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Abstract

This paper is a survey of the basic properties of various type of
almost periodic functions. These topics turn out to be intrinsically con-
nected with the problem of existence and uniqueness of solutions of
differential equations. The feature of the paper should make it useful
to those readers, specialist or not, who are interested in the connections
that exist between theory of almost periodic functions and such areas of
application as the theory of ordinary differential equations and partial
differential equations. So, properties of diverse classes of almost peri-
odic functions with values in Banach spaces are considered. Finally, in
order to make a picture as much as possible complete and clear several
illustrating examples and counter-examples are given.
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1 Introduction

A first motivation for the study of almost periodic functions is the set of the
various kinds of combining periodic functions with different periods. For in-
stance, the function x �−→ cosx + cos 3x is periodic, and this remains true
when 3 is replaced by any other rational number. However the sum of the
periodic functions x �−→ eix and x �−→ ei

√
2x is not periodic. Hence, when

such functions, obtained by using a combination of periodic functions, are not
periodic, they are not without properties: they are almost periodic functions.
In the courses of Mechanics, we usually encounter some two-dimensional differ-
ential systems of the form ẋ = Ax+e(t), where A is a 2×2 matrix with purely
imaginary eigenvalue and e(·) is a periodic exterior force. It is well-known that
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when this forced systems possesses a periodic oscillation, then the period of
this oscillation is exactly the period of the exterior force. It is not mentioned
in these courses, but these forced systems possesses almost periodic solutions.
More generally, we know that when all the solutions of an autonomous linear
finite dimensional system are bounded, then all these solutions are almost pe-
riodic. In more physical terms, the almost periodic trajectories are trajectories
with a discrete spectra. Besides, among the actual literature about the chaos
theory, a famous model of transition towards the chaos is the Landau-Hopf
model [44] where the involved potential is an almost periodic potential. Mau-
rice Allais ( Nobel Price of Economics) has written a wide work about the
foundations of the theory of probabilities [1]. The major conclusion of his
work is the following: many natural phenomena are considered as stochastic
phenomena, but, in fact, they are almost periodic phenomena which are badly
understood. In support of his viewpoint, Allais has established (with rigorous
proofs [1] and [2]) a Mathematical theorem which says that the samplings of
an almost periodic function converge to the Laplace-Gauss distribution.
The prehistory of the theory of almost periodic functions begins with Esclan-
gon and Bohl. The theory of almost periodic functions was developed in its
main features by Bohr in three rather long papers [23], [24] and [25] under
the common title “Zur theorie der Fast Periodische Funktionen” in 1923; the
first of these deals with the almost periodic functions of a real variable, while
the third takes up the case of a complex variable. Afterwards theory was
continuously getting established by several mathematicians like Besicovitch ,
Bochner, Amerio and Prouse [56], Levitan [45], Von-Neumann, Fréchét, Pon-
tryagin, Lusternik, Stepanov, Weyl,· · · and respect to this matter we cite [13],
[38], [18], [39], [35] and the references therein. In 1933, Bochner [20] defined
and studied the almost periodic functions with values in Banach spaces. He
showed that these functions include certain earlier generalizations of the no-
tion of almost periodic functions. Some extensions of Bohr’s concept have
been introduced, most notably by A. S. Besicovitch, V. V. Stepanov H. Weyl
and Eberlein. Accordingly, there are a number of monographs and papers
covering a wide spectrum of this notions of almost-periodicity (see the large
list of references). One can remark that, speaking about Stepanov, Weyl or
Besicovitch metrics implicitly means to deal with the related quotient spaces,
because otherwise we should rather speak about Stepanov, Weyl or Besicovitch
pseudo-metrics.
Let us describe the contents of the paper. We successively treat of the following
notions: The Bohr almost periodic functions where we study the quasi peri-
odic functions and functions depending on parameters, the Besicovitch almost
periodic functions, the almost periodic distributions, the spaces like Sobolev
spaces, the Stepanov almost periodic functions, the Weyl almost periodic func-
tions, the pseudo almost periodic functions, the weakly almost periodic func-
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tions, the asymptotically almost periodic functions and finally we speak of the
other notions of a.p functions.

2 The Bohr Almost Periodic Functions

Le us fix some notations. K denotes the field R or the field C, X denotes a
Banach space on K. When X is real space, we denote by X� the complexifica-
tion of X. BC0(R, X) denotes the set of bounded continued functions from R

to X. Note that (BC(R, X), ‖.‖∞) is a Banach space where ‖.‖∞ denotes the
sup norm

‖f‖Ck = sup
x∈�

‖f(t)‖X +

k∑
j=1

∥∥∥∥djf

dtj

∥∥∥∥
X

When k ∈ N∗ we set

BCk(R, X) =

{
f ∈ Ck(R, X) / ∀0 ≤ j ≤ k,

djf

dtj
∈ BC0(R, X)

}
and for all f ∈ BCk(R, X), we set

‖f‖Ck := ‖f‖∞ +

k∑
j=1

∥∥∥∥djf

dtj

∥∥∥∥
∞
.

Hence
(
BCk(R, X), ‖.‖Ck

)
is a Banach space. For each T > 0, and for each

k ∈ N, we denote by Ck
T (R, X) the space of the Ck T−periodic functions from

R in X; it is a Banach subspace of BC0(R, X).

Definition 2.1. Let f ∈ C0(R, X). We say that f is almost periodic or
uniformly almost periodic (u.a.p), when the following property is satisfied:

∀ε > 0, ∃lε > 0, ∀α ∈ R, ∃δ ∈ [α, α+ lε[ , ‖f (· + δ) − f (·)‖∞ ≤ ε.

A subset D of R is called relatively dense in R when:

∃l > 0, ∀α ∈ R, D ∩ [α, α+ l[ 
= ∅.
And so, introducing the sets

E(f, ε) := {r ∈ R, ‖f(· + r) − f(·)‖∞ < ε} ,
we can formulate the definition of the Bohr almost periodicity of f ∈ C0(R, X)
in the following manner: for each ε > 0, the set E(f, ε) is relatively dense in
R. An element of E(f, ε) is called an ε−period of f. Consequently, a Bohr
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almost periodic function is a continuous function which possesses very much
almost periods. We denote by AP 0(R, X) the set of the Bohr a.p. functions
from R to X. When k ∈ N∗ we set

AP k(R, X) =

{
f ∈ AP 0(R, X) ∩ Ck(R, X)/∀0 ≤ j ≤ k,

djf

dtj
∈ AP 0(R, X)

}
.

Endowed with the norm

‖f‖Ck = sup
x∈�

‖f(t)‖X +

k∑
j=1

∥∥∥∥djf

dtj

∥∥∥∥
X

the set AP k(R, X) is a Banach space.
A trigonometric polynomial from R to X is a function from R to X in the

following form: P (t) =
N∑

j=1

aje
itλj , where aj ∈ E and λj ∈ R. In this writing,

we carry the following resolution: aje
itλj = eitλjaj. When X is real, to can have

P (t) ∈ X, we ought to have: for each j, there exists k such that λk = −λj

and ak = aj (complex conjugation). We denote by TP (R, X) the set of all
trigonometric polynomials from R in X. It is clear that TP (R, X) is a vector
subspace of BCk(R, X). Now we give the list of the principal properties of the
Bohr a.p. functions.

