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Abstract. The Pythagorean Theorem can be introduced to students during

the middle school years. This theorem becomes increasingly important during

the high school years. It is not enough to merely state the algebraic formula for

the Pythagorean Theorem. Students need to see the geometric connections as

well. The teaching and learning of the Pythagorean Theorem can be enriched

and enhanced through the use of dot paper, geoboards, paper folding, and

computer technology, as well as many other instructional materials. Through

the use of manipulatives and other educational resources, the Pythagorean

Theorem can mean much more to students than just a2 = b2 + c2 and plugging

numbers into the formula.
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1. INTRODUCTION AND HISTORY

This essay advances a series of strong theses about Plato’s philosophy and

aims to corroborate the view of Aristotle and other members of the early

Academy that it was fundamentally Pythagorean. The argument reconcep

tualises the literary strategies of the dialogues and thus requires some his tor-

ical stage-setting. The argument is inductive in form. This means that it

gains in strength by accumulating a variety of independent, yet mutually re-

inforcing kinds of evidence. Stichometric analyses find unexpected evidence
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for Pythagoreanism in the dialogues themselves, and thereby develop a preg-

nant argument made by Sayre. He observed, in short, that the structure of

the text of the Statesman seemed to reflect its metaphysics. There is at the

mathematical centre of the dialogue ’reference to the middle between Excess

and Deficiency,’ and thus ’the dialogue begins with a reference to a beginning,

ends with reference to an ending, and includes reference at its midpoint to

a mean or middle.”1 This correspondence between textual musical structure

Sayre takes as paradigmatic of Plato’s mathematical ontology can, it will be

argued, be found embedded in the dialogues. Recent work on the Derveni Pa-

pyrus has helped to spark a widespread reappraisal of the interest in symbolical

and allegorical writing in antiquity. There is now a consensus that such liter-

ary techniques were an important theme of discussions in the circles around

Socrates. Although it is common for symbolical texts to avoid describing their

underlying structure in any open way, the many passages about symbolism

and allegory in Plato’s dialogues attest to his interest in these debates. Plato’s

motivations for adopting this form of symbolic writing are best assessed after

the evidence has been presented. There is some evidence, reviewed below, that

certain ancient readers of the dialogues did in fact recognise their stichometric

structures. Manual stichometric studies of Plato’s dialogues have been carried

out in various ways by Birt, Schanz, Harris, Dodds, Berti, and others, but were

primarily aimed at inferring the lengths of the lines and columns on the pa

pyrus sources of surviving manuscripts. This is apparently the first report of

computer-based, stichometric investigations of Plato’s dialogues. This lacuna

is surprising in an era when computerised, stylometric studies have been un-

dertaken by a number of scholars. Although the data described below reveals

some unexpected features of the dialogues, it is in retrospect natural that Plato

would have given his works mathematical form. The dialogues reflect the revo-

lution in mathematics that affected several of the arts and sciences during the

fifth century, and mathematics is thought to have been important in the early

Academy. Plato’s dialogues, of course, generally champion the importance of

mathematics for philosophy and ed ucation. Embedding mathematical forms

in their surface narratives also accords with the dialogue’s core philosophical

conception of ’forms beneath appearances.’ A surprisingly large number of au-

thors in later times, especially those associated with some strand of Platonism,

gave their longer works a mathematical organisation. The regular, mathemati-

cal divisions of the Divine Comedy are visible on the poem’s face. A generation

ago, scholars in English literature and Renaissance Platonism were surprised

when it was discovered that some of Spenser’s well-known poems contained

elaborate schemes of as tronomical and calendrical symbolism. This shifted
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the direction of Spenser studies and is now a well-developed part of ongoing re-

search and undergraduate curricula. There was some debate about how these

structures escaped notice during years of intensive study of Spenser’s works.

