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Abstract

In this paper,the traditional G′/G-expansion method is improved and a
generalized G′/G-expansion method is proposed to seek exact solutions of
nonlinear evolution equations.And we choose Benjamin-Bona-Mahony equa-
tion,(2+1) dimensional generalized Zakharov-Kuznetsov equation and variant
Bousinessq equations to illustrate the validity and advantages of the proposed
method.It is shown that the proposed method is direct,effective because we
can obtain not only triangular periodic wave solutions and hyperbolic function
solutions,but also exponential function solutions and Jacobi elliptic function
solutions.Moreover,it can also be used for many other nonlinear evolution
equations in mathematical physics.
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1 Introduction

In recent years,the study of exact solutions of nonlinear evolution equations plays
an important role in soliton theory,exact solutions to nonlinear partial differential
equations (NLPDEs) play an essential role in the nonlinear science,especially they
may provide much physical information and help one to understand the mecha-
nism that governs these physical models.In the meantime,many powerful methods
have been presented such as the homogeneous balance method [1],the inverse scat-
tering transform [2],the Backlund transform [3],the Darboux transformation [4],the
Hirota’s bilinear method [5],the tanh-function method [6],the hyperbolic tangent
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expansion method [7],the generalized Riccati equation [8],the Weierstrass elliptic
function method [9],the theta function method [10],the sine-cosine method [11],the
Jacobi elliptic function expansion [12],the F-expansion method [13] and the modified
F-expansion method [14],the ansatz method [15],the exp-function expansion method
[16],the G′/G-expansion method [17] and so on.

As we know, the G′/G-expansion method is very popular since Wang [17] pro-
posed last year.Many authors studied exact solutions of all kinds of nonlinear evo-
lution equations [17-23].Recently, Zhang [24,25] et al. proposed a generalized G′/G-
expansion method,which improved Wang’s G′/G-expansion method [17]. How-
ever,nearly all of this work can only obtain rational functions solutions,triangular
periodic wave solutions and hyperbolic function solutions, and none of them obtain
Jacobi elliptic function solutions by this G′/G-expansion method.

Enlightened by the previous work, especially the basic idea of the expansion
method,the authors suggested a new method which is also called the generalized
G′/G-expansion method.In order to show the effectiveness and advantage of this
method,we choose Benjamin-Bona-Mahony equation, generalized Zakharov-Kuznetsov
equation and variant Bousinessq equations as example for the (1+1) dimensional,(2+1)
dimensional partial differential equation and equations.

The rest of the paper is organized as follows.In the following Section 2,the steps
of the generalized G′/G-expansion will be given.The applications of the proposed
method to three kinds of NPDE or NPDEs are illustrated in Section 3.And some
conclusions are given in the last Section.

2 Description of the method

In this section,we introduce the generalized G′/G-expansion method for finding trav-
eling wave solutions of the nonlinear partial differential equation or equations.

Suppose that a nonlinear partial differential equation or PDEs, say in two inde-
pendent variables x and t, is given by

Pi(u, ux, ut, uxx, uxt, utt, · · · ) = 0, (i = 1, 2, · · · , n) (2.1)

where u(x, t) is an unknown function, P is a polynomial in u(x, t) and its various
partial derivatives, in which the highest order derivatives and nonlinear terms are
involved.

In the following, we introduce the main steps of the generalized G′/G-expansion
method.
Step 1. Look for its traveling wave solution in the form of

u = u(ξ), ξ = x− ct (2.2)

where the parameter c means the speed of the traveling waves.
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Substituting Eq.(2.2) into Eq.(2.1) gives rise to a nonlinear ordinary differential
equation for u(ξ),

H(u, u′, u′′, · · · ) = 0, (2.3)

Step 2. Suppose that the solution of ODE (2.3) can be expressed by a polynomial
in G′/G as follows,

u = a0 +
n∑

i=1

ai

(
G′

G

)i

, an ̸= 0 (2.4)

where ai(i = 1, 2, · · · , n) are constants to be determined later,G = G(ξ) is a solution
of the following Klein-Gordon equation [26],