• For each T > 0, we have C0
T (R, X) ⊂ AP 0 (R, X) and TP (R, X) ⊂

AP 0(R, X). In other words each continuous function and each trigono-
metric polynomial is a Bohr a.p. function.

• For each f ∈ AP 0(R, X), f(R) is relatively compact in E.

• AP 0(R, X) ⊂ BC0(R, X), i.e. each Bohr a.p. function is bounded on R.

• Each Bohr a.p. function is uniformly continuous on R.

• A uniform limit of a sequence of Bohr a.p. functions is a Bohr a.p. func-
tion. So (AP 0(R, X), ‖·‖∞) is a Banach subspace of (BC0(R, X), ‖·‖∞) .

• For each fixed m ∈ N, if pour tout 1 ≤ i ≤ m, fi ∈ AP 0(R, Xi), where

Xi is a Banach space, then (fi)1≤i≤m ∈ AP 0(R,
m∏

i=1

Xi).

• Let f ∈ AP 0(R, X) and φ ∈ AP 0(R,R), then φ · f ∈ AP 0(R, X).

It is obvious that when a periodic function is derivable, its derivative is
automatically periodic. This is not the true, for almost periodic functions
because nothing assures the uniformly continuous of the derivative. However,
we have the following result:
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• Let f ∈ AP 0(R, X) ∩ C1(R, X) uniformly continuous on R, then the
derivative function f ′ ∈ AP 0(R, X).

• Let f ∈ BC0(R, X). Then f ∈ AP 0(R, X) if and only if the set

τ(f) = {τr(f) = f(· + r), r ∈ R}

is relatively compact in (BC0(R, X), ‖·‖∞) (The Bochner criterion).

• Let f ∈ BC0(R, X). Then f ∈ AP 0(R, X) if and only if for any pair
of sequences of real numbers (t′n)n and (s′n)n , there exists a common
subsequence of (t′n)n and (s′n)n , denoted (tn)n and (sn)n such that

∀t ∈ R, lim
m→+∞

lim
n→+∞

g (t+ tn + sm) = lim
n→+∞

g (t+ tn + sn) .

The limits above mean that the function h(t) = limn→+∞ g (t+ tn) is
well-defined and

lim
n→+∞

g (t + tn + sn) = lim
m→+∞

g (t+ sm) [20].

• Let f ∈ BC0(R, X). If there exists a relatively dense subset S ⊂ R

such that {f(· + s), s ∈ R} is precompact in (BC0(R, X), ‖·‖∞) then
f ∈ AP 0(R, X) (The Haraux criterion).

• A continuous function f : R −→ X is almost periodic if and only if, given

ε > 0,there is a partition R =
m⋃

i=1

Ei such that for all ξ, η ∈ Ei, 1 ≤ i ≤ m

sup
t∈�

‖f(t+ ξ) − f(t+ η)‖ < ε (Maak’s criterion [50].)

• For each f ∈ AP 0(R, X) there exists a sequence (Pn)n with values in
TP (R, X) such that lim

n→+∞
‖f − Pn‖∞ = 0, and AP 0(R, X) is equal to the

closure of TP (R, X) with respect to the norm of the uniform convergence
(the Weierstrass-Bohr theorem).

• Let f ∈ AP 0(R, X) and F : t �−→ F (t) :=
t∫

0

f(s)ds. Then F is Bohr a.p.

function if and only if it is bounded on R.

• AP 0(R, X) = span

( ⋃
T>0

C0
T (R, X)

)
, where span (A) denotes the closed

vector subspace generated by A. And we can say that AP 0(R, X) is the
closed linear hull of the continuous periodic functions from R in X.
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• Let Y be a Banach space, let f ∈ AP 0(R, X), and let g : f(R) −→ Y
be a uniformly continuous mapping on f(R). Then g ◦ f ∈ AP 0(R, Y ).

• Let a : R × [0,+∞[ −→ R such that the function (t �−→ a(t, .)) ∈
AP 0 (R, L1 ([0,+∞[)) . If f ∈ AP 0(R,R), then the function

h(t) =

+∞∫
t

a(t, t− s)f(s)ds

is also almost periodic [47].

• Let X1, X2 be Banach spaces. If A : X1 −→ X2 is bounded linear
operator and f ∈ AP n(R, X1), then Af ∈ AP n(R, X2)

• Let X1, X2 be Banach spaces and f ∈ AP n(R, X1) . If A : X1 −→ X2

is bounded linear operator with relatively compact range, then the X2

-valued function F defined by

F (t) :=

∫ t

0

Af(s)ds

belongs to AP n+1(R, X2).

• LetX1, X2 be two Banach spaces, φ ∈ C(n) (X1, X2) and f ∈ AP n(R, X1),
then φ ◦ f ∈ AP n(R, X2) [32].

• Directly from definition it follows AP k−1(R, X) ⊂
	=
AP k(R, X). For in-

stance, the function

f (x) =

{ (
x− 2π

k

)2
sin π

πx−2k
if x ∈ [2k−2

π
, 2k+1

π

] \ {2k
π

}
0 if x = 2k

π

where k = ±1,±2, . . . is in AP 1(R,R) but does not belong to AP 0(R,R).

• Let K ⊂ AP 0(R, X). Then K is compact in (AP 0(R, X), ‖·‖∞) if and
only if the three conditions are fulfilled:

i) for every t ∈ R, {f(t), f ∈ K} is compact in X.

ii) K is uniformly equicontinuous.

iii) K is equi-almost periodic i.e.∀ε > 0, ∃lε > 0, ∀α ∈ R

∃δ ∈ [α, α+ lε[ ; ∀f ∈ K, ‖f (· + δ) − f (·)‖∞ ≤ ε.

This is a Lusternik Theorem, for the proof, we refer to [45].
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Remark 2.2. Because of the condition iii) in the Lusternik’s theorem it
is difficult to exhibit the compactness in the space AP 0(R, X). Otherwise, the
Bohr compactification of R is a notion due to Anzai and Kakutani [5], [54],[57],
and indepently to Weil [65]. It is a compact group, denoted by bR, such that
there exists a one-to-one morphism (of topologic groups) ib : R −→bR which
satisfies the following properties: first, ib (R) is dense in bR, and secondly for
every f ∈ AP 0(R, X), there exists f b ∈ C0 (bR, E) such that f b ◦ ib = f. More-
over, the correspondence f �−→ f b is an isomorphism of Banach space between
AP 0(R, X) and C0 (bR, E) . Besides as it is proven in [17], the group structure
of bR is not compatible with a structure of differentiable (Banach) manifold,
and so the notion of differentiable mapping on bRis not canonically defined.
The study of the topological dual space of the Banach space AP 0(R, X) was
realized by Hewitt [42]. The main idea to assimilate AP 0(R, X) to C0 (bR, E) ,
and after that to remark that the topological dual of the space C0 (bR, E) is
the space of Radon measures on bR, denoted by M (bR, E) , and finally to as-
similate M (bR, E) to the dual space of AP 0(R, X). We can also note that
AP 0(R, X) is not reflexive and not separable.

Now we describe some basic facts about Harmonic Analysis of the Bohr
a.p. functions. When f ∈ AP 0(R, X), its mean time ever exits in X, it is

M{f} = M{f(t)}t =

⎛⎝ lim
T−→+∞

1

2T

+T∫
−T

f(t)dt

⎞⎠ ∈ X.

