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Abstract 
 
Without using any approximation to find the Monte Carlo method was proposed 

to investigate the effects of customer retrial phenomenon caused by busy channels in 
telephone networks for performance measures. The blocking probability, the 
queueing length, and the waiting time were examined for several cases with different 
arrival and services rates. Through simulations, they showed that the values of the 
queueing length and waiting time would be strongly influenced by the variation of the 
arrival rate. Furthermore, the blocking probabilities are enhanced when the retrial 
phenomenon is in account compared with Erlang B formula. This simulator based on 
Monte Carlo method shows that it can be used as a performance measure of telephone 
networks. 
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1. INTRODUCTION 

     In recent years, wireless services in advanced cellular mobile telephone networks 
have continued to experience rapid growth. However, the revenues of companies 
have been projected diminished growth which reflects not only the dynamic and 
competitive nature of the business but also the degradations of the system 
performance due to the quality of service (QoS). These degradations occurred may 
attribute to the behaviors of customers and mobiles because that a complex sequence 
of interactions and reactions can be initiated each time through base stations, mobile 
switching centers, and public switched telephone networks [9]. If a customer makes a 
call and fails to connect due to busy channels, he or she may redial one or several 
times before abandoning the call. At the same time, the combination of network 
performance and customer behavior tends to mold the customer attitudes about the 
cellular mobile communication networks. This plays an important role in determining 
the amount of equipment needed to serve customers since revenue is realized by 
successfully completed calls. Therefore, an appropriate model describing effects of 
customer behavior in networks is crucial to network providers. 

Usually, it is difficult to find the explicit expressions or closed forms for 
performance measures in terms of input parameters without using any approximation 
in Markov processes or birth-death processes. Some approaches can be found in the 
literatures, a recursive analysis algorithm with a two dimensional (2D) Markovian 
state transition diagram [8] to solve problems by making some assumptions  and an 
asymptotic power expansion method [4] to obtain analytical formulas. In Markovian 
processes, various times, such as arrival time, service time and retrial time, were 
needed to be assumed to obey negative exponential distribution functions for random 
variables with constant averages. However, most distribution functions in problems 
are not negative exponential in the real world.  Therefore, some conclusions deduced 
from Markovian processes were needed to be justified by some other means. To solve 
these problems, Monte Carlo method can be used to construct a simulation model 
such that the assumptions made in the analytical model can be easily relaxed. 

     Without using any approximation, it is difficult to find the expressions or closed 
forms for performance measures using input parameters. In this paper, a simulation 
model was constructed with Monte Carlo method to study the effect of customer 
retrial phenomenon in wireless or wire line networks through evaluating the blocking 
probability, the queuing length, and the waiting time and various important 
parameters. The influences on statistics quantities were examined and discussed to 
reflect user behaviors by using various time distributions for arrival rates. The Erlang  
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distribution for service rates was also adopted to reflect the network provider’s 
performance. Results obtained from our simulator can provide some suggestions to 
improve the revenues of companies and serve as a guideline for those researchers 
who are interested in analytical models. It is noticed that the Erlang B formula is not 
utilized in our simulator for simulation experiments. The Erlang B distribution 
appeared here is only for checking the numerical data computed from out simulator to 
confirm the reliability of our simulator for applications in the future if it is possible. 

 

2. SIMULATION MODEL 

2.1 Model description for customer retrial phenomenon 

    In a telephone network (both wire line and wireless), when a user fails to connect 
to the system, it is very likely that more attempts will be made a short time later. 
Nowadays, redialing a phone number is as easy as just pushing a button. This user 
may keep trying to connect at a rapid rate until the connection is made or until the 
user becomes frustrated and abandons this strategy, trying later as any other user 
might. For convenience, it can be easily done to abbreviate the arrival process as “a”, 
the retrial process as “r” and the service process as “s”. Here, a full-available system 
of “n” channels (servers) with the flow of incoming fresh calls with the mean 
intensity of λ=1/<t(a)> (arrival rate) and the flow of repeated calls with the mean 
intensity of λ0=1/<t(r)> (retrial rate) was considered.  The mean service time of a call 
<t(s)>, either a fresh call or a retrial call, is 1/μ where μ is the service rate. If a call 
request is refused because all available channels are busy, a customer may retry the 
call with a probability of θ. Thus 1- θ is the probability that a customer becomes 
discouraged and may leave the system. In this model, the number of customers is 
assumed to be unlimited or infinite and the arrival rate may be varied with time at a 
constant mean of <t(a)> but is independent of the state of the system.  

