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Abstract

In this paper we introduce and study the notions of dense set and
set of first category in a space with m-structure. We also introduce the
notion of Baire space in a space with m-structure and explore some of
its important properties in this setting.
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1. Introduction. Topological spaces have been generalized in differ-
ent ways, for example, the abstract space [1] where the union condition is
weakened, the supra-topological space [2] where the intersection condition is
omitted. H. Maki [5], V.Popa and T. Noiri [8] observe that even the absence of
both the union and intersection conditions can not obstruct the introduction of
basic notions of topological spaces in such a weaker framework and subsequent
comparable extensions do not face serious problem. Therefore they introduced
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the notion of a generalized space (called a space with minimal structure) with-
out any structural condition except the inclusion of the mother set X and the
null set φ. In this paper we have defined the concepts of m-dense set, set of
m-first category, m-Baire space in the frame-work of minimal structure ( [5],
[8]) and studied some basic properties of these notions, a major part of which
are explored as applications of M-continuous mapping of Popa and Noiri [8],
M-open mapping and almost M-open mapping of Mocanu [7].

2. Preliminaries

Definition 2.1([5], cf. [8]) Let X be a non-empty set and a subfamily mX of
P (X) is called a minimal structure ( briefly m-structure) on X if φ ∈ mX and
X ∈ mX . Each member of mX is said to be an mX-open set and complement
of an mX -open set is said to be an mX -closed set.(X, mX) is said to be a space
with minimal structure.
Remark 2.1.Topological spaces, supra-topological spaces [2], abstract spaces
[1] are all spaces with minimal structures, but not conversely as (X, mX) where
X = [0, 1] and mX =

{
X, φ, [1

8
, 1

2
], [1

4
, 2

3
]
}

is a space with minimal structure,
which is not any one of the above mentioned spaces.
Definition 2.2. [5] Let X be a non-empty set and mX be an m-structure on
X. For a subset A of X, the mX -closure of A and the mX -interior of A are
defined as follows:
(1) mX -Cl(A)=∩{F : A ⊂ F, X − F ∈ mX}
(2) mX -Int(A)=∪{U : U ⊂ A, U ∈ mX}
Lemma 2.1. [5] Let X be a non-empty set and mX be an m-structure on X.
For subsets A and B of X the following results hold:
(1) mX -Cl (X − A) = X − mX -Int A and mX-Int (X − A) = X − mX -Cl A.
(2) If (X −A) ∈ mX , then mX -Cl A = A and if A ∈ mX , then mX -Int A = A.
(3) mX -Cl (φ) = φ, mX -Cl(X) = X, mX-Int (φ) = φ and mX -Int (X) = X.
(4) If A ⊂ B, then mX -Cl A ⊂ mX -ClB and mX -Int A ⊂ mX -IntB.
(5) A ⊂ mX -Cl A and mX -Int A ⊂ A.
(6) mX -Cl(mX-Cl(A))= mX -ClA.
Definition 2.3. [8] A function f : (X, mX) → (Y, mY ), where (X, mX) and
(Y, mY ) be two spaces with minimal structures mX , mY on X and Y repec-
tively, is said to be M-continuous if for each x ∈ X and each V ∈ mY containing
f(x), there exists U ∈ mX containing x such that f(U) ⊂ V .
Lemma 2.2. [8]For a function f : (X, mX) → (Y, mY ), the following proper-
ties are equivalent:
(1) f is M-continuous.
(2) f(mX -Cl(A)) ⊂ mY -Cl (f(A)) for every subset A of X.
(3) f−1(mY -Int(B)) ⊂ mX -Int (f−1(B)) for every subset B of Y .
Definition 2.4. [7] A function f : (X, mX) → (Y, mY ) is said to be M-open
if f(U) ∈ mY for every U ∈ mX , respectively is said to be almost M-open if
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f(mX -Int(A)) ⊂ mY -Int (f(A)) for every subset A of X.
Theorem 2.1. [7] Every M-open function f : (X, mX) → (Y, mY ) is almost
M-open.