Hence, for each λ ∈ R, the Fourier-Bohr coefficient associated to f and λ is

a (f ;λ) = M{
f(t)e−itλ

}
t
=

⎛⎝ lim
T−→+∞

1

2T

+T∫
−T

f(t)e−itλdt

⎞⎠ ∈ X� ,

and we can associate to f its Fourier-Bohr series, that we denote by:

f(t) ∼
∑
λ∈�

a (f ;λ) eitλ

following the Bochner (or Hurwitz) notation. Moreover, the Parseval equality
holds: ∑

λ∈R

‖a(f ;λ)‖2 = M{‖f‖2} <∞.

And so we have the harmonic Analysis of the functions in AP 0(R, X). But the
harmonic synthesis is not realized in AP 0(R, X), i.e. if we consider a sequence
(aλ)λ in l2 (R, X) it is not necessary possible to find a function f ∈ AP 0(R, X)
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such that, for every λ ∈ R, aλ = a(f ;λ). We associate to f the set of its
Fourier-Bohr exponents:

∧ (f) = {λ ∈ R, a(f ;λ) 
= 0} .
Since

∑
λ∈�

‖a(f, λ)‖2 < ∞, we can assert that ∧ (f) is at most countable and

the module of frequencies of f, denoted by Mod(f), is the Z−module generated
by ∧ (f) .

Remark 2.3. The big difficulty of the theory of the a.p. functions is the
famous problem of the small divisors. The most easy way to exhibit his problem
is to consider the formal primitive function of f(t) ∼ ∑

λ∈�
a (f ;λ) eitλ. Formally

the Fourier-Bohr series of this primitive is f(t) ∼ ∑
λ∈�

1
λ
a (f ;λ) eitλ, and since

nothing does not forbid that 0 is a limit point of ∧ (f) , this series can explose.

Let us give a list of properties about the Fourier-Bohr exponents.

• Let f ∈ AP 1(R, X) and λ ∈ R, we have the following relation

a(
·
f ;λ) = iλa(f ;λ).

• Let f, g ∈ AP 0(R, X). Then the following assertions are equivalent:

i) For every real sequence (rn)n ,

(f (· + rn))n is uniformly convergent on R

=⇒ (g (· + rn))n is uniformly convergent on R.

ii) For every real sequence (rn)n which converges in R

(f (· + rn))n is uniformly convergent on R

=⇒ (g (· + rn))n is uniformly convergent on R.

iii) Mod(g) ⊂Mod(f).

iv) ∀ε > 0, ∃ρε > 0, E (f, ρε) ⊂ E (g, ε) .

• Let f ∈ AP 0(R, X) and T > 0. Then there exists a unique T -periodic
function fT ∈ C0

T (R, X) such that

lim
ν→+∞

∥∥∥∥∥1

ν

ν−1∑
k=0

f (· + kT ) − fT (.)

∥∥∥∥∥
∞

= 0.

Moreover we have fT (t) ∼ ∑
λ∈ T

2π
�

a (f ;λ) eitλ (The Besicovitch theorem).
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• Let f, g ∈ AP 0(R,R). Then the convolution in mean defined by

s �−→ M{f(t− s)g(s)}s

is almost periodic.

Remark 2.4. All the previous results, not endowed with a bibliographic ref-
erence, are stated in [26], [13], [38], [39], [7] for the finite dimensional setting,
and in [35], [46], [69],[68] for the infinite-dimensional setting.

Example 2.5. The function ψ(t) = esin t+sinπt belongs to AP k(R,R).

Example 2.6. For all a ∈ R the function t �→→ sinαt2 is not almost
periodic, because it is not uniformly continuous.

Remark 2.7. A function f : R −→ X is called limit periodic when there
exists a sequence (fn)n of periodic functions such that

lim
n→+∞

sup
t∈R

‖fn (t) − f (t)‖ = 0.

It is clear that when f is limit periodic then f is almost periodic. Various
non trivial characterizations and properties of the limit period functions can
be founded in chapter 4 of [34] and [55].

2.1 The N-almost Periodic Functions

The possibility to generalize the notion of almost-periodicity in the framework
of continuous functions was studied by B. M. levitan, who introduced the
notion of N -almost-periodicity , in terms of a Diophantine approximation (see
[41], [45] and [46] ). Hence, this space is very useful to obtain generalizations
of classical results in the theory of ordinary differential equations with almost-
periodic coefficients (see [45] ). However, many properties of almost periodic
functions do not hold anymore. For example, the mean value, in general, does
not exist, even for bounded functions. Furthermore, we can associate, to every
N -a.p. function, different Fourier series. (see [45] and [46]).

Definition 2.8. For any ε > 0 and N > 0,a number τ = τ (ε, N) is said
to be an (ε, N)−almost period of a function f ∈ C0(R, X) if for every t such
that |t| < N,

‖f (t+ τ) − f (·)‖ ≤ ε.

Definition 2.9. We say that f is N−almost periodic (N -a.p.) , when
we can find a countable set of real numbers {Λn}n∈N , depending on f and
possessing the property that, for every choice of ε and N, we can find two
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positive numbers n = n (ε, N) and δ = δ (ε, N) such that each real number τ ,
satisfying the system of inequalities

|Λkτ | < δ (mod.2π); k = 1, 2, ..., n,

is an (ε, N)-almost-period of the function f , i.e. satisfies

a (f, τ) = M{
f(t)e−iτt

}
t
.

Although every u.a.p. function is N -a.p., the converse is not true.

Example 2.10. [41], [46] Given the function p(x) = 2 + cosx+ cos(
√

2x)
We have inf

x∈�
p(x) = 0; then the function q (x) = 1

p(x)
is unbouded and

consequently it is not u.a.p. However, the function q is N−a.p.

2.2 The Quasi-Periodic Functions

Definition 2.11. A function f : R −→X is called quasi-periodic when f ∈
AP 0(R, X) and when Mod(f) possesses a finite basis on Z.

When ω = (ω1, · · · , ωs) is a list of s real numbers which are Z−linearly
independent, we denote by Z < ω > the Z−module generated by ω. For k ∈ N,
we set QP k (X,ω) = AP k (X,Z < ω >) .
We denote by Ts the s−dimensional torus Rs/ (2πZs) . A usual way to gener-
ate quasi periodic functions is to consider F ∈ C0 (Ts, X) , or equivalently
F ∈ C0 (Rs, X) such that xj �−→ F (x1, · · · , xs) is 2π periodic for every
1 ≤ j ≤ s, and to set f(t) := F (tω), then we have f ∈ QP 0 (X,ω) . Such
a function is called a conditionally-periodic function. Furthermore, the corre-
spondence F −→ f defines a topological isomorphism between C0 (Ts, E) and
QP 0 (E, ω) . When F ∈ C0 (Ts, E) we can associate to F a multiple Fourier
series, [63],

F (x) ∼
∑
ν∈�s

αν (F ) eiν·x

where ν · x =
s∑

j=1

νjxj , and αν (F ) =
∫
�s

F (x) e−iν·xdx, and the Fourier-Bohr

series associated to f(t) = F (tω) is

f(t) ∼
∑
ν∈�s

αν (F ) eitω·x.

