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Abstract

In this paper, we discuss that the set of partial projection kernel
normal systems for a quasi regular ∗-semigroup S forms a complete
lattice, which is a completely ∧-homomorphic image of C∗(S), where
C∗(S) is the complete lattice of ∗-congruences on S.
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1 Introduction

Recall that a semigroup S equipped with a unary operation ∗ : x �→ x∗ is said
to be a unary semigroup which is denoted by (S, ·,∗ ) or (S, ∗). For the sake of
brevity, we denote the set {x∗|x ∈ S} by S∗. Now, for any x ∈ (S, ∗), we write
(x∗)∗ and ((x∗)∗)∗ by x∗∗ and x∗∗∗, respectively. A equivalence ρ on (S,∗ ) is
called a ∗-congruence by Nordahl and Scheiblich [9], if it is a congruence on a
semigroup S and

(∀x, y ∈ S) (x, y) ∈ ρ ⇒ (x∗, y∗) ∈ ρ.
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1632 Aixia Ding

The set of ∗-congruences on a ∗-semigroup S is written as C∗(S). An idem-
potent e of (S,∗ ) is called a projection if e∗ = e. The sets of idempotents and
projections in (S,∗ ) are denoted by ES and PS, respectively.

As a generalization of regular ∗-semigroups, we has introduced the concept
of quasi regular ∗-semigroups [2]. A unary operation ∗ on a semigroup S is
called a quasi regular involution, if it satisfies exactly the identities

x∗∗∗ = x∗, (xy)∗ = y∗x∗, x∗x∗∗x∗ = x∗.

A semigroup S with a quasi regular involution is called a quasi regular ∗-
semigroup. In particular, it is proved that every regular ∗-congruence on a
quasi regular ∗-semigroup can be uniquely determined by its projection kernel
normal systems and regular ∗-congruence pairs, see [2] and [3], respectively. In
[4], we described the lattice of ∗-congruences on a quasi regular ∗-semigroup.

A semigroup S is said to be eventually regular by Edwards [5] if each of its
element has some power that is regular. For any a ∈ S, by r(a) we denote the
regular index of a, that is, the least positive integer n satisfying an ∈ Reg(S),
where Reg(S ) is the set of regular elements in S.

2 Preliminaries

Recall from [11] that an endomorphism φ of a semigroup S is called a retraction
of S if it fixes every element of Sφ. In this case, Sφ is called a retract of S.
Let S be an eventually regular semigroup. For any a ∈ S, we define a unary
operation on S by ∗ : a �→ ar(a), where r(a) is the regular index of a. Thus
the unary semigroup (S,∗ ) is called an eventually regular ∗-semigroup. Then
(S∗,∗ ) is a regular ∗-semigroup and the mapping ∗∗ : a �→ a∗∗ is a retraction of
S.

It is clear that an eventually regular ∗-semigroup is a quasi regular ∗-
semigroup. However, the converse is in general not true. For example, the setS
of positive integers and 0 equipped with the addition operation is formed as a
additional semigroup (S, +). For any x ∈ S, we define a unary operation by
∗ : x �→ 0. Then (S, +,∗ ) is a quasi regular ∗-semigroup but not an eventually
regular ∗-semigroup.

It was recognized by Wagner [13] that congruences on inverse semigroups
are uniquely determined by their idempotent classes. This approach leads to
the concept of kernel normal system of a congruence on a regular semigroup,
a first means for handling congruences. Pastijn [10] corollary 3 showed that a
congruence on a regular semigroup is uniquely determined by its kernel normal
system. As a generalization of kernel normal system, He [6] defined P -partial
kernel normal system for regular semigroups and proved that every congruence
on a regular semigroup is uniquely determined by its partial kernel normal
system. What’s more, He [12] described this result for eventually regular
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semigroups. In this paper, we generalize some results of He from eventually
regular semigroup to quasi regular ∗-semigroup.

In the following of this paper, S is always an arbitrary quasi regular ∗-
semigroup. For other terminologies and notations on semigroups and unary
semigroups, the reader is referred to [7] and [11].

