Figure 1. Therefore,
the set of solutions is infinite.
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Figure 1: Eigenvalues of matrices from K(θ), d = 2.

Conversely, let λ1 and λ2 be two solutions of (11). Then their convex
combination is also a solution. Therefore, there exists a solution λ that satisfies
neither the equality in (3) nor the equality in (4). The Karush-Kuhn-Tucker
system for (11) at this λ is simple: each μi is nonnegative for i = 1, . . . , d,
since it equals the Lagrange multiplier associated to inequality λi ≤ λ+

θ∗ . As
mentioned in the Introduction, if d− 1 eigenvalues were equal to λ+

θ∗ then the
last one would be λ−

θ∗, which gives us the contradiction, as this point satisfies
both equalities in (3) and (4). Therefore, at least two eigenvalues differ from
λ+

θ∗ , so their multipliers vanish, as well as the corresponding components of μ.

In the following example we shall construct an optimal design problem
with three state equations such that in almost every point of Ω the situation
described in Lemma 3.2 occurs.

Example 3.3 Let us begin by describing an optimal design problem with
one state equation and compliance as the cost functional. More precisely, for
given f1 ∈ H−1(Ω) we take J1(θ,A) =

∫
Ω f1u1 dx, where u1 solves (5). Let us

denote an optimal design by (θ∗,A∗). Now, for some functions v2, v3 ∈ H1
0(Ω)

we introduce fi = −div A∗∇vi, for i = 2, 3 and the cost functional

J(θ,A) = J1(θ,A) +
∫
Ω
(u2 − v2)

2 dx +
∫
Ω
(u3 − v3)

2 dx ,

where u2 and u3 are solutions of (5). By construction, (θ∗,A∗) is a minimiser
of J , and u∗

i = vi almost everywhere on Ω, for i = 2, 3. By writing down
the adjoint equations we conclude that p1 = u1, while p2 and p3 vanish almost
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everywhere on Ω. This leads us to a positive semidefinite M = ∇u1 ⊗ ∇u1,
which is rank–one matrix in points where ∇u1 is nonvanishing. One can fur-
ther specialise f1 such that this property holds almost everywhere on Ω.

In the situation described by Lemma 3.2, the crucial part is played by the
relationship between m and d. To be more precise, if we denote by V ≤ Rd the
subspace spanned by vectors a1, . . . , am, it is important whether its dimension
is less than d, or not.

If it is possible to replace A∗ by a sequential laminate in such a way that
the action of A∗ on V is kept fixed, then this change will not affect optimal u∗

for (6). Therefore the value of the cost functional does not change (an optimal
θ∗ has not been changed, only A∗). Naturally, if dimV = d this is not possible,
as A∗ is unique.

This difficulty clearly occurs even for d = 2. On the other hand, in this
case it is possible to reduce θ∗ in a such way that A∗ is a rank–2 sequential
laminate with matrix material α with this new θ1. Similarly, we can increase
θ∗ to θ2 so that A∗ represents some rank–2 sequential laminate with matrix
material β [1, Remark 3.2.16]. This simple fact, as well as the fact that both
J and the condition

∫
Ω θ = Vα are linear in θ, enables us to use the argument

of Artstein. By an application of that technique, presented also for optimal
design problems in [7, 6, 9], we can change θ∗, such that the optimal A∗ (the
original one!) corresponds to a sequential rank–2 laminate, while neither the
functional J , nor

∫
Ω θ∗, change their values.

Unfortunately, in the case d = 3 we are not able to use similar arguments.
Let μ = (0, 0, μ3); if μ3 > 0, then (as in the proof of Lemma 3.2) for optimal
A∗ we have λ3 = λ+

θ∗ . Further suppose that A∗ does not correspond to a
sequential laminate, i.e. the pair of its first two eigenvalues (λ1, λ2) belongs
to the interior of the shaded region in Figure 1. Since θ �→ λ+

θ is a decreasing
function, A∗ falls out of K(θ) if we increase θ (because of the condition (2)
for j = 3). Conversely, we can decrease θ to θ1 such that A∗ becomes a rank–
2 sequential laminate with matrix material α. Therefore, it is not possible
to use the same technique as for d = 2, and the construction of a specific
counterexample remains an open question.

4 Nonexposed points and m < d

As mentioned above, an optimal λ∗ for (11) is not unique only in the case of
nonnegative μ such that at least two components vanish.

Theorem 4.1 Suppose that V = span{a1, . . . , am} is a proper subspace of
Rd (l := dimV < d) and M = Sym(

∑m
i=1 ai ⊗ vi) is positive semidefinite with

exactly k ≤ d− 2 positive eigenvalues. If A∗ is an optimal point for (10) then



Partial relaxation and optimal design problems 1609

there exists a rank–r sequential laminate Ã ∈ K(θ∗) with matrix material α
such that Ãξ = A∗ξ, for any ξ ∈ V , where r = l − k + 1.