Roughly speaking, the quasi-periodic functions are related to the famous prob-
lem of the invariant tori of the dynamically systems. For instance, we consider
a locally lipschitzian vector field X : Rn −→ Rn, and the autonomous first-

order ordinary differential equation
·
x = X(x). If u is a Bohr a.p. solution of
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this system, then u is quasi-periodic and the closure of u(R) is isomorphic to
a Torus Td (d ≤ n)[14]. The proof of this result uses the Pontryagin Duality
Theorem of the topological groups.

Example 2.12. The function φ(t) = cos t+ cos
√

3t is quasi periodic func-
tion.

2.3 Almost Periodic Functions Depending on Parame-

ters

Let us consider the function

F : R × R −→ R

(x, t) �−→ cos (xt)

It is clear that for all x ∈ R, F ∈ C0 (R × R,R) and the function F (·, t) is
periodic and consequently almost periodic. In spite of the almost periodicity
of the function [t �−→ cos t] , the function [t �−→ F (cos t, t)] is not uniformly
continuous and consequently not almost periodic. Roughly speaking, a certain
uniformity with respect to x is necessary.
Let Y a Banach space, and Ω a nonvoid subset of the Banach space X. We
denote by Pc (X) the set of the compact subset of X.

Definition 2.13. Let a mapping F ∈ C0 (R ×X, Y ) ; F : (t, x)−→F (t, x).
We say that F is uniformly almost periodic in t for x ∈ Ω when

∀ε > 0, ∀K ∈ Pc (X) , ∃l = l (ε,K) , ∀α ∈ R, ∃τ ∈ [α, α+ l[ ,

such that
sup
t∈�

sup
x∈K

‖F (t+ τ, x) − F (t, x)‖ ≤ ε

We denote by APU (R × Ω, Y ) the set of all the functions from R × Ω in
Y which are uniformly almost periodic in t for all x ∈ Ω.
We have decided here to introduce this notation APU ; it is not a usual notation
but I don’t know if there exists a usual notation. An interesting discussion
about the choice of the previous definition exists in [68].

If F ∈ APU (R × Ω, Y ) , then the following properties hold:

• ∀ K ∈ Pc (Ω), ∀ε > 0, ∃β = β (ε,K) > 0, ∀s, t ∈ R, ∀x, y ∈ K, we have

|s− t| ≤ β, ‖x− y‖ ≤ β =⇒ ‖F (t, x) − F (t, y)‖ ≤ ε

• ∀ K ∈ Pc (Ω), ∀ε > 0, ∃β = β (ε,K) > 0, ∀x, y ∈ K, we have

‖x− y‖ ≤ β =⇒ ‖F (t, x) − F (t, y)‖ ≤ ε
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• For each x ∈ Ω, F (·, x) ∈ AP 0(R, Y ), and the mapping x �−→ F (·, x) is
continuous from Ω to AP 0(R, Y ).

• For every K ∈ Pc (Ω) , F is bounded on R ×K.

• We assume that Ω is separable. For all (rn)n real sequence, ∃ (rkn)nsub-
sequence of (rn)n , ∃G ∈ APU (R × Ω, Y ) , ∀ K ∈ Pc (Ω) ,

sup
t∈�

sup
x∈K

‖F (t+ rkn , x) −G(t, x)‖ → 0 when n→ +∞.

• If f ∈ AP 0(R, X) and f(R) ⊂ Ω; then [t �−→ F (t, f(t))] ∈ AP 0(R, Y ).

• For every λ ∈ R the function x �−→ a(F (·, x);λ) is continuous from Ω in
Y� .

• We denote by

∧ (F ) :=
⋃
x∈Ω

∧ (F (·, x)) = {λ ∈ R /∃x ∈ Ω, a(F (·, x);λ) 
= 0} .

When D is a dense subset of Ω, we have ∧ (F ) :=
⋃

x∈D

∧ (F (·, x)) . And

if Ω is separable, then ∧ (F ) is countable.

• ∀ α ∈ K, αF ∈ APU (R × Ω, Y ) .

• If G ∈ APU (R × Ω, Y ) then F +G ∈ APU (R × Ω, Y ) .

• ‖F‖ ∈ APU (R × Ω,R) .

• ‖F‖2 ∈ APU (R × Ω,R)

• Let E1, E2 two Banach spaces, and let B : X × E1 −→ E2 be a bilinear
continuous function. We define the mapping

Ψ : R × Ω −→ E2

(t, x) �−→ B (F (t, x), G(t, x))
.

Then Ψ ∈ APU (R × Ω, E2) .

• Let G ∈ APU (R × Ω,K) such that for each K ∈ Pc (Ω) , we have

inf
t∈�

inf
x∈K

|G(t, x)| > 0, and
1

G
F ∈ APU (R × Ω, Y ) .

• Let F ∈ C0 (R × Ω, Y ) . Then the following assertions are equivalent
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i) F ∈ APU (R × Ω, Y ) ,

ii) For every real sequences (αn)n , (βn)n , there exists a subsequence(
ασ(n)

)
n

of (αn)n and there exists a subsequence
(
βγ(n)

)
n

of (βn)n

such that, for every K ∈ Pc (Ω) , the following limits exists and we
have:

lim
m→+∞

lim
l→+∞

F
(
t+ ασ(l) + βγ(m), x

)
= lim

n→+∞
F
(
t+ ασ(n) + βγ(n), x

)
.

uniformly on R ×K.

• K ∈ Pc (Ω) and F,G ∈ APU (R ×K,E) .Then the following assertions
are equivalent:

i) For every real sequence (rn)n one has

(F (· + rn, ·))n is uniformly convergent on R×K
=⇒ (G (· + rn, ·))n is uniformly convergent on R×K.

ii) For every real sequence (rn)n which converges in R

(F (· + rn, ·))n is uniformly convergent on R×K
=⇒ (g (· + rn, ·))n is uniformly convergent on R×K.

iii) Mod(G) ⊂Mod(F ).

iv) ∀ε > 0, ∃δε > 0, E (F, δε) ⊂ E (G, ε) .

Example 2.14. The function F (t, z) =
(
2 + cosx + cos(

√
2x)
)
z is almost

periodic in t, uniformly with respect to z belongs to a bounded subset of the
complex plane.

Remark 2.15. Let K ∈ Pc (Ω) . When F,G ∈ APU (R ×K, Y ) , we can

associate to F the function F̃ ∈ AP 0 (C0 (K, Y )) defined by F̃ (t) := F (t, ·).
And conversely, when Φ ∈ AP 0 (C0 (K, Y )) , we can associate to Φ the function

F ∈ APU (R ×K, Y ) defined by F (t, x) = Φ (t)x. We note that F̃ = Φ. And so

the correspondence F −→ F̃ is a bijective mapping between APU (R ×K, Y )
and AP 0 (C0 (K, Y )) .

Remark 2.16. In order to study the equation of the vibrating string, Muck-
enhoupt [35] introduced the class of almost periodic functions in mean. This
type of functions form a class of almost periodic functions depending on pa-
rameters.