The eventual diagnosis was perhaps two-fold. First, since the history of sci-

ence and of philosophy then gave short shrift to the pseudo-sciences of earlier

times, scholars may not have been sensitive to the subtle strategies of the

so-called ’Pythagorean aesthetic,’ according to which a literary work should

mirror the supposed, underlying structure of the cosmos. Second, unravel-

ling Spenser’s symbolism required familiarity with three subjects, Renaissance

astronomy, Spenser’s Platonistic philosophy, and literary allegory, which are

often separated into distinct academic disciplines today. Although features of

these later works should not be read back into Plato, their scholarly study pro

vides methodological precedents and recalls a genre which has reappeared in

different periods and different cultures. The practice of counting the number

of syllables in a line or the number of lines in a stanza was already routine in

archaic poetry. Vitruvius, without giving his source, reports a tradition that

’Pythagoreans’ and some comic playwrights mathematically organised longer

works. Some set speeches in Euripides’ plays have similar lengths and he has

been suspected of counting the number of lines even in these larger textual

units. The German scholars Ludwig and Biehl have found various sorts of

evidence for underlying sti chometric structures in his plays, but no consen-

sus about their claims has emerged. Papyrologists, aiming to reassemble the

scraps and fragments of ancient pa pyri, have been particularly interested in

the at times widespread, ancient scribal practice of counting the number of

lines in a scroll. These counts are perhaps analogous to and fulfil some of the

same functions as our page numbers. The recording of total counts on the

scrolls themselves was common; some also had partial line counts at regular

intervals in the margins (as with our Stephanus numbers). The standard work

on this ’total stichome try or ’partial stichometry’, Ohly’s Stichometrische

Untersuchungen, finds evidence (too extensive to be reviewed here) that the

practice was already common during Plato’s lifetime. Callimachus’ catalogue,

compiled about a century after Plato’s death, recorded the stichometric totals

for each of the scrolls in the library of Alexandria. Diogenes Laertius’ report

that Aristotle’s writings amounted to 445,270 lines may have derived from the

Alexandrian catalogues. In this context, any authors with Pythagorean incli-

nations could avail themselves of stichometric counts to organise their works.

There were several motivations for stichometry. First, scribes were often paid

by the line; their rates were sometimes set by (still extant) legal decrees. Sec-

ond, the cost of a scroll may in part have depended thus important information

for customers. Third, the stichometric counts helped to identify works (in a
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period when texts were not always given titles) and were a guarantee that

copies were complete. Fourth, some believe that classical literary scrolls were

manufactured in expensive, standardised lengths, and that authors would thus

have had an incentive to plan their compositions so that they would fit into

a standard scroll and not waste large blank spaces. The columns and lines

in classical literary papyri were typically fairly uniform, and this would have

made it easier for authors (and their readers) to maintain accurate counts. Bir

went so far as to conclude that this was the norm, ”dass kein classischer Shrift-

steller zu componieren vermocht hat ohnezu disponieren.” The hypothesis, to

be tested below, that Plato was a stichometrist and counting his lines, columns,

syllables, or letters suggests some method is needed to measure and identify

locations within his texts. The traditional Stephanus page numbers supply

only a rough and approximate measure. Henri Estienne’s 1578 edition of the

dialogues made no attempt to ensure that his columns, our Stephanus pages,

were uniform. Their length varied significantly to accommodate his notes and

Latin translation. Construction of more precise measures faces several compli-

cations. Punctuation, indentation, and inter-word spaces were probably not

used in any significant way in Plato’s original compositions. Measures were

constructed here by stripping out everything but the letters of the Greek al-

phabet, counting them, and then marking regular intervals within the original

text. The computer programs were verified in several ways. The algorithms

employed were complicated and will be described separately. Although tex-

tual critics debate the point, some hold that Plato’s texts survived repeated

copying in relatively good shape, and the investigations reported below accord

with that view. However, the many small emendations, corruptions, possible

interpolations, and suspected losses of text listed in the Oxford Classical Texts

(used here) and other critical editions of Plato’s dialogues suggest there will

be a limit to the accuracy of any measure of distance within the dialogues.

Fortunately, a certain benign av eraging works to improve the accuracy of

measurements of relative lengths and ratios within the dialogues. The effects

of a fairly uniform distribution of smaller scribal errors, omissions, and in-

terpolations still uncorrected by textual critics would on average compensate

for each other and would not therefore significantly disturb measurements of

relative positions. A surprising technique for gauging the accuracy of these

measurements, introduced below, indicates that they are generally accurate

to within half of a percent. This is a testament to the quality of the scribal

tradition, to the extraordinary efforts of generations of modern textual critics,

and to the power of averaging.
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2. MAIN RESULTS

2.1. Pythagorean Theorem. The Pythagorean Theorem was one of the

earliest theorems known to ancient civilizations. This famous theorem is

named for the Greek mathematician and philosopher, Pythagoras. Pythagoras

founded the Pythagorean School of Mathematics in Cortona, a Greek seaport

in Southern Italy. He is credited with many contributions to mathematics al-

though some of them may have actually been the work of his students. The

Pythagorean Theorem is Pythagoras’ most famous mathematical contribution.

According to legend, Pythagoras was so happy when he discovered the theorem

that he offered a sacrifice of oxen. The later discovery that the square root

of 2 is irrational and therefore, cannot be expressed as a ratio of two integer

numbers, greatly troubled Pythagoras and his followers. They were devout in

their belief that any two lengths were integral multiples of some unit length.