G′2 = c1 + c2G
2 +

1

2
c3G

4, (2.5)

where ci(i = 1, 2, · · · , n) are constants.
Step 3. Determine the integer n by balancing the highest order nonlinear term and
the highest order partial derivative of u in Eq.(2.3).
Step 4. By substituting (2.4) into Eq. (2.3) and using Klein-Gordon equation
(2.5), collecting all terms with the same order of GiG′j(i = ±1,±2, · · · ; j = 0, 1)
together, the left-hand side of Eq. (2.3) is converted into another polynomial in
GiG′j(i = ±1,±2, · · · ; j = 0, 1).Equating each coefficient of this polynomial to zero,
yields a set of algebraic equations for a1, a2, · · · , an and c.
Step 5. Solving the algebraic equations in Step 3,since the general solutions of the
Klein-Gordon equation (2.5) have been well known for us(see solutions in appendix),
then substituting a1, a2, · · · , an, c and the general solutions of Eq. (2.5) into (2.4), we
can obtain all kinds of traveling wave solutions of the nonlinear evolution equation
(2.1).

In the next section, we will give some applications of this generalized G′/G-
expansion method and illustrate the proposed method in detail with Benjamin-Bona-
Mahony equation, (2+1)-dimensional generalized Zakharov-Kuznetsov equation and
Variant Bousinessq equations in mathematical physics.

3 Some applications

3.1 Benjamin-Bona-Mahony equation

The regularized long-wave equation, also known as Benjamin-Bona-Mahony (BBM)
equation [27,28], in the form

ut + uux + ux − kuxxt = 0, (3.1)

has been investigated by Benjamin et al.[27] for the first time,as an alternative model
to the Korteweg-de Vries equation for long waves and it plays an important role in
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the modeling of nonlinear dispersive systems.The BBM equation is applicable to the
study of drift waves in plasma or the Rossby waves in rotating fluids.

In order to look for the traveling wave solutions of Eq.(3.1),we suppose that

u(x, t) = u(ξ), ξ = x− ct (3.2)

By using the traveling wave variable (3.2),Eq.(3.1) is converted into the ODE
for u(ξ),

−cu′ + uu′ + u′ + kcu′′′ = 0, (3.3)

where the prime denotes the derivation with respect to ξ.
Suppose that the solutions of (3.3) can be expressed by a polynomial in G′/G as

follows,

u = a0 +
n∑

i=1

ai

(
G′

G

)i

, an ̸= 0 (3.4)

Balancing u′′′ with uu′ in (3.3),it is easy to obtain n = 2,thus

u = a0 + a1

(
G′

G

)
+ a2

(
G′

G

)2

, a2 ̸= 0 (3.5)

Substituting (3.5) into Eq.(3.3) and using the auxiliary ordinary differential equa-
tion (2.5), we can obtain a polynomial in GiG′j(i = ±1,±2, · · · ; j = 0, 1).Equating
each coefficient of this polynomial to zero, yields the following algebraic equations,

G4(ξ) :
3

2
kca1c

2
3 +

3

4
a1a2c

2
3 = 0;

G3(ξ)G′(ξ) :
1

2
a22c

2
3 + 6kca2c

2
3 = 0;

G2(ξ) : 2kca1c2c3 +
3

2
a1a2c2c3 −

1

2
ca1c3 +

1

2
a0a1c3 +

1

2
a1c3 = 0;

G(ξ)G′(ξ) : −ca2c3 + a22c2c3 +
1

2
a21c3 + a2c3 + 4kca2c2c3 + a0a2c3 = 0;

G−2(ξ) : −4kca1c1c2 − 3a1a2c1c2 + ca1c1 − a0a1c1 − a1c1 = 0;

G−3(ξ)G′(ξ) : −2a22c1c2 − 2a0a2c1 − 8kca2c1c2 + 2ca2c1 − a21c1 − 2a2c1 = 0;

G−4(ξ) : −6kca1c
2
1 − 3a1a2c

2
1 = 0;

G−5(ξ)G′(ξ) : −2a22c1 − 24kca2c
2
1 = 0.