Remark 2.17. Note that all results of this subsection are stated in [68].
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3 The Besicovitch Almost Periodic Functions

In this section, we introduce the space of the Besicovitch almost periodic func-
tions. This space is larger than AP 0; it is the space of harmonic synthesis.
Here we follow the construction given in [13], replacing K by a Hilbert space
H and we denote by < x | y > the inner product of x, y ∈ H. For each function
ϕ : R −→ R we define its upper mean time by:

M{ϕ} = M{ϕ(t)}t =

⎛⎝lim sup
T→+∞

1

2T

+T∫
−T

ϕ(t)dt

⎞⎠
For each real number p ∈ [1,+∞[ , we define by Lp

loc(R, H) the space of the
(classes of) functions f : R −→ H such that the function ‖f‖p is locally
Lebesgue integrable on R. On the Lp

loc(R, H) we define the pseudo semi-norm

Np : Lp
loc(R, H) −→ [0,+∞[

f �−→ Np (f) :=
(M{‖f (t)‖p}t

) 1
p

The term pseudo semi-norm means that:

i) f = 0 =⇒ Np (f) = 0

ii) For every f ∈ Lp
loc(R, H) and for every α ∈ R,

(|α| , Np (f)) 
= (0,+∞) =⇒ Np (αf) = |α|Np (f)

iii) For every f, g ∈ Lp
loc(R, H), Np (f + g) ≤ Np (f) +Np (g) .

We define the binary relation ∼p on Lp
loc(R, H) in the following manner:

for f, g ∈ Lp
loc(R, H),

f ∼p g ⇐⇒ Np (f − g) = 0.

We note that the relation f ∼p g does not imply the equality (Lebesgue a.e.)
of f and g. We can have f ∼p g, with f and g different at each point of
all over an interval of R. The spaces (Lp

loc(R, H), Np) are called the spaces of
Marcinkiewicz [12].
We consider the closure of AP 0(R, H) in Lp

loc(R, H) with respect to Np. This
closure is denoted by Bp

ap(R, H). and we denote Bp
ap(R, H) := Bp

ap(R, H)/ ∼p .
It is obvious that on Bp

ap(R, H), Np becomes a true norm.

Definition 3.1. Let p ∈ [1,+∞[ . The (classes of modulo ∼p ) functions in
Bp

ap(R, H) := Bp
ap(R, H)/ ∼p are called the Besicovitch almost periodic func-

tions.
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Recall that an element of TP (R, H) (vectorial space of all trigonometric
polynomials) can be written as

P (t) =
n∑

j=1

γje
iλjt, t ∈ R,

where n ∈ N, ∀1 ≤ j ≤ n, γj ∈ R and λj ∈ R with λj 
= λi for i 
= j,
are arbitrary. In [31], Bruno introduced the convolution of two trigonometric
polynomials by

(P ∗Q) (x) := lim
T→+∞

1

2T

+T∫
−T

< P (x− t | Q(t) >)dt.

Now, we give the list of the principal properties of the Besicovitch a.p. func-
tions.

• ∀f ∈ Bp
ap(R, H), Np (f) = (M{‖f (t)‖p}t)

1
p (the limsup becomes a limit).

• (Bp
ap(R, H), Np (f)

)
is a Banach space.

• ∀f ∈ Bp
ap(R, H) the mean value (M{f}t) exists and

M{f}t := lim
T→+∞

1

2T

+T∫
−T

f(t)dt.

• Bp
ap(R, H) is the completion of TP (R, H). The completion is made rela-

tive to the norm Np.

• Let p ∈ [1,+∞[ . If Pn −→ f in Bp
ap(R, H), with Pn ∈ TP (R, H), for any

n ∈ N, we obtain
Np (f) = lim

n→+∞
Np (Pn) .

• For allf ∈ Br
ap(R, H), ∀g ∈ Bs

ap(R, H), where r, s ∈ [1,+∞[ , such that
1
r

+ 1
s

= 1 we have

|< f | g >| ≤ Nr (f)Ns (g) . ( Extension of HÖLDER inequality).

• For any p1, p2 ∈ [1,+∞[ such that p1 > p2, we have the following hierar-
chy:

B∞
ap(R, H) := AP 0(R, H) ⊂ Bp1

ap(R, H) ⊂ Bp2
ap(R, H) ⊂ B1

ap(R, H).
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• ∀f ∈ Br
ap(R, H), ∀g ∈ Bs

ap(R, H), ∀r, s ∈ [1,+∞[ , 1
r

+ 1
s

= 1, one has
(P ∗Q) ∈ AP 0(R, H) and

‖f ∗ g‖∞ ≤ Nr (f)Ns (f) ,

where

(f ∗ g) (x) = lim
n→+∞

(Pn ∗Qn) (x)

= lim
n→+∞

⎛⎝ lim
T→+∞

1

2T

+T∫
−T

< P (x− t | Q(t) > dt

⎞⎠
with (Pn)n∈� and (Qn)n∈� in TP (R, H) satisfying Pn −→ f andQn −→ g
in Bp

ap(R, H).

• For any p ∈ [1,+∞[ , the spaces Bp
ap(R, H) are reflexive spaces and their

duals are given by Bq
ap(R, H), where q such that 1

p
+ 1

q
= 1.

• On B2
ap(R, H), (f | g)2 := M

{
< f(t) | g(t) >

}
t

is an inner product,

and its associated Euclidean norm is exactly N2. And so B2(R, H) is a
non-separable Hilbert space in which the characters

(
x �−→ eiλx, λ ∈ R

)
form an orthonormal basis.

• When f ∈ B2
ap(R, H) and for each λ ∈ R, the Fourier-Bohr coefficient

a (f ;λ) is defined in E� , the Parseval equality holds and we have

f(t) ∼2

∑
λ∈�

a (f ;λ) eitλ.

We define ∧ (f) = {λ ∈ R, a(f ;λ) 
= 0} , and Mod(f) the Z−module
generated by ∧ (f) .

• In B2(R, H), the harmonic synthesis holds. Namely, if (aλ)λ in l2 (R, H)
then there exists a function f ∈ B2(R, H) such that, for every λ ∈ R,
aλ = a(f ;λ).When H is real, and when (aλ)λ in l2 (R,X) satisfies a−λ

= aλ for every λ ∈ R then we can assert that there exists f ∈ B2 (E)
such that, for every λ ∈ R, aλ = a(f ;λ).

• When f ∈ B2
ap(R, H), the Parseval equation holds∑

λ∈R

‖a(f ;λ)‖2 = M{‖f‖2} .
Furthermore, if two functions f, g ∈ B2(R, H) have the same Fourier
series, they are identical.
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• The function

ψ : B2
ap(R, H) −→ l2(R, H)
f �−→ (

a (f, λ)λ∈�
)

is an isomorphism which is an isometry.

Remark 3.2. G. Bruno and F. R. Grande [30] proved a Lusternik-type
theorem, very similar to the corresponding theorem for Bohr almost periodic
functions .

Remark 3.3. In his book [54], Pankov systematically uses the Bohr com-
pactification (bR) to treat the almost periodicity. Among his results we can
cite: the space Bp

ap(R, H) is isomorphic to the space Lp (bR, H) , where Lp is
taken with respect to the Haar measure defined on (bR).

Remark 3.4. In his book, Hillmann [43] extended the work of Besicovitch
[13] to the context of Orlicz spaces, defining the large class of Besicovitch-
Orlicz almost periodic function. For more on this type of functions we refer
the reader to [53].