    The event graph for customer retrial phenomenon is shown in Fig.1. In this figure, 
events are represented as nodes with a number and progression from event to event as 
arrows. Conditional links between events are indicated by short bars which are 
perpendicular to the event arrows. Event 1 represents that a user attempts to connect 
to the system with a time delay t(a) (i.e. arrival time). Event 2 represents that a 
connection is successfully made and a session begins while event 3 represents that a 
user completes a session with a service time delay t(s). Event 4 represents that a 
rejected user tries one or many times to connect to the system with a retrial time delay 
t(r) if the user is not tired or discouraged (c3). In order to progress from event 1 or 4  
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to event 2, the conditional link c1 is that if and only if there exists at least a free 
channel in the system. The progression from event 1 to event 4 requires c2 that all 
channels be busy or occupied. Detailed discussions of the event graphs can be 
referred the literature by Schruben [7]. In present model, the impacts of the hand-off 
and the channel borrowing due to the inter-cell interactions are completely ignored 
and the influences due to the inter-cell interactions could be found on the literature.   

 

 
 

Fig 1. The event graph for the customer retrial phenomenon in networks. 

     

In this simulation model, the four driving events together with conditional links, as 
described in Fig.1, are replicated again and again with a period T, along with the 
logical changes that occur as the events take place in the system [2]. Thus, by 
recording the appropriate statistics, the blocking probability as well as other 
characteristics of the system, such as the queuing length, the waiting time, and the 
average number of busy channels could be estimated. In this way, not only the 
characteristics of the system can be calculated, but also the standard deviations and 
the confidence intervals of the system.  Let T- (T+) be the time just before (after) the 
end of a replication T. At T+, our simulator assumed that the system must be empty 
because it is at the beginning of a replication or the beginning of a day, while the 
system may not be empty at T- because some customers may still be using the system 
and certain channels are occupied. When the number of replications is large, all 
statistics quantities are cumulated and the residual effects become negligible in a 
single replication. Our simulator was implemented with both FORTRAN and C 
languages for comparison. 

    In order to simulate numerically the logic layout of the event graph mentioned 
above, the Erlang distribution in time t for various processes can be given as 
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                         fX(t)=[t α-1 e –t/β] / [βα Γ(α)]         0 ≤ t  ≤ ∞                                      (1)  

where Γ(α)  is the complete gamma function. Here, β is a mean time of t(X) where X 
can be a, r or s. Note that when α equals to 1, Γ(1)=1, then fX(t) is a negative 
exponential function. Let uX be a random variable uniformly distributed over a unit 
interval and t is a random variable with distribution function fX(t). If fX(t)=uX is given 
[6], then  

                          t=fX
 –1(uX)                                                                                        (2) 

where fX
 –1 is an inverse function of fX. Equations (1) and (2) can be used to determine 

the values of the random variates in our model [5]. Thus, time variations of the arrival 
rate, the retrial rate, and the service rate can be separately discussed. 

(A) Arrival Rate 

   In a telephone network, a typical arrival rate λ(T) in a business day is plotted in 
Fig.2. The arrival rate of calls to the system is related to the working hours of 
customers. Therefore, the peaks of busy-hour may occur at noon, evening and the 
time period of free charge offered by the network provider. Here, three Gaussians 
were superimposed to construct λ(T) with appropriate weights and peak busy hours 
located at 11 a.m., 4 p.m., and 10 p.m., respectively. The weights are adjusted in such 
a way that T/∫Rλ(t)dt, where R is over a day period T, is the average arrival time 
<t(a)>=ta=0.2 minutes. For the arrival process in our simulator, α=10 and β=1/λ(T) in 
Eq.(1) were to be set to calculate the random variate t=t(a) from Eq.(2). 

Fig 2. A typical arrival rate in a business day. The horizontal line indicates the mean 
of the arrival rate (300/hr) which is equivalent to ta=0.2min. 

(B) Retrial Rate  
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    The retrial rate λ0=1/<t(r)>=1/tr used in this model was treated as a constant. For 
the retrial process in our simulator, the random variate t=t(r) can be calculated by 
setting α=1 and β=tr. Note that in order for retrial phenomenon to have significant 
impacts on the blocking probability, the value of tr must be less than that of ta [1]. 

(C) Service Rate 

    Because the Erlang distribution in Eq.(1)  have various distribution shapes, they 
can be used to describe service rates. From that equation, the expectation value and 
the variance of a random variable X are given by E(X)=αβ and Var(X)=αβ2. The 
random variate t=t(s) for the service process can be calculated by setting α=10 and 
β=ts/α, where ts is the average service time as <t(s)>=E(X)=ts. 

