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Abstract 
 

 In this paper, a mathematical model is proposed and analyzed to study the 
dynamic of non-autonomous predator prey model with a logistic growth rate of 
prey and functional response of predator. The thresholds have been obtained 
between extinction and week persistence in the mean of the population's toxicant 
models and numerical simulation. 
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1. Introduction 

 
 In recent years, much attention has been given to the persistence of non-

autonomous population importance because not only it provides a way to 
characterize the persistence of populations, but also there are only thresholds 
between persistence in the mean and the extinction of populations for general no 
autonomous population models. 

The dynamical relationship between predators and their prey has long been 
and will continue to be one of the dominant in both ecology and mathematical 
ecology due to its universal existence and importance, X. Lue[10]. In general, a 
predator- prey may have the form 

                                

                                
Where )(ug is the so-called prey-dependent functional response, the 

response is a functional of prey density alone. 0ased on experimental data, Holling 
[4] proposed three of prey-dependent functional responses  

(I)            
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(II)            

(III)           . 
 
Akhmet[2] and M. Fan[6] explored diffusive ratio-dependent predator-prey 

systems with Holling (II) type functional response. Recently L. Wang and Li [5] 
have investigated a ratio-dependent predator-prey model with Holling (III) type 
functional response.  

In addition to the predator-prey system there is another interesting and 
important predator-prey system the so called semi-ratio dependent predator prey 
system has the form  

                                                                          (*) 

The predator grows with the carrying capacity    proportional to the 
population size of the prey Wang and Fan[7] performed systematically analysis on 
the dynamics of the non-autonomous version of predator-prey system(*). 

                                   (**) 

The objective of the present paper is as follows: 
First:  Functional response is in corporate with non-autonomous predator-prey 
model in [7]. More specifically, we will consider the following predator-prey 
model with a logistic growth rate of prey and a functional response of predator.  

                                                          (1.1)  

Where u(t), v(t) are densities of prey population and predator population at 
time t respectively, f(t,u) denotes the predator response function, g(t,u) represents 
the rate of conversion of prey to predator, )(1 tr  is the intrinsic growth rate of prey 
population, )(2 tr  is the death rate of predator population. System (1.1) models 
predator prey interactions in time-dependent environment. 

We will establish, the thresholds between the extinction and the weak 
persistence in the mean of the populations in the mean of the populations in 
system (1.1). Also, our results can apply to population toxicant models with 
different toxicant concentrations in predator and prey populations. 
Second:  All of the thresholds obtained in [2], [4] and[7] and others are to 
distinguish and weak persistence in the mean of populations. 

The aim of this paper is to strength the above results. The thresholds have 
been obtained between extinction and weak persistence in the mean of the 
populations.  

The paper is organized as follows: In section 2, we introduce some 
definitions and fundamental assumptions for system (1.1). Section 3, 4 contain the 
main results and applications. 
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2. Preliminaries 

 
For a continuous function u(t), we denote by  its integral average over 

interval [0,t]  
i.e.                                                                             (2.1) 
Let   and  denote 

the solution of system (1.1) through . In the following we always assume 
that . This solution is called a positive solution. We need the 
following definitions. 

 
Definition 2.1  

The population u is said to be weakly persistent in the mean if there exist 

constants  and   M > 0 such that for any position solution (u(t),v(t)) of 

system (1.1), we have   . Similarly we can define the 
persistence in the mean of population v. 
 
Definition 2.2 

   System (1.1) is said to be weakly persistent in the mean if both 
populations u(t) and v(t) are weakly persistent in the mean.  
 
Definition 2.3 

Population u goes to extinction iff for any positive solution (u(t),v(t)), we 
have . 

  Similarly we can define the extinction of population v.  
  Our assumptions are: 

(a1)     and  are bounded and continuous function on . 
(a2)    There is a constant   such that   for all   . 
(a3)    There exist constants , and  such that if  we have   

           for any . 
(a4)    is nonnegative and continuous for all  . Further 
 , where  is bounded for bounded , 

 has positive bound from below for  whenever  
and  are positive constants, and there are constants  and q  such that, given 
any ,   for any  . 
(a5)  is continuous on  and is continuously differentiable with respect 
to u. Further,  for all  , in which  is     
bounded whenever  is bounded. 
(a6)     for all  and is a bounded whenever  is bounded 
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3. Main Results and applications 
 
Theorem 3.1:  

Under hypotheses (a(1)-a(6)) the following are satisfied 
i. Any solution  of system (1.1) with positive initial position 

satisfies  and  for all those  for which the solution is 
defined. 

ii. Any solution  of system (1.1) with positive initial position 
exists on . 

iii. There exist constant  and  such that any positive solution 
 of system (1.1) satisfies  and  for all 

sufficiently large  
Proof: 

i. Similar to that of [7]. 
ii. Let the existence interval of the solution be  . Then  must be . In 

fact, if , by (i)  must be unbounded from above on . But 
from (a4) and (i), we have , which yields 

                           . 
It follows that   is bounded on . Then by (a5),  is bounded on 
[0, T). Then by the second equation of (1.1), we have 
               .                         (3.1) 
As a consequence,  is also bounded on . This conditions shows . 
This completes the proof. 

iii.   Let 
               and                        (3.2) 
Then it is easy to see that if , then , which implies that 

 for all large . 
For any positive solution  of system (1.1) we have  for 

all large . Notice that the constant  and  are independent of the choice of 
solution of system (1.1). We conclude that the positive solutions of system (1.1) 
are eventually bounded. This completes the proof. 