The converse of Theorem 2.1 is not necessarily true as shown by the fol-
lowing example.
Example 2.1. We consider the spaces (X, mX) and (Y, mY ) with minimal
structures mX and mY on X and Y repectively, where X = Y = {1, 2, 3, ..., n, ....},
mX = {X, φ, {1} , {2} , {1, 3}} and mY = {Y, φ, {n} : n = 1, 2, 3, .....}. Let
f : (X, mX) → (Y, mY ) be defined by f(x) = x + 1. Then it can be verified
that f(mX-Int(A)) ⊂ mY -Int (f(A)) for every subset A of X. Hence f is
almost M-open. Now {1, 3} ∈ mX . But f({1, 3}) = {2, 4} /∈ mY . So f is not
M-open.
Definition 2.5.[4] Let (X, mX) be a space with minimal structure mX . A set
A ⊂ X is called nowhere m-dense if mX -Int (mX -Cl(A)) = φ.
The following is an example of a nowhere m-dense set in a space with minimal
structure.
Example 2.2. We consider the space (X, mX) with minimal structure mX ,
where X = {0, 1, 2, ...., n, .....} and mX = {X, φ, {0} , {1}}. Let A = {2}.
Then mX -Cl(A) = {2, 3, 4, ....} and hence mX-Int (mX-Cl(A)) = φ, which
shows that A is nowhere m-dense.

3. m-Dense sets

Definition 3.1. Let (X, mX) be a space with minimal structure mX and
A ⊂ X. Then A is called m-dense in X or simply m-dense if mX -Cl A = X.
Example 3.1. We consider the space (X, mX) with minimal structure mX ,
X = [0, 1] and mX =

{
X, φ, [1

8
, 1

2
], [1

4
, 2

3
]
}
. We take A = (1

8
, 1

4
) ∪ (1

2
, 2

3
). Then

mX -Cl A = X and hence A is m-dense in X.
Remark 3.1. If mX is a topology on Xthen the notion of m-dense set coincides
with the notion of dense set in the topological space (X, mX).
Proposition 3.1. In a space (X, mX) with minimal structure mX on X any
set containing an m-dense set is also m-dense.
Proof. Let A be an m-dense set in X and A ⊂ B ⊂ X. Since A ⊂ B so
mX -Cl A ⊂ mX -Cl B, by Lemma 2.1 (4). But as A is m-dense, mX -Cl A = X.
Hence X ⊂ mX-Cl B, proving B is m-dense in X.
Proposition 3.2. In a space (X, mX) with minimal structure mX , a set
D ⊂ X is m-dense in X iff the complement of D has empty mX-interior.
Proof. The proof follows from Lemma 2.1(1).

Theorem 3.1. Let (X, mX) and (Y, mY ) be two spaces with minimal
structures mX , mY on X and Y repectively. Let f : (X, mX) → (Y, mY ) be
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M-continuous and surjective. Then if A ⊂ X is m-dense in X, then f(A) is
m-dense in Y .
Proof. Since f is M-continuous, f(mX-Cl(A)) ⊂ mY -Cl(f(A)), by Lemma
2.2 (2). As A is m-dense in X and f is surjective, f(mX-Cl(A)) = f(X) = Y
and so mY -Cl(f(A)) = Y . Hence f(A) is m-dense in Y .
Theorem 3.2. Let (X, mX) and (Y, mY ) be two spaces with minimal struc-
tures mX , mY on X and Y repectively. Let f : (X, mX) → (Y, mY ) be almost
M-open. Then mX-Int(f−1(B)) ⊂ f−1(mY -Int(B)) for every subset B of Y .
Proof. Let B ⊂ Y . Then f−1(B) ⊂ X and as f is almost M-open, f(mX -
Int(f−1(B))) ⊂ mY -Intf(f−1(B)) ⊂ mY -Int(B).Therefore mX -Intf−1(B) ⊂
f−1(mY -Int(B)). This proves the theorem.
Theorem 3.3. Let (X, mX) and (Y, mY ) be two spaces with minimal struc-
tures mX , mY on X and Y repectively. Let f : (X, mX) → (Y, mY ) be almost
M-open. If B ⊂ Y is m-dense in Y , f−1(B) is m-dense in X.
Proof. Since B is m-dense in Y , so mY -Int(Y − B) = φ, by Proposition 3.2.
As f is almost M-open, by Theorem 3.2, φ = f−1(mY -Int(Y − B)) ⊃ mX -
Int(f−1(Y −B)). So mX -Int(X−f−1(B)) = mX-Int(f−1(Y −B)) = φ. Hence
by Proposition 3.2, f−1(B) is m-dense in X.
Definition 3.2. Let (X, mX) be a space with minimal structure mX on X.
Then a set A ⊂ X is called a set of m-first category in (X, mX) or simply in
X if A can be written as a countable union of nowhere m-dense sets.
The following is an example of a set of m-first category in a space with minimal
structure.
Example 3.2. Let X = {0, 1, 2, ...., n, .....} and mX = {X, φ, {0} , {1}}. Then
(X, mX) is a space with minimal structure mX on X. Let An = {n + 2} , n =
0, 1, 2, ....... . Then mX-Cl(An) = {2, 3, ...., n, ...}. Hence mX -Int(mX-Cl(An)) =
φ. So An is a nowhere m-dense set in X for all n. Hence the set {2, 3, ...., n, ...} =
∞⋃

