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Abstract

In this paper, the variational iteration method (VIM) is applied
for solving the fifth order Caudrey-Dodd-Gibbon (CDG) equation. We
obtain the approximate solutions without unrealistic nonlinear assump-
tions, linearization, discretization or the calculation of Adomian’s poly-
nomials. Numerical results are presented to verify the efficiency of the
VIM.
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1 Introduction

This paper deals with the fifth order CDG equation [2, 3]

ut + uxxxxx + 30uuxxx + 30uxuxx + 180u2ux = 0. (1)

It is well known that this equation plays an important role in the scientific
areas such as laser optics and plasma physics. In the passed decades, there are
many literatures that focus on the solitary solutions to Eq. (1) [9, 12, 13, 15].
In [14], Weiss proved that the CDG equation possesses the Painlevé property.
Wazwaz derived explicit travelling wave solutions by the tanh method in [12],
and gave multiple-soliton solutions by Hirota’s direct method combined with
the simplified Hereman method in [13] for the equation (1). Xu et al. ob-
tained the more generalized solitary solutions by the exp-function method in
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[15]. Recently, Jiang and Bi considered the Hirota transformation from the
CDG equation to its bilinear equation [9]. Reviewing these improvements, the
literatures mainly considered the exact solution by the analytical methods.
However, in practice, it is impossible or expensive to give the exact solutions,
so we can only obtain the numerical solutions to study the nonlinear phenom-
ena. The issue of finding the approximate solution of (1) will be discussed in
this paper.

There are lots of analytical methods for solving the nonlinear equations [1,
4, 5, 6, 7, 8, 10, 11, 16]. Among these methods, the variational iteration method
proposed by J. H. He [4, 5], has been proved by many authors to be powerful
mathematical tools for various kinds of nonlinear problems. The motivation of
this paper is to provide the VIM for solving Eq. (1). Since the VIM can give
the approximate or exact solutions without unrealistic nonlinear assumptions,
linearization, discretization or the complicated Adomian’s polynomials [1, 11],
we obtain the approximate solutions to (1) of high accuracy. Numerical results
are presented to asses its efficiency.

The rest of this paper is organized as follows. In section 2, we introduce
the analysis of the variational iteration method. We consider the initial value
problems of the CDG equation (1) by applying the VIM in section 3. Finally,
we give the conclusions.

2 Analysis of the variational iteration method

To illustrate its basic concepts of the VIM [7, 8], we consider the following
differential equation:

Lu + Nu = g(x), (2)

where L is a linear operator, N is a nonlinear operator, and g(x) is an in-
homogeneous term. Then, we can construct a correct functional for (2) as
follows:

un+1(x) = un(x) +
∫ x

0
λ{Lun(ξ) + Nũn(ξ) − g(ξ)}dξ,

where λ is a general Lagrange multiplier, which can be identified optimally via
variational theory. The second term on the right is called as the correction,
and ũn is considered as a restricted variation, i.e. δũn = 0.

3 Numerical experiments

In this section, we will consider two initial value problem associated with
the CDG equation to illustrate the efficiency of the VIM. The approximate
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solutions are obtained without linearization, discretization or the calculation
of Adomian’s polynomials.

Example 1. We first discuss the CDG equation (1) with the following
initial condition

u(x, 0) =
15 +

√
105

30
− tanh2(x). (3)

By the VIM, it follows the correct functional:

un+1(x, t) = un(x, t) +
∫ t

0
λ{unξ(x, ξ) + ũnxxxxx(x, ξ) + 30ũn(x, ξ)ũnxxx(x, ξ)

+ 30ũnx(x, ξ)ũnxx(x, ξ) + 180ũ2
n(x, ξ)ũnx(x, ξ)}dξ.

The stationary conditions are given by

1 + λ = 0, λ
′ |ξ=t = 0

which implies that λ = −1. So we have the following iteration formula

un+1(x, t) = un(x, t) −
∫ t

0
{unξ(x, ξ) + unxxxxx(x, ξ) + 30un(x, ξ)unxxx(x, ξ) (4)

+ 30unx(x, ξ)unxx(x, ξ) + 180u2
n(x, ξ)unx(x, ξ)}dξ.

In this example, we set (3) as the initial approximation u0(x, t). Then by
iteration formula (4), we have the first order approximate solutions:

u1(x, t) =
15 +

√
105

30
− tanh2(x) + (44 − 4

√
105) t sech2(t) tanh(x),

u2(x, t) = u1(x, t) − 1

8
t2sech10(x)(2825 − 275

√
105)

− 1

4
t2 cosh(2x)sech10(x)(1921 − 187

√
105)

− t2sech10(x)(113 − 11
√

105)(cosh(4x) − 1

4
cosh(6x) − 1

8
cosh(8x))

+ · · · · · · .
The rest of the approximate solutions can be obtained with the help of the
Mathematica software.

