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cyclic cohomology of involutive Banach algebra and excision in entire
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1 Introduction

Entire cyclic homology was introduced by Connes in [2] , as a version of cyclic

homology that is better suited to study the dual space of higher rank discrete

groups and also certain infinite dimensional spaces occurring in the study of

constructive field theory.

Entire cyclic homology was placed in a universal setting in [5], which is

what we use here.
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Recently in [10] computed the entire cyclic homology of the Schatten class

ideals�p , for p ≥ 1. More precisely, they proved that the entire cyclic homologyHE•(�p),
is isomorphic to the continuous periodic cyclic homologyHEcont

• (�p) which had

been previously computed by Cuntz [6] to be equal to HEcont
• (Cp)On the other

hand. In [7] had Computed the entire cyclic homology of the Frechet algebra

of smooth functions on a compact manifold, by showing using excision that

it was isomorphic to the continuous periodic cyclic homology, which had been

computed earlier by Connes and others .

In this paper we proof the homotopy invariance of entire cyclic cohomology

of unital involutive Banach algebra and excision in entire cyclic cohomology of

involutive Banach algebras.

2 Preliminaries

We start by recalling the definitions of the Hochschild and cyclic homology of

an algebra A. The best references for all of this are the paper of [2], [4] and

[9].

Let A be an involutive Banach algebra over C. Let us recall the construc-

tion of the fundamental (b, B)bicomplex of cyclic cohomology. For any integer

n ∈ N , one letsC∗(A,A) be the space of continuous(n + 1) -linear forms φon

A. For n < 0one sets Cn = {0} .we define the operators

b : Cn −→ Cn+1 (1)

where

(b�φ)(a0, ..., an+1) (2)

=

n∑
j=0

(−1)jφ(a0, ..., aj, aj+1, ..., an+1) + (−1)n+1φ(an+1, a0, ..., an),

and the operator

B : Cn −→ Cn−1, Bφ = AB0φ (3)

where
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(B0φ)(a0, ..., an−1) (4)

= φ(1, a0, ..., an−1)− (−1)nφ(a0, ..., an−1, 1)∀φ ∈ Cn, (AΨ)(a0, ..., an−1)

=

n−1∑
0

(−1)(n−1)jφ(aj , aj+1, ..., an+1)∀Ψ ∈ Cn−1

Which satisfyb2 = B2 = 0 and bB = −Bb, so that one obtains a bicomplex

(Cn,m; d1, d2) whereCn,m = Cn−m for any n,m ∈ Z,

d1 = (n−m+ 1)b : Cn,m −→ Cn+1,m, (5)

d2 =
B

n−m : Cn,m −→ Cn,m + 1.

Since the bicomplexCn,m has support in {(n,m); (n + m) > 0}this spec-

tral sequence does not converge, in general, when we take cochains with finite

support. the cohomology of the bicomplex, when, taken with finite supports,

is exactly the periodic cyclic cohomologyH∗(A) If we take cochains with ar-

bitrary supports, without any control of their growth, we get a trivial coho-

mology. It turns out, however, that provided we control the growth of‖φm‖
in a cochain (φ2n)or (φ2n+1)of the(b,B) bicomplex, we then get the relevant

cohomology to analyze infinite-dimensional spaces and cycles. Because of the

periodicityCn,m −→ Cn+1,m+1 in the bicomplex (b, B)it is convenient just to

work with

Cev = {(φ2n)n∈N ;φ2n ∈ C2n∀n ∈ N) (6)

and

Codd = {(φ2n+1)n∈N ;φ2n+1 ∈ C2n+1∀n ∈ N) (7)

and the boundary operator∂ = d1+d2 which maps Cevto Codd andCoddtoCev.We

shall enforce the following growth condition:

Definition 1 :[1] For an even (odd) cochain

(φ2n)n∈N ∈ Cev(resp.(φ2n+1)n∈N ∈ Codd) (8)

is called entire if the radius of convergence of

∑
‖φ2n‖Zn/n! (resp.

∑
‖φ2n‖Zn/n!) (9)
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is infinity.

Here, for any m and the norm is the Banach space norm

‖φ‖ = sup{∣∣φ(a0, ..., am)
∣∣ ;

∥∥aj
∥∥ ≤ 1}. (10)

It follows, in particular, that any entire even cochain(φ2n) ∈ Cevdefines an

entire function fφ on the Banach space A by

fφ(x) =
∞∑

n=0

(−1)nφ2n(x, ..., x)/n! (11)

Lemma 1 .[2] If φ is an even (resp.odd) entire cochain, then so is

(d1 + d2)φ = ∂φ. (12)

Proof. . Forφm ∈ Cm one has

‖bφm‖ ≤ (m + 2) ‖φm‖ and ‖B0φm‖ ≤ 2 ‖φm‖ , ‖A,B0φm‖ ≤ 2m ‖φm‖ ,

thus the conclusion.

Definition 2 : Let A be a Banach algebra. Then the entire cyclic cohomology

of A is the cohomology of the short complex

Cev
ε (A)←−∂

−→∂C
odd(A) (13)

of entire cochains in A.

