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Abstract

In this study, we present a hyperbolic version of Zajic theorem.
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1 Introduction

Hyperbolic Geometry appeared in the first half of the 19th century as an at-
tempt to understand Euclid’s axiomatic basis of Geometry. It is also known
as a type of non-Euclidean Geometry, being in many respects similar to Eu-
clidean Geometry. Hyperbolic Geometry includes similar concepts as distance
and angle. Both these geometries have many results in common but many
are different. There are known many models for Hyperbolic Geometry, such
as: Poincaré disc model, Poincaré half-plane, Klein model, Einstein relativistic
velocity model, etc. Here, in this study, we give hyperbolic version of Zajic
theorem. The Zajic theorem states that if A′ is the point of contact of the
incircle of triangle ABC on the side BC, X is a point on the side BC, and T1

and T2 are the points of contact of the incircles of the triangles ABX and ACX
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respectively, on the side BC, then the segments A′X and T1T2 are congruent
[4].

We note with d(M, N) the hyperbolic distance between M and N.

Theorem 1.1 If A′, B′, and C ′ are the points of contact of the incircle of
h−triangle ABC on the h−sides BC, CA, and AB, respectively, and a, b, c
are h−side lengths, respectively, and s is a semiperimeter of h−triangle ABC,
then d(A, B′) = d(A, C ′) = s − a, d(B, C ′) = d(B, A′) = s − b, and d(C, A′) =
d(C, B′) = s − c. [1]

2. Main results
In this section, we demonstrate Zajic’s theorem for hyperbolic triangle.

Theorem 1.2 (Zajic’s Theorem for Hyperbolic Triangles). If A′ is
the point of contact of the incircle of h−triangle ABC on the h−side BC, X
is a point on the h−side BC, and T1 and T2 are the points of contact of the
incircles of the h−triangles ABX and ACX respectively, on the h−side BC,
then the hyperbolic distances d(A′, X) and d(T1, T2) are equal.

Proof Denote the hyperbolic sides of triangle ABC in the usual way:
a = d(B, C), b = d(C, A), and c = d(A, C) (See Figure 1)

Let s, sb, sc are the semiperimeters of the h−triangles ABC, ABX, and
ACX, respectively. If we use Theorem 1.1 in h−triangle ABC, we have

d(B, X) = d(B, A′) + d(A′, X) = s − b + d(A′, X), (1)

and

d(C, X) = d(C, A′) − d(A′, X) = s − c − d(A′, X). (2)

Similary, in h−triangles ABX and ACX, we have d(X, T1) = sb − c, and
d(X, T2) = sc − b. Therefore

d(T1, T2) = d(X, T1) − d(X, T2) = sb − sc + b − c. (3)
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But,

2(sb − sc) = 2[(c + d(A, X) + d(B, X)) − (b + d(A, X) + d(C, X))] = 2(c − b + d(A′, X)),

it follows that

sb − sc = c − b + d(A′, X). (4)

From the relations (3) and (4) we obtain d(T1, T2) = d(A′, X).

Corollary 1.3 Let X be a point on the h−side BC of h−triangle ABC,
and A′, A1, A2 are the points of contact of the incircles of the h−triangles
ABC, ABX, and ACX, respectively, on the h−side BC. Then, d(A′, A1) =
d(X, A2) and d(A′, A2) = d(X, A1).

Proof From theorem 1.2 we have d(T1, T2) = d(A′, X) (See Figure 1).
Because d(X, A1) = d(X, T1) and d(X, A2) = d(X, T2) we get

d(X, A2) = d(X, T1) − d(T1, T2) = d(X, A1) − d(A′, X) = d(A′, A1) (5)

and

d(A′, A2) = d(A′, X) + d(X, A2) = d(A′, X) + d(A′, A1) = d(X, A1). (6)

Corollary 1.4 (Honsberger’s Theorem for Hyperbolic Triangles).
If A′ is the point of contact of the incircle of h−triangle ABC on the h−side
BC, then both incircles of h−triangles ABA′ and ACA′ touch h−line AA′ at
the same point.

Proof From theorem 1.2 for X = A′, we obtain the conclusion of the
problem.
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