Now we need to consider the following equations 
                                                                               (3.3) 
                                                              (3.4) 
Where  and  satisfy (1 and 2),  is bounded, nonnegative and 

continuous for   and satisfies that . 
Theorem 3.2: 
a) Under the basic assumption of equation (3.3) and (3.4) the solution 

of equation (3.4) with  and the solution  of equation (3.3) 
with  satisfy . 
b) Under the basic assumptions of equation (3.4), the solution  and 

 of equation (3.4) with initial values  and  satisfy  
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                                                   (3.5) 

Proof 
a) Let  and , and consider a function  
defined by . Calculating the upper right derivative 

 of , we have 
                                         (3.6) 
By integration we have  

 
These yields  

                                            (3.7) 
Since   ,(3.7) implies that . 

The proof is completed. 
Note: For any given  there is  such that if  then                    

 when   is large enough. 
b) First, we prove that    is convergent to this end,  

Let ,  . 
It is easy from equation (3.4) to see that ,  

, which yields, 
 , which leads to          

 
Integration from 0 to t, we have  

 
As a consequence  is convergent. 
We now prove   if  doesn’t go to zero as 
t→∞, then there exists a sequence  such that   

, for , where is a positive constant. 
From equation (3.4) we can prove that  is uniformly continuous. 
Hence there is an  , independent of n, such that  , 
whenever  , n=1,2,…..  .By going to subsequences if necessary 
we can assume the intervals is disjoint therefore 
      ,  
This is in contradiction with the convergence of integral , 
And therefore, the proof is completed. 
 
Theorem 3.3 

Assume that the system (1.1) satisfies ( then we have : 
1) If  then population u and weakly persistent and weakly 
persistent population  go to extinction. 
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2)   If    and , then  
population u is weakly persistent in the mean and population v(t) goes to 
extinction; 
3)  If  and , then both 
population u and v are weakly persistent in the mean in which  is a solution 
of equation , satisfy     . 
Proof: 

Let  be a positive solution (1.1). By Theorem 3.1, we have 
, , when t  is large enough. 

By (a6), there is a constant  such that  provided that  
and . To prove Theorem 3.3, we need to consider the following three cases. 
Case 1:  

Suppose   . Then from the first equation of (1.1) we have  
 which yields , as a consequence of which 

population u goes to extinction. From the second equation of (1.1) and (a5) we 
have . Thus 

                              (3.8) 
From (a3), we have when t is large enough. From (a5) we know that 

, where  
Since , it follows from inequality (3.8) that  
 , which implies that population v(t) goes to extinction. 
Case 2: 

Suppose   and   . Then 
let . Select that  small enough such that   
and  

                                                                  (3.9) 
Where, p is the same as that in (a3). For any positive solution  

of system (1.1) we will prove that . Suppose that the above 
conclusion false, then there exists a positive solution  of system (1.1) 
such that  

                                                                                    (3.10) 
By Theorem 3.1, there is , such that  for all .  In 

view of (a5), we have for , , It follows that 
for         

                             

(3.11) 
By (a3), , when t is sufficiently large. This, together with (3.10) and 

(3.11) implies  which yields . 
By (a4), the first equation of system (1.1) can be rewritten in the form,  

                  , 
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this implies,  
               , where 
 . Thus when , we have 

     (3.12)   

since , by the assumption  one can 

obtain    when  is large enough. In view of 
(3.9) and (3.10) from (3.12) one can obtain 

 
When t is large enough, which implies that u(t) is unbounded. This 

contradicts Theorem 3.1. Thus we conclude that  for any positive 
solution (u(t),v(t)) of system (1.1). 

We now prove the population v goes to extinction. To this end, we consider 
a positive solution (u(t),v(t)) of system (1.1).  Denote by  the solution of 
equation (3.4) with initial value u(0) at t=0, then by the comparison, one obtain 

 for all  . It follows from (a6) that  for 
all  which leads to  

        
                     
                  
Where G is an upper bound of   in the region . As a 

consequence, we have  

 
Taking limit superior on both sides and applying Theorem 3.2 we have 

   
The last equality is obtained by the assumption of the following case. 

Case 3: 
 Suppose that  and , we 

wish to show all the population are weakly persistent in the mean. 
By Case 2, we know that the above assumptions imply that population u is 

weakly persistent in the mean, we show that there exists on , such that for 
any positive solution (u(t),v(t)) of system (1.1), . 