Solving above algebraic equations by Maple gives

a0 = 8kcc2 + c− 1, a1 = 0, a2 = −12kc, (3.6)

By using (3.6) and (2.5), expression (3.5) can be written as,

u(ξ) = 8kcc2 + c− 1− 12kc

(
G′

G

)2

= −6kcc3G
2 − 12kcc1

G2
− 4kcc2 + c− 1, (3.7)
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From the expressions of (3.7) and the solutions listed in appendix,we derive the
following solutions for BBM equation,

u1,0(x, t) = − 12kc

(x− ct)2
+ c− 1;

u1,1(x, t) =
48kcB

(e(x−ct) +Be−(x−ct))2
− 4kc+ c− 1;

u1,2(x, t) = −12kc · csch2(x− ct)− 4kc+ c− 1;

u1,3(x, t) = 12kc · sech2(x− ct)− 4kc+ c− 1;

u1,4(x, t) = −12kc · tanh2(x− ct)− 12kc · coth2(x− ct) + 8kc+ c− 1;

u1,5(x, t) = − 12kc(1 +B2)

(B sin(x− ct) + cos(x− ct))2
+ 4kc+ c− 1;

u1,6(x, t) = −12kcm2 · sn2(x− ct)− 12kc · ns2(x− ct) + 4kcm2 + 4kc+ c− 1;

u1,7(x, t) = 12kcm2 · cn2(x− ct)− 12kc · dc2(x− ct) + 4kcm2 + 4kc+ c− 1;

u1,8(x, t) = 12kcm2 · dn2(x− ct)− 12kc · cd2(x− ct) + 4kcm2 + 4kc+ c− 1.

where c is an arbitrary constant.

3.2 (2+1)-dimensional GZK equation

In this subsection, we studied the generalized Zakharov-Kuznetsov(GZK) equation[29-
31],

ut + auux + bu2ux + cuxxx + duxyy = 0, (3.8)

which describes the nonlinear development of ion-acoustic waves in a magnetized
plasma under the restrictions of small wave amplitude,weak dispersion, and strong
magnetic fields.

In order to look for the traveling wave solutions of Eq.(3.8),we suppose that

u(x, t) = u(ξ), ξ = k1x+ k2y + t, (3.9)

By using the traveling wave variable (3.9), Eq.(3.8) can be converted into the
ODE for u(ξ),

u′ + ak1uu
′ + bk1u

2u′ + (ck3
1 + dk1k

2
2)u

′′′ = 0, (3.10)

where the prime denotes the derivation with respect to ξ.
In the same way,we can obtain that the solutions of (3.10) can be expressed by

a polynomial in G′/G as follows,

u = a0 + a1

(
G′

G

)
, a1 ̸= 0 (3.11)

Substituting (3.11) into Eq.(3.10) and using the auxiliary ordinary differen-
tial equation (2.5),we can also obtain a polynomial in GiG′j(i = ±1,±2, · · · ; j =
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0, 1).Equating each coefficient of this polynomial to zero, yields the following alge-
braic equations,

G4(ξ) :
3

2
ca1k

3
1c

2
3 +

1

4
bk1a

3
1c

2
3 +

3

2
da1k1k

2
2c

2
3 = 0;

G2(ξ) :
1

2
a1c3 + 2ca1c2c3k

3
1 + 2da1c2c3k1k

2
2 +

1

2
aa0a1k1c3 +

1

2
bk1a

3
1c2c3 +

1

2
bk1a

2
0a1c3 = 0;

G(ξ)G′(ξ) :
1

2
ak1a

2
1c3 + bk1a

2
1a0c3 = 0;

G−2(ξ) : bk1a
3
1c1c2 + 4ck3

1a1c1c2 + a1c1 − ak1a0a1c1 = 4dk1k
2
2a1c1c2 − bk1a

2
0a1c1 = 0;

G−3(ξ)G′(ξ) : − ak1a
2
1c1 − 2bk1a

2
1a0c1 = 0;

G−4(ξ) : bk1a
3
1c

2
1 + 6ck3

1a1c
2
1 + 6dk1k

2
1a1c

2
1 = 0.

