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Abstract

In this paper, we consider normality criteria for a family of mero-
morphic function concerning shared fixed-points. Let F be a family of
meromorphic functions defined in a domain D. Let k, n � k + 1 be
positive integers. If for every f ∈ F such that f �= 0, (fn)(k) and (gn)(k)

share z in D for every pair of functions f, g ∈ F, then F is normal in D.
This improve and generalize the related results of W.Schwick, Y.T.Li
and Y.X.Gu.
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1 Introduction and Main Results

In this paper, a meromorphic function will always be non-constant and mero-
morphic in the whole complex plane C unless specifically stated otherwise. It
is assumed that the reader is familiar with the standard symbols and funda-
mental results of Nevanlinna theory, as found in [1, 2].

A family F of meromorphic functions defined in a domain D ⊂ C is said to
be normal in D, if every sequence {fn} ∈ F has a subsequence which converges
uniformly on every compact subset of D with respect to the spherical metric
to a meromorphic function or identical to ∞ in D, see [3, 4].

Let f(z) be a meromorphic function in a domain D, and z0 ∈ D, if
f(z0) = z0, we say z0 is the fixed-point of f(z). Let f(z) and g(z) denote
two meromorphic functions in D, if f(z) − z and g(z) − z have the same ze-
ros(ignoring multiplicity), then we say that f(z) and g(z) shared the fix-points.

In 1998, Y.F.Wang and M.L.Fang [7] proved:
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Theorem A. Let k, n � k + 1 be positive integers and f be a transcenden-
tal meromorphic function, then (fn)(k) assumes every finite non-zero value
infinitely often.

Corresponding to Theorem A, there are the following theorems about nor-
mal families in [5] .

Theorem B. Let k, n � k + 3 be positive integers and F be a family of mero-
morphic functions defined in a domain D, If (fn)(k) �= 1 for every function
f ∈ F, then F is normal in D.

Recently, Y.T.Li and Y.X.Gu [8] further extend Theorem B as follows:

Theorem C. Let F be a family of meromorphic functions defined in a domain
D. Let k, n � k + 2 be positive integers and a �= 0 be a finite complex number.
If (fn)(k) and (gn)(k) share a in D for every pair of functions f, g ∈ F , then
F is normal in D.

A natural question is: What can be said if the finite complex number a
in Theorem C is replaced by the fix-point z? In this paper, we answered this
question by proving the following theorem.

Theorem 1.1. Let F be a family of meromorphic functions defined in a
domain D. Let k, n � k + 1 be positive integers. If for every f ∈ F such that
f �= 0, (fn)(k) and (gn)(k) share z in D for every pair of functions f, g ∈ F,
then F is normal in D.

2 Preliminary Lemmas

For the proof of our results, we need the following lemmas.

Lemma 2.1. (see [6]) Let k be a positive integer and F be a family of mero-
morphic functions in a domain D, all of whose zeros have multiplicity at least
k, and suppose that there exists A � 1 such that |f (k)(z)| � A whenever
f(z) = 0, f ∈ F. Then if F is not normal at z0 ∈ D, there exist, for each
0 � α � k.

(1) points zn ∈ D, zn → z0;
(2) functions fn ∈ F; and
(3) positive numbers �n → 0+

such that

gn(ξ) =
fn(zn + ρnξ)

�α
n

→ g(ξ)

locally uniformly with respect to the spherical metric, where g is a nonconstant
meromorphic function in C, all of whose zeros have multiplicity at least k, such
that g#(ξ) � g#(0) = kA + 1. In particular, g is of exponential type.
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Lemma 2.2. Let k, n � 2 be positive integers and f be a non-constant
rational meromorphic function and f �= 0, then (fn)(k) − z has at least two
distinct zeros.

Proof. Science f �= 0, we set

f(z) =
A

∏t
j=1(z − zj)nj

, (1)

where A is a non-zero constant and nj(j = 1, 2, · · · , t) are positive integers.
For simplicity, we denote N := n1 + n2 + · · · + nt. Obviously, N � t.