Example 3.5. For a fixed p ∈ ]1,+∞[ , the function

fn(x) =

{
n

1
2p if n2 ≤ x < n2 +

√
n

0 elsewhere
, n ≥ 1

is unbounded, Bp
ap-constant and consequently it is in Bp

ap.

3.1 The Mp-almost periodic Functions

Following [12], let us consider the Marcinkiewicz-Besicovitch spaces⎧⎪⎨⎪⎩f ∈ Lp
loc(R, X) such that ‖f‖p =

⎛⎝lim sup
T→+∞

1

2T

+T∫
−T

‖f(t)‖p dt

⎞⎠
1
p

<∞

⎫⎪⎬⎪⎭ ,

that we denote by Mp (R, X). For the case p = +∞, we have

{f ∈ Lp
loc(R, X) such that ‖f‖∞ = ‖f‖L∞ <∞} .

Hence

‖f‖p =

⎧⎪⎨⎪⎩
(

lim supT→+∞
1

2T

+T∫
−T

‖f(t)‖p dt

) 1
p

if p ≥ 1

‖f‖L∞ if p = +∞
,

and
(
Mp (R, X) , ‖·‖p

)
is a seminormed space.
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Definition 3.6. ([12]) A continuous function f ∈ Mp (R, X) is called Mp-
almost periodic (Mp

ap) if and only if τ(f) = {τr(f) = f(· + r), r ∈ R} is
compact in Mp (R, X) .

Example 3.7. The function f(t) = e2itis Mp-almost periodic.

We have the following properties [12]:

• The space Mp
ap is complete subspace of Mp (R, X).

• For p ∈ [1,+∞[ we have Bp
ap ⊂ Mp

ap.

• A continuous function f ∈ Mp (R, X) is called Mp-almost periodic
(Mp

ap) if, ∀ε > 0, there exists a relative dense set {τε} such that⎛⎝lim sup
T→+∞

1

2T

+T∫
−T

‖f(t+ τ) − f(t)‖p dt

⎞⎠
1
p

< ε, ∀τ ∈ {τε} .

Remark 3.8. The demonstration of the last assertion is exactly in the same
way as in the case of the functions of Bohr, by replacing BC(R, X) by the space
of continuous functions of Mp (R, X) .

4 The Almost Periodic Distributions

In [59], L. Shwartz gives a construction of a notion of almost periodic distri-
bution. We do not reproduce here his full construction, we only use a part of
his theory.
We denote by D (R,K) = C∞

c (R,K) the space of the C∞(test) functions with
compact support from R in K. As it is well-known, the distributions (in the
sense of L. Schwartz) are the elements of the topological dual space of the
topological locally convex vector space D (R,K) ; its dual space is denoted by
D∗ (R,K) . We denote by the letter D the distributional differentiation. Since
we have AP 0 (R,K) ⊂ L1

loc (R,K) , the elements of AP 0 (R,K) are regular
distributions.

Definition 4.1. Let T ∈ D∗ (R,K) . T is called an almost periodic distri-
bution when there exists a finite list f0, · · · , fm ∈ AP 0 (R,K) such that

T =
m∑

ν=0

Dυfν , with D0f0 = f0.

We denote by B∗
pp (R,K) the set of all almost periodic distributions from R in

K.
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We have the following properties [59]

• Let T ∈ D∗ (R,K) . Then[
T ∈ B

∗
pp (R,K) ⇐⇒ ∀α ∈ D (R,K) , T ∗ α ∈ AP 0 (R,K)

]
.

• Let k ∈ N and T ∈ B∗
pp (R,K) , then DkT ∈ B∗

pp (R,K) .

Remark 4.2. In [59], L. Schwartz proves that we can extend, in a unique
way, the mean value in a linear operator M : B

∗
pp (R,K) −→ K. In [15], J. Blot

have proven that, for each T =
m∑

ν=0

Dυfν ∈ B
∗
pp (R,K) , we have M{DT} = 0,

and so we can define the mean value of an almost periodic distribution in the
following manner

M{T} = M{f0} .
A useful property about the mean value of an almost periodic distribution

T ∈ B∗
pp (R,K) is the following

M{ϕ ·DT} = −M
{ ·
ϕ · T

}
.

where ϕ ∈ Bpp (R,R) [15]. Furthermore, the Fourier-Bohr coefficients asso-
ciated to an almost periodic distribution T ∈ B∗

pp (R,K)

a (T ;λ) = M{
e−iλ(·)T

}
,

and when all the Fourier-Bohr coefficients of T are equal to zero, then T = 0.

5 Spaces like Sobolev Spaces

In the framework of the resolution of almost periodic Lagrangian systems, J.
Blot has introduced in [15] a new class of a.p. functions. In this section we will
recall the construction given by Blot. We assume that X is finite dimensional
and euclidean. For x, y ∈ X, we denote by x · y the inner product of x and y.
Here we describe the generalized derivative defined in [16] and [17] . It is the
specification to the Besicovitch space B2 (R,X) of the generalized derivative
defined by Vo Khac [62] in the more general setting of the Marcinkiewicz
spaces. When r ∈ R, we consider the translation operator τr (f) = f (· + r) . It
is clear that when f ∈ B2 (R, X) , one has τr (f) ∈ B2 (R, X) and Np (τr (f)) =
Np (f) . Moreover we have τr ◦ τs = τs ◦ τr = τr+s , τ0 = id and for every
f ∈ B2 (R, X) , the function r �−→ τr (f) is continuous from R in Bp (R, X) .
The infinitesimal generator of the group (τr)r is denoted by �, and so

�f := lim
r→0

1

r
(τr (f) − f) , i.e. lim

r→0
M
{∥∥∥∥�f − 1

r
(τr (f) − f)

∥∥∥∥2
}

= 0.
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The operator ∇ is an unbounded linear operator. The domain of ∇ is a dense
vector subspace of B2 (R,X) , and the graph of ∇ is closed in B2 (R, X) ×
B2 (R, X) . This a consequence of a classical result of the semi group theory
[37].

Definition 5.1. Let f ∈ B2 (R, X) . We say that f is M2-differentiable
when ∇f is defined in B2 (R, X) . And in this case, ∇f is called the M2-
derivative (or the Vo Khac derivative) of f .

We denote by B1,2 (X) the set of the f ∈ B2 (R, X) such that ∇f exists in
B2 (R, X) . We define on B1,2 (R, X) the inner product

< f | g >:= M{f · g} + M{∇f · ∇g} .

And hence
(
B1,2 (R, X) , ‖·‖1,2

)
is a Hilbert space where ‖·‖1,2 is the norm

associated to the inner product. Now we give the list of the principal properties
of B1,2 (R, X) proven in [17] .

• ∀f ∈ B1,2 (R, X) , ∀r ∈ R, then ∇ (τr (f)) ∼2 τr (∇f) .

• If f ∈ AP 1 (R, X) , then f ∈ B1,2 (R, X) and ∇f ∼2

·
f.

• ∀k ∈ N∪{+∞} , AP k (R, X) is a dense subset of (B1,2 (R, X) , < · | · >) .

• If f ∈ B1,2 (R, X) , then M{∇f} = 0.

