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Abstract

We investigate here a general type of regularity and a general type of
semiprime ideal i.e., F-semiprime ideal in a ΓN−semiring S with respect
to different mappings viz.,+(), +/

(), ∗(),∗/
(), S(), Γ().
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1 Introduction

The concept of Γ-semiring was introduced by M. M. K. Rao[2] in 1995 as a
generalization of semirings. Dutta et al[1] introduced the notion of operator
semirings of a Γ-semiring in 2002 and they obtained some nice correspondences
between a Γ-semiring and its operator semirings. The Γ-semiring introduced
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by Rao was one sided which was in the sense of Barnes. In 2008 Sardar et al[7]
introduced the notion of a both sided Γ-semiring in the sense of Nobusawa
which they called Nobusawa Γ-semiring or ΓN -semiring. They also introduced
a general type of regularity (which they called F regularity)[4] and general type
of semiprime ideal (which they called F semiprime ideal) in semiring[4] in the
year 2009. Subsequently they extended these ideas to Γ−semiring[6, 5] in the

year 2010. They mainly studied the mappings ()+, ()+/
, ()∗,()∗

/
. Since more

mappings viz., +(), +/
(), ∗(),∗

/
(), S(), Γ() exist for a Nobusawa Γ−semiring,

it is natural to investigate the behaviour of F-semiprime ideals under these
mappings.This paper is the outcome of this investigation.

For the convenience of the reader we recall the following diagram which
shows the domain and co-domain of the mappings mentioned above. Their
definitions are given in appropriate places.
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P(S), P(Γ), P(L) and P(R) are respectively the power sets of S, Γ, L and R.

2 Preliminaries

We recall the following so as to use in the sequel.

Definition 2.1 [2] Let S and Γ be additive commutative monoids. S is
called a Γ-semiring if there exits a mapping S×Γ×S → S (with (m, γ, n)→
mγn ) satisfying following condition for all m, n, p ∈ S and for all γ, μ∈ Γ:

(i) mγ(n+p)=mγn+mγp
(ii) (m+n)γp=mγp+nγp
(iii) m(γ+μ)n=mγn+mμp
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(iv) mγ(nμp)=(mγn)mp
(v) mγ0=0γm=0, 0 is the zero element of S
(vi) mθn=0, θ is the zero element of Γ.

If A and B are subsets of a Γ-semiring S and Δ ⊆ Γ, we denote by AΔB,
the subset of S consisting of all finite sums of the form

∑
i

aiαibi where ai ∈
A, bi ∈ B and αi ∈ Δ.

An additive subsemigroup I of a Γ-semiring S is called a left(right) ideal of
S if SΓI⊆I (IΓS⊆I). If I is both a left ideal and right ideal then I is called a
two-sided ideal or simply an ideal of S.

Definition 2.2 [1] Let S be a Γ-semiring and F be the free additive com-
mutative semigroup generated by S×Γ. Then the relation ρ on F, defined

by
m∑

i=1

(xi, αi)ρ
n∑

j=1

(yj, βj) if and only if
m∑

i=1

xiαia =
n∑

j=1

yjβja for all a ∈S (m,

n∈ Z+) is a congruence on F. Congruence class containing
m∑

i=1

(xi, αi) is de-

noted by
m∑

i=1

[xi, αi]. Then F/ρ is an additive commutative semigroup. Now F/ρ

forms a semiring with the multiplication defined by (
m∑

i=1

[xi, αi])(
n∑

j=1

[yj, βj]) =

∑
i,j

[xiαiyj, βj]. This semiring is denoted by L and called the left operator semir-

ing of the Γ-semiring S.

Dually the right operator semiring R of the Γ-semiring S has been defined
where

R=

{
m∑

i=1

[αi, xi] : αi ∈ Γ, xi ∈ S, i = 1, 2, ....m;m ∈ Z+

}
and the multiplication

on R is defined as (
m∑

i=1

[αi, xi])(
n∑

j=1

[βj , yj]) =
∑
i,j

[αi, xiβjyj]. Let S be a Nobu-

sawa Γ−semiring and L and R respectively be the left and right operator semir-
ings of the associated Γ−semiring S. For any subset A of R we define ∗A =
{γ ∈ Γ: [γ, S] = [{γ}, S] ⊆A} and Q⊆L, we define +Q = {γ ∈ Γ : [S, γ] =
[S, {γ}] ⊆Q}.
Again for Θ ⊆ Γ we define ∗′Θ = {r∈R:rΓ ⊆ Θ} and +

′
Θ = {l∈L:Γl⊆ Θ}.