 

2.2 System Characteristics   

    To calculate system characteristics, our simulator monitors and records the total 
number of users, NY, in a period of T for various traffic processes as shown in Fig.3. 
The meaning of each subscript Y is explained in reference [8].  

 
Fig 3. Traffic flows with retrial in a day T in our simulator. 

Here, subscripts f, r, s, u, and b are treated to devote new generation call, retried 
call, successful new generation call, retried blocked call, and dropped blocked call, 
respectively [10]. According to these notations, e.g., Nfs means the total number of 
users (over a period of T) who are successfully connected to the system in their first 
attempts. Nf =Nfu + Nfb + Nfs is the total number of users who are making at least one 
call while Nr=Nru + Nrb + Nrs is the total number of retrials. Therefore, the blocking 
probability experienced by a user initiating a new call can be defined as 
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                         pb=(Nfu + Nfb) / Nf                                                                        (3). 

Important traffic processes parameters, such as queueing length Ql , waiting time Wt, 
and average number of busy channels Bch, are given as follows: 

                         ( )
T

ttn
Q k kkfu

l
∑ Δ

=                                                                           (4), 

                         ( )
fu

k kkfu
t N

ttn
W ∑ Δ

=                                                                            (5), 

                         ( )
T

ttn
B kk kch

ch

Δ
= ∑                                                                           (6), 

with 

                          T=∑k Δtk        and                  k=1, 2, 3…                                     (7) 

where nfu (tk) is the number of users who fail at least once and will retry with nfu 
(T)=Nfu while nch (tk) is the number of busy channels, at time tk within Δtk time 
interval [5, 3]. 

 

3. ANALYTICAL MODEL 

    In an analytical model, the probability distributions for various processes are 
usually assumed to be exponential as mentioned earlier. In a Monte Carlo simulator, 
we are capable of including many real world aspects of problems that could not be 
incorporated in an analytical model. In order to support the numerical results obtained 
from our simulator, we adopt an analytical model [8] to serve as a guideline and 
discuss as below. 

    For a queueing model with the effects of call retrial after different kind of blocking, 
the state of the system could be described by using two random variables, the number 
of customers occupying channels Y (i.e. active customers) and the number of 
customers waiting for retrial Z. The state probability is defined by P(i, j)=Pr {Y=i, 
Z=j} with Y=0,1,…, n and Z=0,1,…, m-n where n is the number of  channels and m 
is the number of customers in the system. The inter-state transitions are characterized 
by a 2D Markovian process which was discussed in great detail in reference [8] and 
we only quote main results here. Here, a system of n channels (servers) with the  
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Poisson flow of incoming new calls with the mean intensity of λ (arrival rate) and a 
flow of retrial calls with the mean intensity of λ0  (retrial rate) were to be considered. 
The mean service time, either a new call or a retrial call, is 1/μ. Nevertheless, the 
probability distribution functions for all rates under investigation are assumed to be 
exponential. When a call request is rejected due to busy channels, a customer may 
retry the call with a probability of θ. The entire process can be simplified and 
formulated by two macro-state equations as 

with j=0, 1, 2, …, m-n and i=0, 1, 2, …, n where P(i, j)=0 if j > m-n; 

with j=0, 1, …, m-n-1, where Aij and Bij denote the arrival and the retrial calls, 
respectively. Equations (8) and (9) together with the normalization equation form a 
linear equation system for computing the state probabilities. A recursive calculation 
algorithm was demonstrated to be effective in reference [8]. In order to be consistent 
with our simulator, the arrival rate λ is chosen to be independent of states and the 
values of Aij and Bij must be calculated that they are equal to 1. In reference [8], the 
arrival rate λ was assumed to be dependent on states and conclude that Aij equals to 
m – i – j + 1 and Bij equals to m – n – j. Note that if θ is 0 (i.e., there is no retrials) and 
if m is infinite, the blocking probability is then the well-known Erlang B formula, 
which can also be served as a guideline for numerical calculations [6].  

 