Solving above algebraic equations by Maple gives

a0 = − a

2b
, a1 = ± 1

2b

√
3(k1a2 − 4b)

k1c2
, k2 = ±1

4

√
2(4b− k1a2 − 8bck3

1c2)

bdk1c2

where k1 is an arbitrary constant.
Thus, expression (3.11) can be simplified as

u(ξ) =
1

2b

−a±

√
3(k1a2 − 4b)

k1c2

(
G′

G

) , (3.12)

From the expressions of (3.12) and the solutions listed in appendix,we derive the
following solutions for (2+1)-dimensional generalized Zakharov-Kuznetsov equation,

u2,1(x, t) = − a

2b
± 1

2b

√
3(k1a2 − 4b)

k1

e
2(k1x± 1

4

√
2(4b−k1a

2−8bck31)

bdk1
y+t) −B

e
2(k1x± 1

4

√
2(4b−k1a

2−8bck31)

bdk1
y+t)

+B

 ;

u2,2(x, t) = − a

2b
± 1

2b

√
3(k1a2 − 4b)

k1
coth(k1x± 1

4

√
2(4b− k1a2 − 8bck3

1)

bdk1
y + t);

u2,3(x, t) = − a

2b
± 1

2b

√
3(k1a2 − 4b)

k1
tanh(k1x± 1

4

√
2(4b− k1a2 − 8bck3

1)

bdk1
y + t);

u2,4(x, t) = − a

2b
± 1

2b

√
6(4b− k1a2)

k1
csch2(k1x± 1

4

√
k1a2 + 8bck3

1 − 4b

bdk1
y + t);

u2,5(x, t) = − a

2b
± 1

2b

√
3(4b− k1a2)

k1

 B − tan(k1x± 1
4

√
2(k1a2+8bck31−4b)

bdk1
y + t)

Btan(k1x± 1
4

√
2(k1a2+8bck31−4b)

bdk1
y + t) + 1

 ;
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u2,6(x, t) = − a

2b
± 1

2b

√
3(4b− k1a2)

k1(m2 + 1)
csξdnξ, ξ = k1x± y

4

√
2(k1a2−4b−8bck3(1+m2))

bdk1(m2+1)
+ t;

u2,7(x, t) = − a

2b
± 1

2b

√
3(k1a2 − 4b)

k1(2m2 − 1)
scξdnξ, ξ = k1x± y

4

√
2(4b−k1a2−8bck3(2m2−1))

bdk1(2m2−1)
+ t.

u2,8(x, t) = − a

2b
± 1

2b

√
3(k1a2 − 4b)

k1(2−m2)
snξcdξ, ξ = k1x± y

4

√
2(4b−k1a2−8bck3(2−m2))

bdk1(2−m2)
+ t.

where where k1 is an arbitrary constant and m is a certain positive number.

3.3 Variant Bousinessq equations

In this section,we consider the following system of variant Boussinesq equations[32-
34], {

ut + vx + uux = 0,

vt + (uv)x + uxxx = 0.
(3.13)

which is a model for water waves, where u(x, t) is the velocity and v(x, t) is the total
depth, and the subscripts denote partial derivatives.

Also,in order to look for the traveling wave solutions of Eqs.(3.13),we suppose
that

u(x, t) = u(ξ), v(x, t) = v(ξ), ξ = x− ct (3.14)

By using the traveling wave variable (3.14),Eqs.(3.13) can be converted into the
ODEs for u(ξ) and v(ξ), {

− cu′ + v′ + uu′ = 0,

− cv′ + uv′ + u′v + u′′′ = 0.
(3.15)

where the prime denotes the derivation with respect to ξ.

In the same way,we can obtain that the solutions of Eqs.(3.15) can be expressed
by a polynomial in G′/G as follows,

u = a0 + a1

(
G′

G

)
, a1 ̸= 0,

v = b0 + b1

(
G′

G

)
+ b2

(
G′

G

)2

, b2 ̸= 0.

(3.16)

Substituting (3.16) into Eqs.(3.15) and using the auxiliary ordinary differential
equation (2.5), we can also obtain two polynomials in GiG′j(i = ±1,±2, · · · ; j =
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0, 1). Equating each coefficient of these two polynomials to zero,yields the following
algebraic equations,

G4(ξ) :
3

2
a1c

3
3 +

3

4
b2c

2
3a1 = 0;

G2(ξ) :
3

2
b2c2a1c3 −

1

2
cb1c3 + 2a1c2c3 +

1

2
a0b1c3 +

1

2
a1b0c3 = 0;

G(ξ)G′(ξ) : a1b1c3 − cb2c3 + a0b2c3 = 0;

G−2(ξ) : cb1c1 − 4a1c1c2 − 3b2c2a1c1 − a0b1c1 − a1b0c1 = 0;

G−3(ξ)G′(ξ) : −2cb2c1 − 2a0b2c1 − 2a1b1c1 = 0;

G−4(ξ) : 3b2a1c
2
1 + 6a1c

2
1 = 0.