Suppose, for the sake of contradiction, that for any given , there is a 
positive solution (u(t),v(t)) of system (1.1) such that  

                                                                        (3.13)    
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Set . Then restrict  such that  and . It is easily seen 

that if t is sufficiently large  
                                       (3.14) 

On the other hand, by Theorem 1 there is a  such that 
,   for . 

From the second equation of (1.1) we know that  
                     

         
It follows that for     

 
Let               
The above inequality implies  

 (3.15) 
For sufficiently large t. 
We now regard   in equation (3.5). Since (3.14) holds, 
then  

                    
When t is large enough. It follows that (3.15) can be rewritten in the 

following from 

 
For sufficiently large t, which implies that v(t) is unbounded from above. 

This contradicts theorem 3.1, thus proving the theorem.  
 
 

4. Applications 
 
We apply Theorem 3.3 to the following population toxicant models  

                                              (4.1) 

Where  and  are the concentration of toxicant in the population 
u and v at time t respectively, and all the parameters are positive constants. 

Assume that  and  in system (4.1) are continuous and bounded. 
Then it is easy to check that  
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is a solution of equation  with initial values at t=0. 
Furthermore, 

 
By applying theorem 3.3 to system (4.1), we have the following results: 
a) If  then populations u(t) and v(t) go to extinction;  

b) If and  

 
c)  Then population u is weakly persistence in the mean but population v 
goes to extinction; 
d) If  and 

 

Then both population u and v are weakly persistence in the mean. 
 
 

5. Numerical solution of some Mathematical models 
 
Using numerical methods we practically, do not reach analytical expressions 

for functions  at all, but we solve approximate values of those 
functions for  t. We implemented algorithm for solving the following two models 
on programming language and the results that we obtained, as well as the results 
that obtained using analytical expression in [3] and [10]. 
 
5.1.   Numerical solution of autonomous differential equations 

Let be the density of prey species and  be the density of 
predator species that computed with each other for the prey. Then the dynamics of 
the system may be governed by the following system of autonomous differential 
equations 
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       (5.1) 

In model (5.1), r is the intrinsic growth rate of prey species and k is its 
carrying capacity.   is the mortality rate coefficient of predator species  and 

 are their inter- specific interference coefficient.  are searching  
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efficiency constant and m is the relative predation rate of   with respect to .  
is the food conversion coefficient of the predator species .  and  
are the maximum per-capita capturing rates for   respectively, B. Dubey[3].  

       
In this section we present numerical solution of model system (5.1). For this 

purpose, we consider the following Algorithm. 
 
5.1.1 Algorithm: 
Step 1:  Let , at the moment  , we set functions to the 
values that we given in start conditions. i.e. . We 
initialize the counter: . 
Step 2: Using numerical method (NM) we solve the functions of argument  , 

 i.e. . By using Euler’s Method of the first order, then 
equation (5.1) can be written as ,  where 

 is the step size of the time  . We increase the counter .  
Step 3: If   repeat step 2. 

 
5.1.2 Numerical Results: 

The model system (5.1) is solved using Euler’s method with different values 
of parameters. The programs were written in Mathematica and the following 
figures are obtained when k=1 and m=1.  
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Fig(5.1) shows the solution of model (5.1) The green curve depicts the 

predator , the orange curve depicts the prey species  and the yellow curve 
depicts the predator  

 
5.2 Numerical solution non-autonomous models 

 
The model we considered is based on the following two species model with 

toxicant effect: 

        (5.2) 

With initial conditions , where  
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o All coefficient are positive constant but ; 
o  represent the density of the prey population and the predator 
population at time t, respectively; 
o  represent the intrinsic growth rate of the prey and the predator 
population in the environment without toxicant input, respectively; 
o  represent the decreasing rate of the intrinsic growth rate 
associated with the uptake of the toxicant, respectively; 
o  stand for the absorbing rate 
of the toxicant from the environment, excretion and depuration rates of the 
toxicant for the both organism, respectively; 
o  stand for the loss rate of the toxicant due to volatilization by 
itself; 
o ; 
o  is the period of the exogenous input of toxicant; 
o is the toxicant input amount at every time, X. yang [9]. 

 
 

5.2.1 Algorithm: 
 
Step 1: Let , at the moment  , we set functions to the values 
that we given in start conditions. i.e., . We initialize 
the counter: . 
Step 2: Using numerical method (NM) we solve the functions of argument  , 
 i.e.,  . By using Euler’s Method of the first order, then 
equation (5.1) can be written as, ,  where 

 is the step size of the time. We increase the counter .  
Step 3: At the moment   acts impulsive operator 

, 
and brings rapidly changes (Jumps) of functions  at that moment 
Step 4: If   repeat step 2, and 3. 
 
 
5.2.2 Numerical Results: 

 
The model system (5.2) is solved using Euler’s method with following 

values of parameters:  
 

 
For   with initial conditions 
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Figure (5.2)  
Time-series diagram of the toxicant concentration in organism and 

environment  
With  
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