4. NUMERICAL RESULTS 

4.1.    Reliability Tests 

    In the analytical model mentioned above, there is an implicit assumption that the 
required time interval is spanned from 0 to ∞. However, in our Monte Carlo methods, 
we simulate the retrial phenomenon on a daily basis (T=1440 minutes for one day) 
and replicate the processes many times to mimic the real world situations. In order to 
compare the results obtained from two models, we set T to be a large value (e.g. 
T=14400 minutes for ten days) and all probability distributions in time to be 
exponential in our simulator to mimic the analytical model’s conditions. The input 
parameters are 1/λ=0.2 (min), 1/λ0=0.1 (min) and m=∞. The blocking probabilities 
defined as in Eq.(3) are evaluated as a function of n for the number of channels, ts for 
the mean service time and θ for the probability of call retrial are shown in Figs.4(a)- 
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(c), respectively. From our simulator and the analytical model, we see that they can 
generate almost identical blocking probabilities pb with a deviation less than 1% and 
predict larger blocking probabilities than that calculated from the Erlang B formula 
(no retrial). When n(ts) increases, pb decreases (increases), as shown in Fig.4(a) 
(Fig.4(b)). We also expect that pb obtained from both models, increases as the 
probability of call retrial increases while pb calculated from Erlang B formula remains 
constant (because no retrial) as predicted in Fig.4(c). From Figs.4(a)-(c), we can 
conclude that our implementation of Monte Carlo methods is reliable and accurate.  

 

(a) (b) 

(c) 
Fig 4. Results obtained from Monte Carlo methods indicated by the curve with black 

dots, analytical model indicated by the curve with black squares and the 
Erlang B formula indicated by the curve with black triangles. 

 

4.2.    Confidence Tests 

    By employing statistics subroutine UVSTA from MSIMSL [3], we examine the 
standard deviations and the confidence limits for mean (CLM) with Monte Carlo 
methods.  We choose the following parameters as inputs: n=20, 1/λ=0.2 (min),  
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1/λ0=0.1 (min), T=1440 (min), replication 30 times and θ=0.95, and set all probability 
distributions in time to be negative exponential. Fig.5. shows pb as a function of 
service time ts in minutes [3].   

     At ts=5, pb is 0.6418 ± σ, where σ is the standard deviation and is calculated to be 
0.01953. If the confidence limit is setting to 95 %, the lower CLM is 0.6345 while the 
upper CLM is 0.6491. Thus, we can conclude that the confidence limit intervals are 
reasonably small. If we had increased the number of replication to a larger number, 
the confidence limit intervals would have decreased to an even smaller value. 

 

Fig 5. The blocking probability (Pb) as a function of the service time. Pb is plotted as 
a solid curve while Pb±σ are plotted as dotted curves  

 

4.3 Influences of Variations of Rates with Time 

     By assuming that the probability distribution function for the retrial process obeys 
a negative exponential function (NEF), we can calculate the following cases as: 

(a) The arrival time 1/λ(T) is a constant ta and the service process follows NEF with 
α=1 and β=ts/α in Eq.(1). 

(b) The arrival rate is λ(T) and the service process follows NEF with α=1 and β=ts/α 
in Eq.(1). 

(c) The arrival time 1/λ(T) is a constant ta and the service process follows the Erlang 
distributions with α=10 and β=ts/α in Eq.(1). 
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(d) The arrival rate is λ(T) and the service process follows the Erlang distributions 
with α=10 and β=ts/α in Eq.(1). 

     The following parameters are also used: n=20, 1/λ=0.2 (min), 1/λ0= 0.1 (min), 
T=1440 (min), replication 30 times and θ=0.95. At first, we investigate the influence 
of various time distributions on the blocking probabilities pb as a function of ts shown 
in Fig.6. When retrial effects are ignored, pb can be obtained from the Erlang B 
formula to serve as a lower bound. When retrial effects are included in our simulator, 
cases (a), (b), (c), and (d) as mentioned above, are evaluated and labeled accordingly 
as shown in Fig.6. For all cases, pb is greater than the blocking probability at the 
lower bound obtained from Erlang B formula as expected. It is interesting to find that 
when ts is larger than 7 or so, pb curves for all four cases merge, but when ts is less 
than 7 or so, curves (a) and (c) [curves (b) and (d)] go together. Therefore, we can 
conclude that the variations of λ with time have a stronger influence on pb. When ts is 
small (<2.0 or so), curves (a) and (c) converge to pb of Erlang B formula. In other 
words, when the service rate is very large, the retrial phenomenon has no influence on 
pb if the arrival time ta=1/λ(T) is a constant. The queuing length Ql and the waiting 
time Wt are as a function of ts and plotted in Figs.7 and 8, respectively. Both 
quantities Ql and Wt increase as ts increases. In these two figures, case (a) is indicated 
by a dash curve, case (b) by a dash-dot curve, case (c) by a dot curve, and case (d) by 
a dash-dot-dot curve. Curves (a) and (c) [curves (b) and (d)] behave similarly. Thus, 
we conclude that the variations of λ with time have stronger influence on Ql and Wt .   

 
 
 

Fig 6. The influence of various time distributions on the blocking probabilities Pb.  
Case (a) is indicated by a curve with ○, case (b) by a curve with □, case (c) 
by a curve with ◊, case (d) by a curve with *and the Erlang B formula by a 
curve with ▲.   
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Fig 7. The influence of various time distributions on the queueing length Ql.  Case (a) 

is indicated by a curve with ○, case (b) by a curve with □, case (c) by a 
curve with ◊, and case (d) by a curve with *. 