• Let f ∈ B1,2 (R, X) such that f (t) ∼2

∑
λ∈�

a (f ;λ) eiλt. Then

f ∈ B1,2 (R, X) ⇐⇒
∑
λ∈�

λ2 ‖a (f ;λ)‖2
X <∞,

and furthermore, we have

∇f ∼2

∑
λ∈�

iλa (f ;λ) eiλt.

In other words, the Fourier-Bohr series of ∇f is obtained from the
Fourier-Bohr series of f by using the formal term-by-term differentia-
tion.

• Let f ∈ B1,2 (R, X) and g ∈ AP 1 (R, X) , then f · g ∈ B1,2 (R, X) and
we have

∇ (f · g) ∼2 ∇f · g + f · ·
g
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Remark 5.2. Another difficulty due to the presence of the small divisors is
the impossibility to have theorems like the Wirtinger inequality or like Sobolev
embedding theorems which are so useful in the periodic or boundary problems
[29], [52] .

Remark 5.3. For the second order, we also define the space

B2,2 (R, X) =
{
f ∈ B1,2 (R, X) / ∇f ∈ B1,2 (R, X)

}
,

and we denote ∇2f = ∇ (∇f) .

Remark 5.4. Other constructions of spaces of a.p. functions like Sobolev
spaces are given in [8]. In [54], Pankov uses the Bohr compactification to
construct Sobolev spaces of a.p. functions. For the Sobolev spaces of quasi-
periodic functions, useful informations are given in [9], [58].

6 The Stepanov Almost Periodic Functions

Although the concept of Stepanov almost periodic functions was introduced
more than 60 years ago, some of their properties which play an important
role in discussing the solutions of differential equations were not established
until recently. In particular, the class of S2−almost periodic functions was
introduced independently by Wiener [67] and Stepanov [61]. First of all, let
us introduce the following Stepanov norms and distances:

‖f‖Sp
L

= sup
x∈R

[
1

L

∫ x+L

x

‖f(t)‖p dt

] 1
p

, p ≥ 1.

and

DSp
L

(f, g) = ‖f − g‖Sp
L

= sup
x∈R

[
1

L

∫ x+L

x

|f(t) − g(t)|p dt
] 1

p

, p ≥ 1.

Since L is a fixed positive number, we might expect infinite Stepanov norms;
but it can be trivially shown that, for every L1, L2 ∈ R+, there exists k1, k2 ∈
R

+ such that

k1 ‖f‖Sp
L1

≤ ‖f‖Sp
L2

≤ k2 ‖f‖Sp
L1

i.e. all the Stepanov norms are equivalent. Consequently, we can replace
in formula above L by an arbitrary positive number. In particular, we can
consider the norm, where L = 1. First, let’s give the definition of Stepanov
almost periodic function. More precisely, the Bohr-type definition
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Definition 6.1. ([3], [13], [45]) A function f ∈ Lp
loc(R,X) is said to be

almost-periodic in the sense of Stepanov (Sp
ap) if the following is satisfied

∀ε > 0, ∃lε > 0, ∀α ∈ R, ∃τ ∈ [α, α+ lε[ , sup
x∈R

[
1

L

∫ x+1

x

‖f(t) − g(t)‖p dt

] 1
p

< ε.

The space Sp
ap (R, X) will be shortly indicated as Sp

ap. Defining the Banach
space

BSp (R, X) :=
{
f ∈ Lp

loc(R, X)/ ‖f‖Sp
L
<∞

}
.

Besides, the Bochner transform

f b (t) = f(t+ ξ), ξ ∈ [0, 1] , t ∈ R

associates, to each t ∈ R, a function defined on [0, 1] . Consequently, if f ∈
Lp

loc(R, X) then f b ∈ Lp
loc(R, L

p ([0, 1])) and one can write

BSp (R, X) :=
{
f ∈ Lp

loc(R, X)/f b ∈ L∞(R, Lp ([0, 1]))
}
,

because ‖f‖p
Sp =

∥∥f b
∥∥

L∞ where

∥∥f b
∥∥

L∞ = sup
t∈�

ess
∥∥f b
∥∥

Lp([0,1])
= sup

x∈�
ess

[∫ 1

0

‖f(x+ ξ)‖p dξ

] 1
p

.

Moreover, we have(
f ∈ Lp

loc(R,X) : f b ∈ C(R, Lp ([0, 1]))
)

=⇒ BSp (R, X) =
{
f ∈ Lp

loc(R, X)/f b ∈ BC(R, Lp ([0, 1]))
}
,

We will give a list of the principal properties of the Stepanov almost periodic
functions.

• Sp
ap ⊂ BSp (R, X) .

• Sp
ap =

{
f ∈ Lp

loc(R, X) / f b ∈ AP (R, Lp ([0, 1]))
}

[56].

• For any f ∈ Sp
ap we have ‖f‖p

Sp =
∥∥f b
∥∥

BC(�,Lp([0,1]))
.

• Let f ∈ Sp
ap. The mean value of the function f exists in X.

• We endow Lp
loc(R, X) with the topology of the uniform convergence on

compact subintervals of R and let (fn)n a sequence of Sp
ap, then

fn −→ f in Sp
ap ⇐⇒ f b

n −→ f b in BC(R, Lp ([0, 1])).
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• Every Sp
ap-function is Sp−bounded.

• Let f ∈ Sp
ap, then f can can be represented by its Fourier-Bohr series i.e.

f(t) ∼
∑
λ∈�

a (f ;λ) eiλt.

• For every Sp
ap function f , there always exists at most a countable infinite

set of the Fourier-Bohr exponents λ, for which a (f, λ) 
= 0.

• If two Sp
ap functions f, g have the same Fourier-Bohr series, then they are

identical.

• For any f ∈ S2
ap we have

∑
λ∈R

‖a(f, λ)‖2 < ∞, and the Parseval equality

holds: ∑
λ∈R

‖a(f ;λ)‖2 = M{‖f‖2} .
• To any series

∑
ane

iλnt for which
∑ |an|2 < ∞ corresponds a S2

ap-
function having this series as its Fourier-Bohr series.

• Every Sp
ap−function is Sp−uniformly continuous, i.e.

∀ε > 0, ∃δε > 0, [|h| < δε =⇒ DSp (f (x+ h) , f(x)) < ε] .

• Let f ∈ Lp
loc(R,R). Then f ∈ Sp

ap if and only if the family of functions
{f(x + h)} (h is an arbitrary real number) is Sp-precompact, i.e. if for
each sequence f(x + h1), f(x + h2), ...,we can choose an Sp-convergent
sequence.

• Let f ∈ Lp
loc(R,R). Then f ∈ Sp

ap if and only if there exists a sequence
(Pn)n of trigonometric polynomials such that

lim
n→+∞

sup
x∈R

[
1

L

∫ x+L

x

|f(t) − g(t)|p dt
] 1

p

= 0.

In other words, Sp
ap can be seen as the space obtained as the closure in

BSp (R, X) of all the space of all trigonometric polynomials.

• The spaces Sp
ap are complete with respect to the norm ‖·‖Sp

L
.

• If f ∈ Sp
ap is uniformly continuous, then f is u.a.p.

• Let p1, p2 ∈ R such that p1 > p2 > 1, then

AP 0(R, X) ⊂ Sp1
ap(R, X) ⊂ Sp2

ap(R, X) ⊂ S1
ap(R, X).
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• Suppose f : R −→ X is a twice continuously differentiable S1−almost
periodic function. If f ′′ is S1−bounded and uniformly continuous on R,
then f, f ′ and f ′′ are all almost periodic from R to X [6].