From (1), we have

f(z) =
An

∏t
j=1(z − zj)nnj

, (2)

We introduction the notation d(R). For a rational function R(z) = A(z)/B(z),
we denote d(R) = deg A − deg B, where A and B be two polynomials, deg A
and deg B are polynomials degree of A(z) and B(z), respectively. Then if
d(R) < 0,

d(R(k)) = d(R) − k. (3)

We see from (2) that

(fn)(k) =
p1(z)

∏t
j=1(z − zj)nnj+k

, (4)

where p1(z) �≡ 0 is a polynomial, and p1(zj) �= 0(j = 1, 2, · · · , t). Combination
of (2) and (4),use (3) we have

d((fn)(k)) = deg p1 − nN − kt = −nN − k. (5)

From (5) it follows immediately that deg p1 = k(t − 1).
Next we assume to the contrary, suppose that (fn)(k) − z has at most one

zero. We distinguish two cases:
Case 1. If (fn)(k) − z has exactly one zero z0. From (4)we obtain

(fn)(k) − z =
B(z − z0)

nN+kt+1

∏t
j=1(z − zj)nnj+k

, (6)

where B is a non-zero constant, Obviously, we have z0 �= zi(i = 1, · · · , s) since
z �= 0. Differentiating (6) twice, we get

(fn)(k+2) =
(z − z0)

nN+kt−1p2(z)
∏t

j=1(z − zj)nnj+k+2
, (7)
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where p2(z) is a polynomial.
On the other hand, differentiating (4) twice directly, we have

(fn)(k+2) =
p3(z)

∏t
j=1(z − zj)nnj+k+2

, (8)

where p3 �≡ 0 is a polynomial. Similar to deg p1, it is easily obtain that
deg p3 = (k + 2)(t − 1).

From (7) and (8) we obtain

(k + 2)(t − 1) = deg p3 � nN + kt − 1 � nt + kt − 1,

then n � 2 − k+1
t

, which contradict to n � 2.
Case 2. If (fn)(k) − z has no zero. Then nN = kt + 1 = 0 from (6), which

a contradiction.
The proof is complete.

3 Proof of Theorem 1.1

Without loss of generality, Suppose, to the contrary, that F is not normal in
D. Then there exists at least one point z0 such that F is not normal at the
point z0. Then by Lemma 2.1, there exist a sequence {zj} of complex numbers
with zj → z0(j → ∞); a sequence {�j} of positive numbers with �j → 0 such
that

gj(ξ) = �
− k

n
j fj(zj + �jξ) → g(ξ) (9)

spherically uniformly on compact subsets of C, where g(ξ) is a non-constant
meromorphic function in C. Since fj �= 0, by Hurwitz’s theorem, there have
g(ξ) �= 0.

From (9), we have

(gj(ξ))
(k) − (zj + �jξ) = (fn

j (zj + �jξ))
(k) − (zj + �jξ) → (gn(ξ))(k) − z0 (10)

also locally uniformly with respect to the spherical metric besides the poles of
g(ξ).

By Theorem A and Lemma 2.2, we deduce that (gn(ξ))(k) − z0 has at least
two distinct zeros. Next we show that it is impossible.

Suppose that there exist two distinct zeros ξ0 and ξ∗0 . Firstly, we claim
(gn(ξ))(k) − z0 �≡ 0. Otherwise, gn(ξ) ≡ pk(ξ), where pk(ξ) is a polynomial of
degree k, this contradicts the fact that G(ξ) �= 0. We choose a positive number
δ small enough such that D1 ∩D2 = Φ. From (10) and Hurwitz’s theorem, for
sufficiently large j there exist points ζj ∈ Dδ(ζ0) and ζ∗

j ∈ Dδ(ζ
∗
0) such that

(fn
j (zj + �jξ))

(k) − (zj + �jξ) = 0,
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(fn
j (zj + �jξ

∗))(k) − (zj + �jξ
∗) = 0.

We fix m and note that zj + �jξj → z0, zj + �jξ
∗
j → z0 if j → ∞. From this

we deduce

(fn
m(z0))

(k) − z0 = 0.

Since the zeros of (fn
m(z0))

(k) − z0 have no accumulation point, for sufficiently
large j, we have

zj + �jξj = 0, zj + �jξ
∗
j = 0.

Hence �j = �jξ
∗
j , this contradicts the fact ζj ∈ Dδ(ζ0) , ζ∗

j ∈ Dδ(ζ
∗
0 ) and

Dδ(ξ0) ∩ Dδ(ξ
∗
0) = Φ. This proves the theorem.
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