3 The lattice KNP (S)

Definition 3.1 Let P be a subset of PS which meets with each regular L- and
R-class in S. A set A of disjoint subsets of S is called a partial projection
kernel normal system for S if there is ρ ∈ C∗(S) such that A = {pρ|p ∈ P}.
In the same time, we say A the partial projection kernel normal system of ρ
and denote it by KNP (ρ). By KNP (S) we denote the set of partial projection
kernel normal systems for S.

Let A be a set of disjoint subsets of S. Denote τA = ∪{A × A|A ∈ A}
and τA = τA ∪ (Ā × Ā), where Ā = S − ∪A∈AA. Let πA be the congruence
on S generated by τA, while πA be the greatest congruence contained in τA.
We recall that A is said to be admissible for S by Clifford and Preston [1] if it
is a subset of congruence classes of some congruence on S; and that if ρ is a
congruence such that the elements of A are ρ-classes, then ρ is said to admit
A. A is an admissible set of subset of S (see theorem 10.6 of [1]) if and only if

(∀x, y ∈ S1)(∀A,B ∈ A)xAy ∩ B �= φ =⇒ xAy ⊆ B.

In this case, the set of ∗-congruences on S admitting A is the interval [πA, πA]
of C∗(S). Accordingly, we have

Theorem 3.2 A set A of disjoint subsets of S is a partial projection kernel
normal system for S if and only if it satisfies the condition

(1) (∀A ∈ A)P ∩ A �= φ;

(2) ∪{P ∩ A|A ∈ A} = P ;

(3) (∀x ∈ S1)(∀A,B ∈ A)x∗∗Ax∗ ∩ B �= φ =⇒ x∗∗Ax∗ ⊆ B.

In this case, the set of ∗-congruences on S with A as their partial projection
kernel normal system is [πA, πA]. �

Nextly, we define a binary relation ≤ on KNP (S) by

A ≤ B ⇐⇒ (∀A ∈ A)(∃B ∈ B)A ⊆ B

and a mapping

ξ : C∗(S) −→ KNP (S), ρ �−→ KNP (ρ).
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Lemma 3.3 Let A,B ∈ KNP (S). Then the following statements are equiva-
lent:

(1) A ≤ B;

(2) πA ⊆ πB;

(3) there exist ρ, σ ∈ C∗(S) with KNP (ρ) = A and KNP (σ) = B such that
ρ ⊆ σ.

Proof. (1) ⇒ (2). If A ≤ B, then τA ⊆ τB whence πA ⊆ πB.
(2) ⇒ (3). It is obvious in view of theorem 3.2.
(3) ⇒ (1). Assume that (3) holds. For any A ∈ A, we suppose that

p ∈ P ∩ A. Then A = pρ ⊆ pσ ∈ B and so A ≤ B. �

Lemma 3.4 [8] A partially ordered set with the greatest element such that
each nonempty subset has the greatest lower bound is a complete lattice.

Theorem 3.5 The set KNP (S) is a complete lattice with respect to ≤ and ξ
is a surjective complete ∧-homomorphism.

Proof. It is clear that (KNP (S),≤) is a partially ordered set and ξ is a sur-
jection. On one hand, let {Ai|i ∈ I} be an arbitrary non-empty subset of
KNP (S) and {ρi|i ∈ I} ⊆ C∗(S) such that Ai = KNP (ρi) for every i ∈ I.
Denote

A = KNP (∩{ρi|i ∈ I}).
Since ∩{ρi|i ∈ I} ⊆ ρi for every i ∈ I, we have A ≤ Ai in virtue of lemma
3.3 and hence A is a lower bound of {Ai|i ∈ I}. If B is also a lower bound of
{Ai|i ∈ I}, then B ≤ Ai for any i ∈ I and so πB ⊆ πAi

⊆ ρi. Accordingly, we
have πB ⊆ ∩{ρi|i ∈ I} and so B ≤ A. Consequently

A = ∧{Ai|i ∈ I}.
On the other hand, it is clear that {S} is the greatest element of KNP (S).
It follows from lemma 3.4 that KNP (S) is a complete lattice. Moreover, the
mapping ξ is a complete ∧-homomorphism because of