Let A⊆S and Φ ⊆ Γ. Then Γ(A)={α ∈ Γ: SαS⊆A}, where SαS denotes the

finite sums of the form
k∑

i=1

uiαvi, ui, vi ∈S and S(Φ)={s∈S: ΓsΓ ⊆ Φ}, where

ΓsΓ denotes the finite sums of the form
p∑

j=1

γjsλj, γj , λj ∈ Γ.
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Definition 2.3 Let S be a Γ−semiring and Γ be a S-semiring. If for
a, b, c ∈ S and α, β, γ ∈ Γ, (aαb)βc = a(αbβ)c = aα(bβc) and (αaβ)bγ =
α(aβb)γ = αa(βbγ) then S is called a weak Nobusawa Γ−semiring. Also if the
following condition hold: for all s1, s2 ∈S, s1αs2=s1βs2 implies α =β, then S
is called a Nobusawa Γ-semiring or simply ΓN-semiring.

Definition 2.4 [1] Let S be a Γ-semiring and L and R be its left operator
semiring and right operator semiring respectively. If there exists an element
m∑

i=1

[ei, δi] ∈L
n∑

j=1

[γj, xj ] ∈ R) such that
m∑

i=1

eiδia=a (respectively
n∑

j=1

aγjxj = a)

for all a∈S then S is said to have the left unity
m∑

i=1

[ei, δi] (respectively right

unity
n∑

j=1

[γj , xj]).

Definition 2.5 [4] [5] For every semiring (Γ−semiring) S, let us associate
a mapping FS: S → G(S, +), where G(S, +) denotes the set of all submonoids
of (S, +). Then {FS: S is a semiring (Γ−semiring)} is called a regularity for
semirings (respectively Γ−semirings) if the following conditions are satisfied
(a) if Φ: S→T is a semiring (respectively Γ-semiring) epimorphism then
FT (Φ(a)) = Φ(FS(a)) for all a∈S,
(b) if A is an ideal of S and a∈A, then FA(a) ⊆FS(a),
(c) if r, s∈S and s∈FS(r), then FS(r + s) ⊆FS(r).

Example 2.6 [4] [5] For a semiring (Γ-semiring) S and FS : S→G(S,+)
be defined by

(i) FS(a) = aSa(respectively FS(a) = aΓSΓa),
(ii) FS(a)=SaS (respectively FS(a) = SΓaΓS),
(iii) FS(a)=aS (respectively FS(a) = aΓS),
(iv) FS(a)=Sa (respectively FS(a) = SΓa),
(v) FS(a)=SaSaS (respectively FS(a) = SΓaΓSΓaΓS), FS gives rise to

a regularity for semirings (respectively Γ − semirings). The regularities
(i), (ii), (iii), (iv)and(v) are respectively called Von Neumann regularity or sim-
ply regularity, λ-regularity, right D-regularity, left D-regularity and f-regularity
in semirings (Γ − semirings).

From the Definition 2.3 it follows that for ΓN−semiring S, S is Γ−semiring
and Γ is a S-semiring.

3 Main Results

If otherwise not mentioned in this section S will denote a ΓN−semiring and
L, R respectively as the left, right operator semirings of the corresponding
Γ−semiring S.
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Definition 3.1 A regularity {FX: X is a semiring or ΓN -semiring} is said
to satisfy condition D if the following conditions are satisfied:
(a) i)FΓ(ΓsΓ) ⊆ ΓFS(s)Γ for s ∈S; ii) FS(SαS) ⊆ SFΓ(α)S for α ∈ Γ.
(b) i)FΓ(rΓ) ⊆FR(r)Γ for r ∈ R; ii) FΓ(Γl) ⊆ ΓFL(l) for l ∈ L.
(c) i)FR([α, S]) = [FΓ(α), S] for r∈R; ii)FL([S, α]) = [S, FΓ(α)] for l ∈L.

Proposition 3.2 (A) Von numann regularity satisfies the condition D, (B)Left
D-regularity satisfies the condition D, (C)Right D-regularity satisfies the con-
dition D,(D) λ-regularity satisfies the condition D (E) f -regularity satisfies the
condition D.