 

Fig 8. The influence of various time distributions on the waiting time Wt.  Case (a) is 
indicated by a curve with ○, case (b) by a curve with □, case (c) by a curve 
with ◊, and case (d) by a curve with *. 

 

4.4.   Erlang distribution for the service rate 

    The Erlang distribution has two parameters α and β, as discussed in Eq.(1). 
Suppose that the Var(X)=σ2 and E(X)=ts are given and σ is the standard deviation, 
then α and β can be determined. Here, we investigate the statistics quantities pb, Ql, 
and Wt  as a function of σ. We choose parameters in such a way that pb is in the order 
of 1% which is interested for the most network providers: E(X)=ts=2.3 (min), ta=0.2  
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(min), tr=0.1 (min), n=20, T=1440 (min), replication=90 times and θ=0.95. With 
these inputs, α varies from 132.25 to 1 while β varies from 0.017 to 2.3 as σ varies 
from 0.2 to 2.3. With such a wide range of α and β in Eq.(1), it is not immediately 
clear that how strong the Erlang distributions for the service rate affect the quantities 
pb, Ql and Wt. The Erlang distributions as a function of t for various values of σ are 
plotted in Fig.9. When σ is 2.3, α becomes 1 and β becomes 2.3. At this moment, the 
distribution function becomes a NEF and is localized when σ is small (e.g. σ=0.2).   

    The variations of the quantities pb , Ql and Wt with σ are presented in Fig.10. In 
Fig.10(a), we plot the blocking probability pb together with the standard deviations of 
pb labeled as pb± as a function of σ. It is interesting to observe that with such a wide 
range of σ, the fluctuation of pb is small (varying from 1.1% to 1.19%) and the 
standard deviations of pb is also reasonably small. We also see that the blocking 
probability pb increases slowly as σ increases. The variations of Ql, Wt and standard 
deviations of Ql± and Wt± are plotted in Fig.10 (b) and (c), respectively. The quantity 
Ql behaves just like pb while the quantity Wt behave slightly differently from pb. Here, 
we conclude that in the case of small pb, the variations of σ, which is equivalent to 
having different shapes of the Erlang distributions, have small influences on the 
statistics quantities of pb , Ql, and Wt.   

 

 

Fig 9. Variations of the Erlang distributions with the standard deviation σ. A curve 
with dots is for σ = 0.2, curve with squares for σ = 1.0, curve with triangles 
for σ = 1.8. When σ is 2.3 (curve with *), pdf is a simple negative-
exponential function.  
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(a) (b) 

© 
Fig 10. The variations of various quantities (X) with the standard deviation σ of the 

service time with the Erlang Distributions.(a) for the blocking probability 
X=Pb, (b) for the queueing length X=Ql and (c) for the waiting time X=Wt. 
Xs are plotted with curves with ■ while X±σ are plotted with curves with ●. 

 

5. CONCLUSIONS 

    In summary, the effects of customer retrial phenomenon due to busy channels in a 
network had been widely investigated by using the Monte Carlo simulator without 
any approximation. By taking the advantage of the flexibility on the time 
distributions of the simulator, we examined the influences of the time variations of 
the call arrival and service rates on the statistics quantities, such as the blocking 
probability, the queuing length, and the waiting time. Our experimental results 
obtained from simulations may serve as a guideline and play an important role for 
researchers who are interested in studying the analytical models on Markovian 
processes. 

     Within the four cases of the time variations of the arrival and service rates, as 
discussed in this paper, we can reach some conclusions. 
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(1) If the probability density function for the retrial process is a NEF and if the 
service time is small, the time variations of the arrival rates can have strong 
influences on the values of the blocking probability. However, when the service 
time is large, the blocking probabilities are nearly independent of all four cases.  

(2) The time variations of the arrival rates can have strong influences on the values of 
the queuing length and waiting time.   

(3) The blocking probabilities for all four cases are enhanced if the call retrial is 
included in our simulator to compare with the Erlang B formula. 

     By varying the service rate with the Erlang distributions in time, we found that the 
variations of the blocking probabilities, the queuing and the waiting time fluctuate 
mildly and increase slowly as the variance of the Erlang distributions increases. The 
authors would like to thank Professors Johnson Lee and Wang Chien Lee for their 
constructive suggestions and also thank the National Science Council in Taiwan 
under the contract of NSC 97-2221-E-155-037 for partly finical support to this work. 
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