n=0

An is a set of m-first category in X.

4. m-Baire Space

Definition 4.1. Let (X, mX) be a space with minimal structure mX on X
and let A ⊂ X.Then A is called mX-pseudo-open if mX -Int(A) = A and A is
called mX-pseudo-closed if mX-Cl(A) = A.
Remark4.1. From Lemma 2.1(1) it follows that complement of an mX -
pseudo-open set is mX -pseudo-closed and conversely.
Remark4.2. If mX is a topology on Xthen the notion of mX -pseudo-open
set (mX -pseudo-closed set) coincides with the notion of open set (closed set)
in the topological space (X, mX).
Definition 4.2. A space (X, mX) with minimal structure mX on X is called
an m-Baire space if the intersection of each countable family of mX -pseudo-
open m-dense sets is m-dense in X.
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Remark 4.3. If mX is a topology on Xthen the notion of m-Baire space
coincides with the notion of Baire space in the topological space (X, mX).
The following is an example of an m-Baire space.
Example 4.1. We consider the space (X, mX) with minimal structure mX on
X, where X = {1, 2, 3, ..., n, ....} and mX = {X, φ, A ∪ {1}, A ∪ {3}, A ∪ {5}, ..., A ∪ {2n − 1}, ...}
with A = {2, 4, 6, ...2n, ...}. Then it can be verified that intersection of each
countable family of mX -pseudo-open m-dense sets is A, which is m-dense in X
and hence (X, mX) is an m-Baire space.
Theorem 4.1. Let (X, mX) and (Y, mY ) be two spaces with minimal struc-
tures mX , mY on X and Y repectively. Let f : (X, mX) → (Y, mY ) be
surjective, almost M-open and M-continuous. Then if X is an m-Baire space,
Y is also an m-Baire space.
Proof. Let {Di : i = 1, 2, 3, ....} be a countable family of mY -pseudo-open m-

dense sets in Y . Let G =
⋂
i

Di. As f is almost M-open, f−1(Di) is m-dense

in X, by Theorem 3.3. Again as f is M-continuous by Lemma 2.2(3) f−1(mY -
IntDi)⊂ mX -Intf−1(Di) for each i.But Di is mY -pseudo-open for each i and
so mY -Int(Di) = Di for each i. Hence f−1(Di) ⊂ mX-Intf−1(Di) ⊂ f−1(Di).
Therefore mX -Intf−1(Di)= f−1(Di). So f−1(Di) is mX -pseudo-open for each
i.
Since (X, mX) is an m-Baire space,

⋂
i

f−1(Di) is m-dense in X, i.e., f−1(
⋂
i

Di) =

f−1(G) is m-dense in X. Since f is surjective and M-continuous, f(f−1(G)) =
G is m-dense in Y , by Theorem 3.1. Hence (Y, mY ) is an m-Baire space.
Theorem 4.2. Let (X, mX) be an m-Baire space. Then a set of m-first cate-
gory in (X, mX) has empty mX-Interior.
Proof. Let A ⊂ X be a set of m-first category and let Bi be a countable

family of nowhere m-dense sets in X such that A =
⋃
i

Bi and let G ∈ mX be

arbitrary such that G ⊂
⋃
i

Bi. We show that G = φ.