Remark 4.2 Although the Theorem holds for k = 0, or equivalently M = 0,
for applications in optimal design problems a better result can be used [3]. It is
possible to adapt θ∗ on the set of such points so that optimal A∗, for this new
θ, corresponds to rank–l sequential laminates with matrix material α.

Proof. Let us denote the eigenvalues of matrix M in nonincreasing order:
μ1 ≥ · · · ≥ μk > μk+1 = · · · = μd = 0. For the first k eigenvalues of A∗

we have λ1 = · · · = λk = λ+
θ∗ , since the corresponding components of μ are

positive and λ should give maximum in (11). The fact that λ is a solution of
(11) does not supply us with any information on other components of λ.

The orthonormal eigenvectors for positive eigenvalues of M are denoted by

ei, therefore M =
k∑

i=1

μie
i⊗ei. By [2, Lemma 3] we know that k ≤ l. Actually,

in this special situation, we can prove this directly, as the following inclusion
holds: span{e1, . . . , ek} ⊆ V . Otherwise, there would exist a nontrivial vector
e ∈ span{e1, . . . , ek} being orthogonal to V , so we would have Me · e =∑k

i=1 μi(e
i · e)2 > 0. On the other hand

Me ·e = Sym

⎛⎝ m∑
j=1

aj ⊗ vj

⎞⎠ e ·e =

⎛⎝ m∑
j=1

aj ⊗ vj

⎞⎠ e ·e =
m∑

j=1

(aj ·e)(vj ·e) = 0 ,

which gives the required contradiction.
We can supplement {e1, . . . , ek} and obtain an orthonormal basis {e1, . . . , ed}

of Rd, such that V = span{e1, . . . , el}. Notice that vectors ek+1, . . . , ed are
also eigenvectors of M (as the corresponding eigenvalues vanish). In the rest
of the proof we shall investigate the possibility of changing A∗ to Ã in a such
way that Aei = Ãei, for i = 1, . . . , l. We shall do this in the simplest way: by
eventually changing the last d − l eigenvalues of A∗.

Let us redefine eigenvalues λd−l+1, . . . , λd−1 to λ+
θ∗ ; denote the new λ by

λ̃. Therefore, inequality (3) still holds since the left-hand side is even smaller.
However, the inequality (4) can fail for λ̃. Additionally, if we set the last
eigenvalue of λ̃ to λ−

θ∗, the inequality (3) breaks down. Therefore, there exists
a value between λ−

θ∗ and λd such that the equality in (3) holds. For this value,
inequality (4) holds, since in [λ−

θ∗ , λ
+
θ∗]

d the hyperboloid defined by the equality
in (3) is lower than the one defined by (4). Consequently, in this way we
obtain k + d − l − 1 eigenvalues equal to λ+

θ∗ , and this new Ã corresponds to
a rank–(l − k + 1) sequential laminate with matrix material α.

Remark 4.3 If d = 3 and the assumptions of Theorem 4.1 hold with k = 1,
then there also exists a rank–2 sequential laminate Ã ∈ K(θ∗) with matrix ma-
terial β with the same property as claimed by Theorem (one can easily adapt
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the given proof). However, in general, in Theorem 4.1 the role of sequen-
tial laminates with matrix material α cannot be replaced by those with matrix
material β. The counterexample is provided in the next Example.

Example 4.4 For d = 4, we take m = 3, α = 1, β = 2, θ∗ = 1
2
, ai = ei

(vectors of the standard basis for Rd) for i = 1, 2, 3 and v1 = a1, vj = 0 for j =

2, 3. Let us take A∗ to be diagonal matrix diag
(
λ+

θ∗ ,
λ−

θ∗+λ+
θ∗

2
,

λ−
θ∗+λ+

θ∗
2

,
3(λ−

θ∗+λ+
θ∗)

4

)
.

For given θ∗ we have λ−
θ∗ = 4

3
and λ+

θ∗ = 3
2
; a simple calculation shows that A∗

belongs to K(θ∗). Since λ1 = λ+
θ∗, we know that A∗ maximises (10). Unfor-

tunately, for given λ1, λ2 and λ3, there exists no λ4 ∈ [λ−
θ∗ , λ

+
θ∗ ] satisfying the

equality in (4) (the only solution of the equation is λ4 = 44
29

> λ+
θ∗), or equiv-

alently, there exists no sequential laminate Ã ∈ K(θ∗) with matrix material β
such that A∗ai = Ãai for i = 1, 2, 3. On the other hand, for λ4 = 16

11
we have

the rank–3 sequential laminate Ã with matrix material α, as claimed by the
Theorem.
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(Bréau-sans-Nappe, 1983), Coll. Dir. Etudes et Recherches EDF, 57,
pp. 319–369, Eyrolles, Paris 1985.

[7] U. Raitums, Extension of extremal problems connected with linear elliptic
equations, Dokl. Akad. Nauk SSSR, 243 (1978), 281 - 283.



Partial relaxation and optimal design problems 1611

[8] L. Tartar, Estimations fines des coefficients homogénéisés, Ennio DeGiorgi
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