Proof. (A) Let F denote the Von numann regularity.
a) i) Let s ∈ S. Then FΓ(ΓsΓ)= (ΓsΓ)SΓS(ΓsΓ)

⊆ Γs[Γ, S][Γ, S]ΓsΓ
⊆ ΓsR2ΓsΓ
⊆ ΓsRΓsΓ
⊆ Γs[Γ, S]ΓsΓ
⊆ Γ(sΓSΓs)Γ
= ΓFS(s)Γ.

ii) Let α ∈ Γ. Then FS(SαS)= (SαS)ΓSΓ(SαS)
⊆ Sα[S, Γ][S, Γ]SαS
⊆ SαL2SαS
⊆ SαLSαS
⊆ Sα[S, Γ]SαS
⊆ S(αSΓSα)S
= SFΓ(α)S.

b)i) Let r ∈ R. Then FΓ(rΓ) = (rΓ)SΓS(rΓ)
⊆ r[Γ, S][Γ, S]rΓ
⊆ rR2rΓ
⊆ rRrΓ
= FR(r)Γ.

ii) Let l ∈ L. Then FΓ(Γl) = (Γl)SΓS(Γl)
⊆ Γl[S, Γ][S, Γ]l
⊆ ΓlL2l
⊆ ΓlLl
= ΓFL(l).

(c) i) Let α ∈ Γ. Then FR([α, S]) = [α, S]R[α, S]
= [α, S][Γ, S][α, S]
= [αSΓSα, S]
= [FΓ(α), S].

ii) Let α ∈ Γ. Then FL([S, α]) = [S, α]L[S, α]
= [S, α][S, Γ][S, α]
= [S, αSΓSα]
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= [S, FΓ(α)].
By applying similar argument we obtain the other cases.

The following examples shows that not every regularity satisfies condition D.

Example 3.3 Let S=Γ=Z+
0 . Then S is a ΓN−semiring with respect to

usual addition and multiplication. Suppose FS(a) = {x + aαx : x ∈S} for
some fixed α ∈ Γ, where a ∈S ( hence FΓ(α) = {γ + αsγ : γ ∈ Γ} for some
fixed s ∈ S, where α ∈ Γ). Then F gives rise to a regularity. Now if we take r =
[1, 1] ∈R and α=2∈ Γ, then FΓ(rΓ)=Z+

0 . Again FR(r)Γ =FR([1,1])Z+
0 =2Z+

0 .
Hence FS(rΓ) �⊆FR(r)Γ.

Definition 3.4 [4][6] Let {FS: S is a semiring(Γ − semiring) } be a reg-
ularity for Γ-semirings. An ideal I of a semiring(Γ − semiring) S is called
F-semiprime if FS(r)⊆I implies r∈I where r∈S.

Henceforth S will denote a ΓN−semiring with unities and L,R be the left
and right operator semirings of S respectively and {FX : X is a semiring or ΓN -
semiring} will be a regularity for semirings or ΓN -semirings satisfying condition
D.

Proposition 3.5 Suppose P is an F-semiprime ideal of S. Then Γ(P) is
an F-semiprime ideal of Γ.

Proof. Let P be an F-semiprime ideal of S. Then P is an ideal of S. Hence
Γ(P) is an ideal of Γ (cf. Theorem 4.1[7]). Let α ∈ Γ and FΓ(α) ⊆ Γ(P ). Then
SFΓ(α)S ⊆ SΓ(P )S.
⇒ SFΓ(α)S ⊆ P [follows from the definition of Γ(P )],
⇒ FS(SαS) ⊆ P [since F satisfies condition D],
⇒ SαS ⊆ P [since P is an F-semiprime ideal of S],
⇒ α ∈ Γ(P ) [follows from the definition of Γ(P )].
Consequently, Γ(P) is an F-semiprime ideal of Γ.

Proposition 3.6 Suppose Φ is an F-semiprime ideal of Γ. Then S(Φ) is
an F-semiprime ideal of S.