We thus have two groupsHEev
ε (A)and HEodd

ε (A).There is an obvious map

fromHP (A)toHEε(A) , where HP (A) is the periodic cyclic cohomology of A.

We also have a natural filtration of HEεby the dimensions of the cochains,

where(φ2n) is said to be of dimension≤ k if 2n > k impliesφ2n = 0.

However, unlike what happens for , this filtration does not, in general,

exhaust all of HEε . In fact, it exhausts exactly the image ofHE(A)and

HEε(A)

Example 1 : Let A = C is the trivial Banach algebra. An element of Cev
ε is

given by an infinite sequence (λ2n)n∈N ,λ2n ∈ C such that
∑ |λ2n| (zn/n!) ≺ ∞

for any z and, similarly for Codd
ε . The boundary ∂ = d1+d2 of (λ2n) is 0, since

both b and B are 0 on even cochains. For m odd and φ ∈ C , φ (a0, ..., am) =

λa0...am one has

(bφ)
(
a0, ..., am

)
= λa0...am, (Bφ)

(
a0, ..., am−1

)
= 2mλa0...am−1

(14)
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thus

(d1φ)
(
a0, ..., am+1

)
= (m+ 1)λa0...am+1 (15)

(d2φ)
(
a0, ..., am−1

)
= 2λa0...am−1 (16)

So the boundary ∂(φ) of an odd cochain (λ2n+1) is given by ∂ (λ) = 2nλ2n−1 +

2λ2n+1. Thus, ∂ (λ) = 0 means that λ2n+1 = (−1)n n!λ1 , and hence is pos-

sible only if λ = 0, λ ∈ Codd
ε .Moreover, for any (λ2n) ∈ Cev

ε , the

series σ (λ) =
∑∞

n=0 (−1)n (λ2n/n!) convergent and σ (λ) = 0 iff λ ∈ Codd
ε .

Thus.One has HEev
ε (C) = {0},and HEev

ε (C) = C with isomorphism given by

σ (φ2n) =

∞∑
n=0

(−1)n

n!
φ2n(1, ..., 1). (17)

Definition 3 .[9] We shall say that a cocycle(φ2n) (resp.
(
φ2n+1

)
) is normal-

ized if for any m one has

B0φm =
1

m
AB0φm. (18)

Lemma 2 . For every entire cocycle there is a normalized cohomologous entire

cocycle.

Definition 4 : Let A be an involutive Banach algebra. A chain f in C0
∗ is

called cyclic, if (1− λ∗)(f) = 0.

Definition 5 : Let A be an involutive Banach algebra . An even (odd) cycle

(fn)n�0 in the cyclic bicomplex is defined to be normalized if f2n (resp. f2n+1)

is acyclic chain for all n.

3 Main theorems.

Let A and B are involutive Banach algebras and a continuous family of ho-

momorphisms ft : A → B. we assume that each of the homomorphisms ft is

continuous for t ∈ [0, 1] and that the family is uniformaly bounded i.e. there

exists a constant M such that ‖ft‖ ≤ M for t ∈ [0, 1] . Then we give

the following results.
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Proposition 3 : Let A be an unital Banach algebra. For every entire cycle in

the cyclic bicomplex C0
∗ (A) of A there is a normalized entire cycle, homologous

with it.

Proof. : Let (fn)n≥0 be an even entire cycle in C0
∗ (A). Put

θ2n = f2n − 1

2m + 1
N∗(f2n). (19)

Satisfy N∗θ2m = 0

by using (1− λ∗)N ′∗ + 1
n+1

N∗ = 1

We have (1− λ∗)N∗ (θ2m) = θ2m then
�

θ2m= N ′∗(θ2m) and (1− λ∗)
�

θ2m=

θ2m we define (f ′m)ev
m≥0 in C0

∗(A) by f ′2m−1 = f2m−1−b′∗
�

θ2m; f ′2m =

f2m − θ2m.

we show that it is normalized cycle

(1− λ∗) (f ′2m) = (1− λ∗) (f2m)− (1− λ∗) θ2m (20)

= (1− λ∗) (f2m)− (1− λ∗)
(
f2m − 1

2m+ 1
N∗(f2m)

)

= (1− λ∗) (f2m)− (1− λ∗) (f2m) +
1

2m+ 1
N∗(f2m)

= 0

Now we show that f ′ is homologus to f , we define chain

ψ = (ψm)m≥0 and ψ2m−1 = 0, ψ2m =
�

θ2m (21)

we have

(∂ψ)2m = θ2m , (∂ψ)2m−1 = −b′∗
�

ψ2m (22)

such that f ′ = f + ∂ψ ( f ′ is homologus f). Since
�

θ2m=

N ′∗(θ2m) we have ∥∥∥�θ2m

∥∥∥ ≤ 2(m+ 1) ‖f2m‖ . (23)

It follows that
�

θ2mand hence ψ and f ′ are entire cochains.