Many attempts were made to suppress the knowledge that the square root of 2

is irrational. It is even said that the man who divulged the secret was drowned

at sea. The Pythagorean Theorem is a statement about triangles containing a

right angle. The Pythagorean Theorem states that:

Theorem 2.1 (Pythagorean Theorem). Suppose that ABC be right triangle

with Â = 90◦, then BC2 = AB2 + AC2

The Pythagorean Theorem stated algebraically is:

a2 = b2 + c2

for a right triangle with sides of lengths a and b , and c , where a is the length

of the hypotenuse of triangle. The first proof begins with a rectangle divided

up into three triangles, each of which contains a right angle. This proof can

be seen through the use of computer technology, or with something as simple

as a 3 × 5 index card cut up into right triangles.

Point 2.2. Some Pythagorean Triples:

3, 4, 5

5, 12, 13

15, 8, 17

21, 20, 29

7, 24, 25

55, 48, 73

33, 56, 65

65, 72, 97

39, 80, 89

119, 120, 169
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45, 28, 53

35, 12, 37

77, 36, 85

91, 60, 109

187, 84, 205

209, 120, 241

299, 180, 349

165, 52, 173

459, 220, 509

Point 2.3. If (x,y,z) be a Pythagorean triple, then for all positive integer num-

ber k, the triple (k.x,k.y,k.z) is a Pythagorean triple.

Point 2.4. If n be a natural number such that (n + 2)2 = (n + 1)2 + n2, then

n = 3, so the triple (5,4,3) is the unique triple with this components.

2.2. The Pythagorean Problem.

problem 2.5 (The Pythagorean Problem). The three integers (x, y, z) that sat-

isfy x2 = y2 + z2 is called a Pythagorean triple. Find all right triangles whose

sides are of integral length, thus finding all solutions in the positive integers

of the Pythagorean equation:

x2 = y2 + z2

problem 2.6. Suppose x be a positive integer number, Are there exist two

positive integer numbers such that satisfies in one of the tree bellow equations?

x2 = y2 + z2, y2 = x2 + z2, z2 = y2 + x2

Note 2.7. Both equations y2 = x2 + z2 and z2 = y2 + x2 are equal.

3. some proofs for pythagorean theorem

The proofs presented here are just a few of the many proofs of the Pythagorean

Theorem. The Pythagorean Theorem is a very important concept for students

to learn and to understand. It cannot be stressed enough that students need to

understand the geometric concepts behind the theorem as well as its algebraic

representation. This can be accomplished through the use of technology, ma-

nipulatives, and proofs. Students who are taught the Pythagorean Theorem

using these methods will see the connections, and thus, benefit greatly.

3.1. Proof with area case 1. Suppose MNPQ be the square that its length

equal to AB + AC, and let E, F , G and H be 4 points on the sides of this

square, with this properties

ME = NF = PG = QH = AB
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MH = NE = PF = QG = AC

It is easy to show that EFGH is a square, so

SMNPQ = SEFGH + SMEH + SNEF + SPFG + SQGH

The areas of triangles ABC,MEH ,NEF ,PEG and QGH are equal, so

MN2 = EH2 + 4(
1

2
)ME × MH ⇒ (AB + AC)2 = BC2 + 2AB × AC

and this implies that

AB2 + AC2 = BC2

3.2. Proof with area case 2. Suppose that ABC be right triangle with

Â = 90◦ and AB = γ, AC = β, BC = α and let MNPQ be trapezoid with

properties,

M̂ = N̂ = 90◦, MN = β + γ, MQ = β, NP = γ

Choice the point D on the side MN such that

MD = γ , ND = β

Now, since M̂ = N̂B̂, MD = NP = AB = γ, MQ = ND = AC = β, then

�MDQ ∼= �NDP ∼= �ABC so

DP = DQ = BC = α

Since B̂ + Ĉ = 90◦ then ̂MDQ + ̂NDP = 90◦, so SPDQ = 1
2
PD2 = 1

2
α2. Now

we have

SMNPQ = SMDQ + SNDP + SPDQ

(MQ + NP ) × MN

2
=

MD × MQ

2
+

ND × NP

2
+

1

2
PD2

(β + γ) × (β + γ)

2
=

γ × β

2
+

β × γ

2
+

1

2
α2

(β + γ) × (β + γ) = γ × β + β × γ + α2

β2 + γ2 + 2β × γ = 2γ × β + α2

β2 + γ2 = α2

AB2 + AC2 = BC2

Point 3.1. Some other proofs with area for Phythagorean Theorem, are exist.
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3.3. Trigonometrically proof. Suppose ABC be the right triangle with A =