∩{ρi|i ∈ I}ξ = A = ∧{Ai|i ∈ I} = ∧{ρiξ|i ∈ I}. �

Corollary 3.6 The relation KN on C∗(S) defined by (ρ, σ) ∈ KN if and only
if KNP (ρ) = KNP (σ) is a complete ∩-congruence. �

Theorem 3.7 Let πS = {πA ∈ C∗(S)|A ∈ KNP (S)}. Then πS is a complete
∨-sublattice of C∗(S) and the restriction ξ|πS

of ξ on πS is a complete lattice
isomorphism from πS onto KNP (S).
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Proof. Let {πAi
|i ∈ I} be a non-empty subset of πS, where {Ai|i ∈ I} ⊆

KNP (S). Denote
� = πKNP (∨{πAi

|i∈I}).

Then � ⊆ ∨{πAi
|i ∈ I}. moreover, since πAi

⊆ ∨{πAi
|i ∈ I} for every i ∈ I, it

follows by lemma 3.3 again that

KNP (πAi
) ≤ KNP (∨{πAi

|i ∈ I}) = KNP (�).

So πAi
⊆ � for every i ∈ I and hence ∨{πAi

|i ∈ I} ⊆ �. Consequently, we
have that � = ∨{πAi

|i ∈ I} is the least upper bound of {πAi
|i ∈ I} in both of

C∗(S) and πS . Therefore πS is a complete ∨-sublattice of C∗(S).
By lemma 3.3 and theorem 3.5, we have that ξ|πS

is a bijection from πS

onto KNP (S) such that

(∩{πAi
|i ∈ I})ξ = ∧{Ai|i ∈ I}.

Furthermore, since Ai ≤ ∨{Ai|i ∈ I} for each i ∈ I, it follows from lemma 3.3
again that πAi

⊆ π∨{Ai|i∈I} and so � ⊆ π∨{Ai|i∈I}. Conversely, for each i ∈ I, by
πAi

⊆ � we conclude that Ai ≤ KNP (�). Therefore ∨{Ai|i ∈ I} ≤ KNP (�)
and so π∨{Ai|i∈I} ⊆ � also. Hence � = π∨{Ai|i∈I} and so

(∨{πAi
|i ∈ I})ξ = �ξ = (π∨{Ai|i∈I})ξ = ∨{Ai|i ∈ I} = ∨{πAi

ξ|i ∈ I}.
Therefore ξ|πS

is a complete lattice isomorphism from πS onto KNP (S). �

Lemma 3.8 [12] Let S be the (m, r) monogenic semigroup generated by a.
For any positive integer pair (n, s) with 1 ≤ n ≤ m and s|r, the relation ρ(n,s)

on S defined by

(∀ax, ay ∈ S)axρ(n,s)a
y ⇐⇒

{
x = y, if x, y < n;
x ≡ y(mod s), if x, y ≥ n

is a congruence on S. Conversely, each congruence on S can be obtained in
this way.

Remark 1. In general, πS is not a complete sublattice of C∗(S). For example,
let (S,∗ ) be the (6, 6) monogenic ∗-semigroup generated by a with a unary
operation ∗ : ax �→ a6, where x is a positive integer, and let P = ES. Then,
we have that ρ(2,2) = π{{a2,a4,a6,a8,a10}} and ρ(3,3) = π{{a3,a6,a9}} on S but ρ(2,2) ∩
ρ(3,3) = ρ(3,6) �= ρ(6,6) = π{{a6}}.

Theorem 3.9 Let πS = {πA|A ∈ KNP (S)}. The following statements are
equivalent:

(1) ξ is a complete lattice homomorphism;
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(2) for any A,B ∈ KNP (S), πA ∨ πB ⊆ πA∨B;

(3) for any A,B ∈ KNP (S), if A ≤ B, then πA ⊆ πB;

(4) for any A,B ∈ KNP (S), πA ∩ πB = πA∧B;

(5) πS is a complete ∩-sublattice of C∗(S).

If it is this case, then ξ|πS is a complete lattice isomorphism from πS onto
KNP (S).

Proof. (1) ⇒ (2). If (1) holds, then for any A,B ∈ KNP (S),

πA ∨ πB ⊆ πKNP (πA∨πB) = π(πA∨πB)ξ = π(πA)ξ∨(πB)ξ = πA∨B.