Theorem 4 : Let ft : A → B be a family of homomorphisms of Banach

algebras satisfying the properties given above. Then f0 and f1 induce the same

map or the entire cyclic cohomology HE∗(B)→ HE∗(A) .
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Proof. :A homomorphism ft : A → B extends to family of continuous

family homomorphism of the corresponding Cuntz algebras Φt : QrA → QrB

for positive real r if we define Φt as

Φt(p(a0)q(a1)...q(an)) = p(ft(a0))q(ft(a1))...q(ft(an)) (24)

This map is continuous, for any r for ‖p(ft(a))‖Qr and ‖q(ft(a))‖Qr and

From Cuntz algebra and [3] we have

‖p(ft(a))‖ = ‖ft(a)‖ ≤M ≺ ‖a‖ = M ‖p(a)‖ (25)

and

‖q(ft(a))‖ = ‖d(ft(a))‖ = λ ∈ Cinf ‖f(a) + λft(1)‖ (26)

≤ ‖ft‖λ ∈ Cinf ‖a + λ‖ = ‖ft‖ ‖da‖
≤ M ‖q(a)‖

Thus if w =
∑
wn ∈ ΩrA then

‖w‖Qr =
∑
‖Φt(wn)‖ rn ≤Mn+1 ‖wn‖ rn (27)

= M ‖w‖Qr.

Then Φt is continuous homomorphism so it extends to a continuous homo-

morphism Φt : QrA → QrB , this means that Φt induces a map Φ∗t from the

space of continuous supertraces on QεB ,we want to show that the supertraces

on QεA TΦ0 and TΦ1 are homotopic. We define supertrace on Ω1QεB by

τ(ωδη) =

1∫
0

T (Φt(ω))
•

Φt (η))dt (28)

It is clear that we have Tδη = TΦ1(η)−TΦ0(η) , this means that TΦ0 and

TΦ1are homotopic. Since we have for any

a ∈ A
d

dt
(p(ft(a))) = p(

•
ft (a)) (29)

d

dt
(q(ft(a))) = q(

•
ft (a)).

Using the fact that the derivative
•
ft is uniformly bounded by N we can

estimate the norms of these elements∥∥∥∥p(
•
ft (a))

∥∥∥∥ ≤ N ‖p(a)‖ (30)

∥∥∥∥q(
•
ft (a))

∥∥∥∥ ≤ N ‖q(a)‖ .
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This is proof if the simplicial normalization of traces.

Definition 6 : Let A be an involutive Banach algebras. An even (resp. odd)

current (f2n)n≥0 ((f2n)n≥0) in B0(
�

A)red is defined to be normalized if B∗0 (f2n)

(B∗0 (f2n+1)) is a cyclic chain for all n.

Lemma 5 :[8] Let A and B are involutive Banach algebras. Then every ex-

tension of K − algebra 0 → I → A→ B → 0 which I induces the long exact

sequece in the entire chain cohomology

...→ HE∗+1
ε (A)→ HE∗+1

ε (B)
∂→ HE∗ε (I)→ HE∗ε (A)→ ... (31)

with connecting homomorplis ∂.

Theorem 6 : Let C be the smallest class of involutive Banach algebra satisfy:-

1- c ∈ C.

2-C is closed with bounded linear splitting two algebras belong to C, then

also the third one .

3- Then for every algebra A in the natural forgetful trans formation from

periodic to entire cyclic cohomology induces an isomorphism

HP ∗cont
�→ HC∗ε (A). (32)

Proof. : Consider the class C1 of Banach algebra for which the transfor-

mation from periodic to entire cyclic cohomology in an isomorphism . From

Cones C ′ contains the algebra of complex number. As both Periodic and en-

tire cyclic cohomology are smooth homotopy functors [1], the class C ′ is closed

under smooth homotopy equivalence. Thus induce that the third algebra in

the extension belongs to C ′. Thus C ⊂ C ′.

Theorem 7 : Let A and B are involutive Banach algebras. The extension of

Banach algebra

0→ I → A→ B → 0 (33)

Then this extension induces a six-term exact sequence of entire cyclic co-

homolgy groups

HE∗ε (I) ←− HE∗ε (A) ←− HE∗ε (B)

δ ↓ δ ↑
HE∗+1

ε (B) −→ HE∗+1
ε (A) −→ HE∗+1

ε (I)

(34)
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Proof. : let 0 → I → A → B → 0 be an extension of involutive Banach

algebra. Then the extension induce natural six-term exact sequence

HP ∗(I) ←− HP ∗(A) ←− HP ∗(B)

δ ↓ δ ↑
HP ∗+1(B) −→ HP ∗+1(A) −→ HP ∗+1(I)

(35)

is bivariant periodic cyclic cohomology. And we have the transformation

HP ∗cont
�→ HC∗ε from periodic to entire cyclic cohomology carries the long exact

cohomology sequence of periodic cyclic cohomology groups associated to an

extension to the corresponding long exact sequence of entire cyclic cohomology

groups.
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