Example 6.2. [4] The function f defined by

f(x) =

{
cosx if x 
= kπ
k if x = kπ

is not continuous and it is unbounded, but it belongs to the same class of belongs
to the same class of L1

loc(R, R) as the function x �−→ cos x, which is, clearly,
u.a.p. Thus f ∈ Sp

ap (R,R) for every p ∈ [1,+∞[ .

Example 6.3. [45] Let f ∈ AP 0 (R,R) . Then the function F defined by

F (x) = sign (f(x)) =

⎧⎨⎩
1 if f (x) > 0
0 if f(x) = 0
−1 if f (x) < 0;

belongs to S1
ap (R,R) .

7 The Weyl Almost Periodic Functions

We make the following conventions and notations in this section. All functions
are considered on a real line R into some normed spaces, say (X, ‖·‖). These
functions will be denoted by f, g. In the family of (Bochner) locally integrable
functions, we introduce for f, g ∈ L1

loc(R, X), two ‘metrics’:

DSp
L

(f, g) = ‖f − g‖Sp
L

= sup
x∈R

[
1

L

∫ x+L

x

‖f(t) − g(t)‖p dt

] 1
p

, p ≥ 1. (Stepanov)

and

DW p(f, g) := lim
L→+∞

sup
x∈R

[
1

L

∫ x+L

x

‖f(t) − g(t)‖p dt

] 1
p

, (Weyl).

We do not exclude the infinity ∞ as a value of DSp
L

(f, g) and DW p (f, g) .
Remark that the limit

DW p(f, g) = lim
L→+∞

DSp
L

(f, g)

exists by the argumentation given in [45].
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Definition 7.1. A function f ∈ Lp
loc(R,R) is said to be almost-periodic in

the sense of Weyl (W p
ap) if, for every ε > 0, there corresponds a relatively dense

set {δ}ε such that

lim
L→+∞

sup
x∈R

[
1

L

∫ x+1

x

‖f(t) − g(t)‖p dt

] 1
p

< ε; for all δ ∈ {δ}ε.

Each number δ ∈ {δ}ε is called an ε−Weyl almost-period (or Weyl ε-
translation number of f). The collection of such functions will be denoted by
W p

ap (R, X) or shortly W p
ap. For each λ ∈ R and for each f ∈W p

ap (R,X) there
exists a limit ⎛⎝ lim

T−→+∞
1

2T

+T∫
−T

f(t)e−itλdt

⎞⎠ = M{
f(t)e−itλ

}
t
.

Let’s denote Λ (f) the set of Fourier exponents of f, i.e.

Λ (f) =
{
λ ∈ R,M{

f(t)e−itλ
}

t

= 0
}
.

We denote by Mod(f) the module of Fourier exponents of f .

f(t) ∼
∑
λ∈�

a (f ;λ) eitλ.

Now we give a list of the principal properties of the Weyl almost periodic
functions. For the proofs one can see [45] and [36].

• For any function f ∈W p
ap we have

Mod(f) = Mod(Λ (f))

• Let f ∈W p
ap (R, X) . Then for any sequence (δj)j∈N the following condi-

tions are equivalent:

i)

lim
j→+∞

DW p(f (·) , f (· + τj) = 0.

ii) For all λ ∈Mod(f), lim
j→+∞

eiλδj = 1

• Let f ∈ L1
loc(R, X) and (fj)j∈� a sequence in W p

ap such that

lim
j→+∞

DW p(f, fj) = 0,

then f ∈W p
ap (R, X) and Mod(f) ⊂∑

j

Mod(fj).
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• Let (X, ‖.‖) be a complex Banach space and let f ∈ W p
ap, p ≥ 1. Then

for any ε > 0 there is a trigonometric polynomial

Pε (t) =

N(ε)∑
j=1

cεje
iλε

j t, t ∈ R

where cεj ∈ X and λε
j ∈ R, such that

‖f − Pε‖p < ε and Λ (Pε) ⊂ Λ (f) .

• Let f ∈W p
ap. The mean value of the function f exists in X.

• The space of W p
ap functions is incomplete with respect to the metric DW p.

• If f ∈W p
ap is uniformly continuous, then f is u.a.p.

• Let f ∈ W p
ap, then f can can be represented by its Fourier-Bohr series

i.e.
f(t) ∼

∑
λ∈�

a (f ;λ) eiλt.

• For every W p
ap function f , there always exists at most a countable infinite

set of the Fourier-Bohr exponents λ, for which a (f, λ) 
= 0.

• If two W p
ap functions f, g have the same Fourier-Bohr series, then they

are identical.

• For any f ∈W 2
ap we have

∑
λ∈R

‖a(f, λ)‖2 <∞, and the Parseval equality

holds: ∑
λ∈R

‖a(f ;λ)‖2 = M{‖f‖2} .
• To any series

∑
ane

iλnt for which
∑ |an|2 < ∞ corresponds a W 2

ap-
function having this series as its Fourier-Bohr series.

• If f ∈W p
ap is uniformly continuous, then f is u.a.p.

• We have the following inclusions

AP 0 (R, X) ⊂ Sp
ap (R, X) ⊂ W p

ap (R, X) .

Example 7.2. [4]The function f defined by

f(x) =

⎧⎨⎩
0 if x ∈ ]−∞, 0]√

n
2

if x ∈ ]n− 2, n− 1] , n = 2, 4, 6, · · · ;
−√n

2
if x ∈ ]n− 1, n] , n = 2, 4, 6, · · ·

belongs to W 1
ap (R,R) .
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Remark 7.3. The theory of u.a.p. functions can be generalized to spaces
of functions defined in Rn or, more generally, on groups (see, for example
[2], [10], [11], [22], [48], [64], [65], [66]), and with the values in a metric,
in a Banach or in a Hilbert space (see, for example, [56], [35], [46]), [54]).
Moreover, the appearance of abstract methods such as the theorem of Peter-
Weyl or the duality of Pontryagin opened the door to a general theory. For
instance, If G is a locally compact abelian group, we say that F , belonging to
L∞(G), is almost periodic if all translates by G is relatively compact. The space
of the almost periodic functions is the adhesion (for the infinite standard) of
all the linear combinations by the characters of G. If G is compact, the almost
periodic functions) are simply the continuous functions.

Remark 7.4. There also exists a theory of almost periodic sequences (see
for example [35], and [51]) and a theory of analytic almost periodic functions
[35].
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[16] J. Blot, Une méthode hilbertienne pour les trajectoires presque
périodiques, Notes aux comptes rendus de l’Académie des sciences de
Paris, 313, Série I, (1991), 487-490.

[17] J. Blot, Oscillations presque périodiques forçée d’équations d’Euler La-
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[67] N. Wiener, On the representation of functions by trigonometrical inte-
grals, Math. Z. 24 (1926) 575-616.

[68] T. Yoshizawa, Stability and the existence of periodic and almost periodic
solutions, Springer-Verlag, New-York, 1975.

[69] Zaidman, Almost periodic functions in abstract spaces, Research Notes
in Math, Pitman, Boston, 1985.

Received: September, 2010