Proof. Let Φ be an F-semiprime ideal of Γ. Then Φ is an ideal of Γ. Hence
S(Φ) is an ideal of S (cf. Note bellow Theorem 4.1[7]). Let a ∈ S and FS(a) ⊆
S(Φ). Then SFΓ(α)S ⊆ SΓ(P )S.
⇒ ΓFS(a)Γ ⊆ Φ [follows from the definition of S(Φ)],
⇒ FΓ(ΓaΓ) ⊆ Φ [since F satisfies condition D],
⇒ ΓaΓ ⊆ Φ [since Φ is an F-semiprime ideal of Γ],
⇒ a ∈ S(Φ) [follows from the definition of S(Φ)].
Consequently, S(Φ) is an F-semiprime ideal of S.
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Proposition 3.7 Let P be an F-semiprime ideal of R. Then ∗P is an F-
semiprime ideal of Γ.

Proof. Let P be an F-semiprime ideal of R. Then P is an ideal of R. Hence ∗P
is an ideal of Γ (cf. Note bellow Theorem 4.11[7]). Let α ∈ Γ and FΓ(α) ⊆∗P.
Then [FΓ(α), S] ⊆ [∗P, S].
⇒ [FΓ(α), S] ⊆ P [follows from the definition of ∗P ],
⇒ FR([α, S]) ⊆ P [since F satisfies condition D],
⇒ [α, S] ⊆ P [since P is an F-semiprime ideal of R],
⇒ α ∈ ∗P [follows from the definition of ∗P ].
Consequently, ∗P is an F-semiprime ideal of Γ.

Analogously we can prove the following result for left operator semiring.

Proposition 3.8 Let Q be an F-semiprime ideal of L. Then +Q is an F-
semiprime ideal of Γ.

Proposition 3.9 Let Φ be an F-semiprime ideal of Γ. Then ∗′Φ is an F-
semiprime ideal of R.

Proof. Let Φ be an F-semiprime ideal of Γ. Then Φ is an ideal of R. Hence ∗′Φ
is an ideal of Γ (cf. Note bellow Theorem 4.11[7]). Let r ∈ R and FR(r) ⊆∗′P.
Then FR(r)Γ ⊆ ∗′ΦΓ.
⇒ FR(r)Γ ⊆ Φ [follows from the definition of ∗′Φ],
⇒ FΓ(rΓ) ⊆ Φ [since F satisfies condition D],
⇒ rΓ ⊆ Φ [since Φ is an F-semiprime ideal of Γ],
⇒ r ∈ ∗′Φ [follows from the definition of ∗′Φ].
Consequently, ∗′Φ is an F-semiprime ideal of R.

Analogously we can prove the following result for left operator semiring.

Proposition 3.10 Let Φ be an F-semiprime ideal of Γ. Then +′
Φ is an

F-semiprime ideal of L.

To conclude the paper we obtain below various inclusion preserving bijections
for F-semiprime ideals.

Theorem 3.11 Let S be a ΓN−semiring with unities and L, R be respec-
tively the left and right operator semirings of the corresponding Γ−semiring S.
Suppose {FX: X is a semiring or Γ-semiring} is a regularity for semirings or
Γ-semirings satisfying the condition D. Then there exists
(i) an inclusion preserving bijection between the set of F-semiprime ideals of
S and that of Γ via the mapping I �→ Γ(I).
(ii) an inclusion preserving bijection between the set of F-semiprime ideals of

Γ and that of R via the mapping P �→ ∗′P .
(iii) an inclusion preserving bijection between the set of F-semiprime ideals of

Γ and that of L via the mapping Q �→ +
′
Q.
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Proof. (i) We know that I �→ Γ(I) is an inclusion preserving bijection between
the set of ideals of S and that of Γ. Now since an F-semiprime ideal is firstly
an ideal, the rest of the theorem follows from Propositions 3.5 and 3.6.

(ii) By Theorem 4.15 of [7], P �→ ∗′P is an inclusion preserving bijection
between the set of ideals of Γ and that of R. The rest of the theorem follows
from Propositions 3.7 and 3.8.

(ii) By Theorem 4.15 of [7], Q �→ +
′
Q is an inclusion preserving bijection

between the set of ideals of Γ and that of L. Then the theorem follows from
Proposition 3.9 and 3.10.

Concluding Remark. In this paper we discuss a general type of regularity
of a ΓN−semiring S and corresponding semiprime ideals viz., F-semiprime
ideals. Since corresponding to every ΓN−semiring there is a matrix semiring

S2 =

(
R Γ
S L

)
defined by Sardar et al[3], it is very natural to investigate,

as a sequel to this paper, the interrelation between S and S2 in terms of those
regularities and corresponding F-semiprime ideals .
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