Table 1 shows the numerical results for the third order approximate solu-
tion, comparing with the exact solution [12]

u(x, t) =
15 +

√
105

30
− tanh2 (x − 2(11 −

√
105)t). (5)

The VIM performs well for this problem, more precisely, the approximation
u3(x, t) are very close to the exact solution, and the accuracy can be improved
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Table 1: Errors of the approximate solution u3 for the CDG equation

t x = −10 x = −5 x = 5 x = 10
0.01 3.33e-16 6.13e-11 6.12e-11 2.22e-16
0.02 4.44e-15 9.82e-10 9.80e-10 4.55e-15
0.03 2.24e-14 4.97e-9 4.96e-9 2.32e-14
0.04 7.06e-14 1.57e-8 1.57e-8 7.40e-14
0.05 1.71e-13 3.84e-8 3.82e-8 1.82e-13
0.06 3.53e-13 7.97e-8 7.92e-8 3.80e-13
0.07 6.51e-13 1.48e-7 1.47e-7 7.08e-13
0.08 1.10e-12 2.52e-7 2.50e-7 1.22e-12
0.09 1.76e-12 4.04e-7 4.00e-7 1.96e-12
0.1 2.66e-12 6.16e-7 6.10e-7 3.01e-12
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Figure 1: Numerical behaviours for the exact solution (left) and u3(x, t) (right).

by considering the higher order approximations. Furthermore, the VIM gives
the approximate solution without linearization, discretization or the Adomian’s
polynomials. We show the numerical behaviours of the approximation u3 and
the exact solution (5) in Figure 1.

Example 2. We consider the second initial value problem, that is the
CDG equation (1) with the following condition

u(x, 0) =
15 +

√
105

30
− coth2(x).

Notice that the exact solution to the above problem is given by [12]

u(x, t) =
15 +

√
105

30
− coth2 (x − 2(11 −

√
105)t). (6)
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Table 2: Comparison results for u3 and (6)

t x = −10 x = −5 x = 5 x = 10
0.01 5.55e-16 7.50e-11 7.50e-11 4.44e-16
0.02 4.88e-15 1.20e-9 1.20e-9 4.77e-15
0.03 2.25e-14 6.07e-9 6.09e-9 2.34e-14
0.04 7.09e-14 1.92e-8 1.92e-8 7.46e-14
0.05 1.72e-13 4.68e-8 4.70e-8 1.82e-13
0.06 3.54e-13 9.69e-8 9.75e-8 3.80e-13
0.07 6.52e-13 1.79e-7 1.81e-7 7.09e-13
0.08 1.11e-12 3.06e-7 3.09e-7 1.22e-12
0.09 1.76e-12 4.90e-7 4.95e-7 1.96e-12
0.1 2.67e-12 7.46e-7 7.54e-7 3.01e-12

Similar to the first problem, based on the VIM, we can construct the correct
functional, and identify the Lagrange multiplier λ as λ = −1. Then we have
the iteration formula

un+1(x, t) = un(x, t) −
∫ t

0
{unξ(x, ξ) + unxxxxx(x, ξ) + 30un(x, ξ)unxxx(x, ξ) (7)

+ 30unx(x, ξ)unxx(x, ξ) + 180u2
n(x, ξ)unx(x, ξ)}dξ.

with the initial approximate solution u0(x, t) = 15+
√

105
30

− coth2(x). Then we
have that

u1(x, t) =
15 +

√
105

30
− coth2(x) − (44 − 4

√
105) t csch2(t) coth(x),

u2(x, t) = u1(x, t) +
1

8
t2csch10(x)(2825 − 275

√
105)

− 1

4
t2 cosh(2x)csch10(x)(1921 − 187

√
105)

+ t2csch10(x)(113 − 11
√

105)(cosh(4x) +
1

4
cosh(6x) − 1

8
cosh(8x))

+ · · · · · · .

Similarly, we can derive the rest approximations.

We compare the approximate solution u3(x, t) with the exact solution (6),
and show the comparison results in Table 2. As in the first example, the VIM
works well for this example. Indeed, it achieves the high accuracy even if using
the low order approximate solutions. We omit the numerical behaviours for
the approximate solution u3(x, t) and the exact solution (6).
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4 Conclusions

This paper dealt with the fifth order CDG equation by using the variational
iteration method. Numerical results showed that the obtained approximate
solutions were in good agreement with the exact solutions, which suggested
the efficiency of the VIM. We believe that the VIM will be helpful for solving
other nonlinear equations.
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