If A = φ, then the theorem is obvious. We therefore suppose that A �= φ. So at
least one Bi, say Bi1 is non empty so that mX -ClBi1 �= φ. If mX -ClBi1 = X,
then X = mX -Int(X) = mX-Int (mX -Cl(Bi1)) = φ as Bi1 is nowhere m-dense
in X. But this is a contradiction as X �= φ.
We therefore suppose that mX -ClBi �= X for all i. So X − mX-ClBi �= φ for
all i.
Now, by Lemma 2.1(6) mX-Cl (mX -Cl(Bi)) = mX-Cl(Bi) and so X − mX -
Cl(Bi) is mX -pseudo-open for all i.
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Also G ⊂
⋃
i

Bi ⊂
⋃
i

mX-Cl(Bi) and hence

⋂
i

(X − mX-Cl(Bi)) ⊂ X − G.

Again since Bi is no where m-dense, so mX-Int (mX -Cl(Bi)) = φ and hence
by Proposition 3.2, X − mX -Cl(Bi) is m-dense in X for all i. Since X is an

m-Baire space,
⋂
i

(X − mX -Cl(Bi))is m-dense in X. So by Proposition 3.1,

X − G is m-dense in X. But G ∈ mX . So mX -Cl(X − G) = X − G. Hence
X = X − G. So G = φ. This proves the theorem.
Theorem 4.3. A space (X, mX) with minimal structure mX on X is an m-
Baire space if and only if the following condition holds:
Given any countable collection {An}∞n=1 of mX -pseudo-closed sets, each of them

has empty mX -interior, then their union

∞⋃
n=1

An also has empty mX-interior.

Proof. First we suppose that (X, mX) is an m-Baire space. Let {An} be
a countable family of mX -pseudo-closed sets such that mX -Int(An) = φ for
each n. Let On = X − An. Then On is mX -pseudo-open for each n. Now
mX -Int(X − On) = mX -Int(An) = φ for each n. So by Proposition 3.2, On is
m-dense in X for each n. Thus {On} is a countable family of mX -pseudo-open

m-dense sets for each n. As X is an m-Baire space, mX -Cl

( ∞⋂
n=1

On

)
= X,

which implies that φ = X−mX-Cl

( ∞⋂
n=1

On

)
= mX -Int

(
X −

∞⋂
n=1

On

)
= mX -

Int

( ∞⋃
n=1

(X − On)

)
= mX -Int

( ∞⋃
n=1

An

)
. Thus mX-Int

( ∞⋃
n=1

An

)
= φ.

Conversely we set : Given any countable collection {An}∞n=1 of mX -pseudo-

closed sets, each of them has empty mX-interior, then their union
∞⋃

n=1

An also

has empty mX -interior. We show that (X, mX) is an m-Baire space.
Let {On : n ∈ N} be a countable family of mX -pseudo-open m-dense sets in
X. Let An = X − On so that An is an mX-pseudo-closed set for each n and

has empty mX -interior by Proposition 3.2. By hypothesis, mX -Int

( ∞⋃
n=1

An

)

= φ. So φ = mX-Int

( ∞⋃
n=1

(X − On)

)
= mX -Int

(
X −

∞⋂
n=1

On

)
=X − mX -

Cl

( ∞⋂
n=1

On

)
, by lemma 2.1(1). So mX -Cl

( ∞⋂
n=1

On

)
= X. Hence

( ∞⋂
n=1

On

)
is
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m-dense in X. So (X, mX) is an m-Baire space.
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