90◦, Since for all angle such that B we have Sin2B + Cos2B = 1 and since

SinB = AC
BC

and CosB = AB
BC

, so

(
AC

BC
)2 + (

AB

BC
)2 = 1 ⇒ AC2

BC2
+

AB2

BC2
= 1

then
AC2 + AB2

BC2
= 1 ⇒ AC2 + AB2 = BC2

3.4. Analytic Geometrically proof. Suppose ABC be the right triangle

with A = 90◦, Let A(x1, y1), B(x2, y2), C(x3, y3) and AB =
√

(x2 − x1)2 + (y2 − y1)2 =

c, AC =
√

(x3 − x1)2 + (y3 − y1)2 = b also BC =
√

(x3 − x2)2 + (y3 − y2)2a.

Since Â = 90◦, then

AB ⊥ AC ⇒ AB.AC = 0, This means the inner product of AB and AC equal

to zero, then

(x2 − x1, y2 − y1).(x3 − x1, y3 − y1) = 0

so (x2 − x1).(x3 − x1) + (y2 − y1).(y3 − y1) = 0

⇒ x2.x3 − x1.x3 − x2.x1 + x2
1 + y2.y3 − y1.y3 − y2.y1 + y2

1 = 0

⇒ 2x2.x3 − 2x1.x3 − 2x2.x1 + 2x2
1 + 2y2.y3 − 2y1.y3 − 2y2.y1 + 2y2

1 = 0

By adding the x2
2 , x2

3 , y2
2 , y2

3 to two side of last equal,

y2
2 +y2

3 +x2
2+x2

3+2x2.x3−2x1.x3−2x2.x1+2x2
1+2y2.y3−2y1.y3−2y2.y1+2y2

1 =

y2
2 + y2

3 + x2
2 + x2

3

so

y2
2 + y2

3 + x2
2 + x2

3 − 2x1.x3 − 2x2.x1 + 2x2
1 − 2y1.y3 − 2y2.y1 + 2y2

1 = y2
2 + y2

3 +

x2
2 + x2

3 − 2x2.x3 − 2y2.y3

⇒ (x2
1+x2

2−2x2.x1)+(x2
1+x2

3−2x1.x3)+(y2
1 +y2

2−2y2.y1)+(y2
1 +y2

3−2y1.y3) =

(x2
2 + x2

3 − 2x2.x3) + (y2
2 + y2

3 − 2y2.y3)

Now we have

(x1 − x2)
2 + (y1 − y2)

2 + (x1 − x3)
2 + (y1 − y3)

2 = (x2 − x3)
2 + (y2 − y3)

2

⇒ (AB)2 + (AC)2 = (BC)2

3.5. Similaritically Proof. Suppose ABC be the right angle triangle with

A = 90◦, and let AH be the height of BC, then

̂BAC = ̂AHB, B̂ = B̂ ⇒ �ABH ∼= �ABC

so

SABH

SABC

= (
AB

BC
)2(3.1)
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Similarly,

̂CAB = ̂AHC, Ĉ = Ĉ ⇒ �ACH ∼= �ABC

so

SABH

SABC
= (

AB

BC
)2(3.2)

Now, we have

SABH + SACH = SABC

SABH

SABC
+

SACH

SABC
= 1

(
AB

BC
)2 + (

AB

BC
)2 = 1

AB2

BC2
+

AB2

BC2
= 1

AB2 + AB2

BC2
= 1

AB2 + AB2 = BC2

4. Converse of Pythagorean Theorem

The converse of Pythagorean Theorem is also true. That is, if a triangle

satisfies Pythagoras theorem, then it is a right triangle. Put it another way,

only right triangles will satisfy Pythagorean Theorem.

Theorem 4.1 (Converse of Pythagorean Theorem). Suppose that a , b and c

be tree positive integer numbers with b2+c2 = a2 or a2+b2 = c2 or a2+c2 = b2,

then there exists one and only one right triangle that its ength are a , b and c.

In this cases A = 90◦ ,B = 90◦ and C = 90◦ respectively.

Proof. Without lost of generality we can assume that b2 +c2 = a2, So for proof

of this case, let ABC be a triangle with properties AB = c, AC = b, Â = 90◦,
Now by Pythagorean Theorem,

Â = 90◦ ⇒ BC2 = AB2 + AC2 ⇒ BC2 = c2 + b2

by assume,

BC2 = a2 ⇒ BC = a

, uniqueness is clearly, and by this the proof is complete.
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