G2(ξ) :
1

2
b1c3 −

1

2
ca1c3 +

1

2
a0a1c3 = 0;

G(ξ)G′(ξ) :
1

2
a21c3 + b2c3 = 0;

G−2(ξ) : ca1c1 − b1c1 − a0a1c1 = 0;

G−3(ξ)G′(ξ) : −2b2c1 − a21c1 = 0.

Solving above algebraic equations by Maple gives

a0 = c, a1 = ±2, b0 = 2c2, b1 = 0, b2 = −2 (3.17)

Thus,expression (3.16) can be simplified as
u(ξ) = c± 2

(
G′

G

)
,

v(ξ) = 2c2 −
2G′2

G2
= −2c1

G2
− c3G

2.

(3.18)

From the expressions of (3.18) and the solutions listed in appendix, we derive
the following solutions for variant Bousinessq equations,

u3,0(x, t) = c± 2

x− ct
, v3,0(x, t) = − 2

(x− ct)2
;

u3,1(x, t) = c± 2

(
ex−ct −Be−(x−ct)

ex−ct −Be−(x−ct)

)
, v3,1(x, t) =

8B

(ex−ct +Be−(x−ct))2
;

u3,2(x, t) = c± 2coth(x− ct), v3,2(x, t) = −2csch2(x− ct);

u3,3(x, t) = c± 2tanh(x− ct), v3,3(x, t) = −2sech2(x− ct);

u3,4(x, t) = c± 4coth(x− ct), v3,4(x, t) = −2tanh2(x− ct)− 2coth2(x− ct);

u3,5(x, t) = c± 2

(
B − tan(x− ct)

Btan(x− ct) + 1

)
, v3,5(x, t) = − 2(B2 + 1)

(Bsin(x− ct) + cos(x− ct))2
;

u3,6(x, t) = c± 2cs(x− ct)dn(x− ct), v3,6(x, t) = −2m2sn2(x− ct) + 2ns2(x− ct);

u3,7(x, t) = c± 2sc(x−ct)dn(x−ct), v3,7(x, t) = 2m2cn2(x−ct) + 2(m2−1)nc2(x−ct);

u3,8(x, t) = c± 2m2sn(x− ct)cd(x− ct), v3,8(x, t) = 2dn2(x−ct)−2(m2−1)nd2(x−ct).
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where c is an arbitrary constant.

4 Conclusions

In this paper,the authors presented a generalized G′/G-expansion method, which
can help us find exact and explicit solutions for some NLPDEs, including rational
function solutions,trigonometric function solutions,hyperbolic function solutions, ex-
ponential function solutions,and Jacobi elliptic function solutions with parameters
are obtained. By applying this method on the BBM equation,(2+1) dimensional
generalized Zakharov-Kuznetsov equation,and the Variant Bousinessq equations,it
is shown that this generalized G′/G-expansion method is direct, effective and more
widely than the traditional G′/G-expansion method,because it can lead to Jacobi
elliptic function solutions while the traditional G′/G-expansion method can’t.

Moreover,by applying this generalized G′/G-expansion method, we could also
try to look for all kinds of exact solutions for the nonlinear evolution equations even
with variant coefficients,and this left for the future work.

Appendix.

Table 1: Some solutions for the Klein-Gordon equation: G′2 = c1 + c2G
2 + 1

2
c3G

4

NO. c1 c2 c3 G(ξ)
0 0 0 2 1

ξ

1 −4B 1 0 eξ +Be−ξ

2 1 1 0 sinh(ξ)
3 -1 1 0 cosh(ξ)
4 1 -2 2 tanh(ξ), coth(ξ)
5 1 +B2 -1 0 Bsin(ξ) + cos(ξ)
6 1 −(1 +m2) 2m2 sn(ξ)
7 1−m2 2m2 − 1 −2m2 cn(ξ)
8 m2 − 1 2−m2 -2 dn(ξ)
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