(2) ⇒ (3). If A ≤ B in KNP (S), then we have πA ⊆ πB because of

πA ⊆ πA ∨ πB ⊆ πA∨B = πB.

(3) ⇒ (4). Let (3) hold. Then, for any A,B ∈ KNP (S), πA∧B ⊆ πA ∩ πB

of course. Moreover, πA ∩ πB ⊆ πA∧B in view of

KNP (πA ∩ πB) = (πA ∩ πB)ξ = πAξ ∧ πBξ = A ∧ B.

(4) ⇒ (5). Suppose that (4) holds. Clearly, πS is a partially ordered
set with respect to inclusion relation. If A,B ∈ KNP (S) with A ≤ B, then
πB ⊇ πA∩πB = ππA∧B = πA whence (3) holds also. For any non-empty subset
{πAi |i ∈ I} of πS, where {Ai|i ∈ I} ⊆ KNP (S), let π = ∩{πAi |i ∈ I}. Then
π ⊆ πKNP (π) of course. Conversely, since π ⊆ πAi for any i ∈ I, it follows
from lemma 3.3 that KNP (π) ≤ Ai. By (3), we have πKNP (π) ⊆ πAi for any
i ∈ I whence πKNP (π) ⊆ π also. So π = πKNP (π) is the common greatest lower
bound of {πAi |i ∈ I} in both of C∗(S) and πS. Hence we claim that πS is a
complete ∩-sublattice of C∗(S).

(5) ⇒ (1). Assume that πS is a complete ∩-sublattice of C∗(S). Then for
any A,B ∈ KNP (S), there exists C ∈ KNP (S) such that πA ∩ πB = πC. It
follows from theorem 3.5 that

C = KNP (πC) = πCξ = (πA ∩ πB)ξ = A∧ B.

So (4) and hence (3) hold. Let {ρi|i ∈ I} be a non-empty subset of C∗(S)
where KNP (ρi) = Ai for each i ∈ I. Since πAi

⊆ ρi ⊆ πAi for any i ∈ I, we
conclude that

∨{πAi
|i ∈ I} ⊆ ∨{ρi|i ∈ I} ⊆ ∨{πAi |i ∈ I}.
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By noting that, for any i ∈ I, Ai ≤ ∨{Ai|i ∈ I}, we have πAi
⊆ π∨{Ai|i∈I} and

hence ∨{πAi
|i ∈ I} ⊆ π∨{Ai|i∈I}. It follows from theorem 3.5 and lemma 3.3

that
∨{Ai|i ∈ I} = KNP (∨{πAi

|i ∈ I}) ≤ KNP (∨{ρi|i ∈ I})
≤ KNP (∨{πAi

|i ∈ I}) ≤ ∨{Ai|i ∈ I}
whence

(∨{ρi|i ∈ I})ξ = KNP (∨{ρi|i ∈ I}) = ∨{Ai|i ∈ I} = ∨{ρiξ|i ∈ I}.

By theorem 3.7, we have that ξ is a complete lattice homomorphism.
One of (1)− (5) holds if and only if any one of the others holds. From the

proof above, we have

(∨{πAi
|i ∈ I})ξ = ∨{Ai|i ∈ I} = ∨{πAi

ξ|i ∈ I}.
By virtue of theorem 3.7, we also have

(∧{πAi
|i ∈ I})ξ = ∧{Ai|i ∈ I} = ∧{πAi

ξ|i ∈ I}.
Because it is obviously a bijection, the mapping ξ|πS is a complete lattice
isomorphism. �

Remark 2. In general, the set πS is not a complete ∩-sublattice of C∗(S),
in other words, the mapping ξ is not a complete lattice homomorphism. For
example, let (S,∗ ) be the (2, 6) monogenic ∗-semigroup generated by a with a
unary operation ∗ : ax �→ a6, where x is a positive integer, and let P = ES.
Then ρ(1,6) and ρ(2,3) are congruences on S such that KNP (ρ(1,6)) = {{a6}} ≤
{{a3, a6}} = KNP (ρ(2,3)), but ρ(1,6) � ρ(2,3).
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