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Abstract

Homotopy perturbation method is a well-known method for solving
many functional equations such as differential equations, integral equa-
tions, integro-differential equations and so on. Applying this method
needs some computations which are boring by hand. Therefore, creat-
ing a program to do all computations would be useful. In this work, a
maple program is prepared to solve the second kind of Volterra integral
equation.
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1 Introduction

There are some methods to obtain approximate solutions of equations. One
of them is Homotopy perturbation method (HPM) presented by He in 1998
[1-2], and has been used to solve many different functional equations by many
researchers [5-7]. HPM is a special case of the Homotopy analysis method
(HAM) profound by liao in 1992[3-4]. In HPM the solution is considered as
the summation of an infinite series. In this paper HPM is applied to solve the
second kind of Volterra integral equation which has the following general form;

u(x) = f(x) +
∫ x

0
(k(x, t)F (u(t)))dt (1)

Where k(x, t) is the kernel of integral equation,f and F are known analytical
functions, and u(x) is the solution of integral equation.
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2 Basic idea of homotopy perturbation method

To illustrate the basic concept of homotopy perturbation method, consider the
following nonlinear differential equation

A(u) − f(r) = 0, rεΩ (2)

with boundary conditions

B(u,
∂u

∂n
) = 0, r ∈ Γ, (3)

where A is a general differential operator, B is a boundary operator, f(r) is a
known analytic function, and Γ is the boundary of the domain Ω . Generally
speaking The operator A can be divided into two parts L and N , where L is
linear, while N is nonlinear operator. Eq. (2), therefore, can be rewritten as
follows:

L(u) + N(u) − f(r) = 0. (4)

we construct a homotopy v(r, p) : Ω × [0, 1] → R which satisfies

H(v, p) = (1 − p)[L(v) − L(u0)] + p[A(v) − f(r)] = 0, (5)

or
H(v, p) = L(v) − L(u0) + pL(u0) + p[N(v) − f(r)] = 0, (6)

where p ∈ [0, 1] is an embedding parameter, u0 is an initial approximation of
Eq. (2), which satisfies the boundary conditions. According to the (HPM), we
can first use the embedding parameter p, as a small parameter, and assume
that the solution of Eq. (6) can be written as a power series in :

v = v0 + pv1 + p2v2 + · · · . (7)

Setting p=1 results in the approximate solution of Eq. (2)

u = lim
p→1

v = v0 + v1 + v2 + · · · (8)

3 Maple Program

restart;
with(student):
n := input the number of terms of the approximate solution;
v := sum(u[i] ∗ pi, i = 0..n):
f := x− >input the homogeneous term of integral equation;
k(x, t) := input the kernel of integral equation;
F := u− > input of integral equation;
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u[0] := f(t);
for i from 1 to n do
u[i] := expand(subs(x = t,int(coeff(p ∗ k(x, t) ∗ F (v), pi), t = 0..x)));
od;
s := value(Sum(Eu[k],k=0..ne)):
U(x) :=collect(s, x);
with (plots):
p1 :=plot (exact solution,t = 0..T ,style=point):
p2 :=plot (U(t),t = 0..T ,style=line):
plots [display](p1,p2);
To illustrate this program one will be presented.
Example . Consider the following integral equation

u(x) = ex +
1

2
x(e2x − 1) −

∫ x

0
xu(t)2dt, (9)

The exact solution is u(x) = ex . According to the Homotopy perturbation
method, we construct the following Homotopy:

H(v, p) = (1−p)[v(x)−u0(x)]+ p[u(x)− ex − 1

2
x(e2x −1)+

∫ x

0
xu(t)2dt] = 0,

(10)
In order to apply the program, we should enter the following phrases: ”the
number of terms of the approximate solution”, ”the homogeneous term of
integral equation”, ”the kernel of integral equation” and ” F (u) of integral
equation”. The results of the applied program are as follow;

u0(t) = et +
1

2
t(e2t − 1), (11)

u1(t) = 1465
1152

t − 3
8
e2tt − 1

3
e3tt2 + 1

9
e3tt + ett2 − ett − 1

16
e4tt3 + 1

32
e4tt2

− 1
128

e4tt + 1
4
e2tt3 − 1

4
e2tt2 − 1

12
t4),

(12)

Considering n = 2, we get

u(t) = 1187636351
311040000

t + 1
2
t(e2t − 1) + et − 1415

576
ett − 7657

4608
e2tt − 275

324
e3tt2

+275
972

e3tt + 1415
576

ett2 + 65
768

e4tt3 − 451
4608

e4tt2 + 451
18432

e4tt − 3049
2304

e2tt3

+5353
2304

e2tt2 + 1177
3456

t4 + 1
6
ett5 + 1

3
ett4 − 2ett3 − 5

64
e4tt5 + 1

96
e6tt5

+ 11
120

e5tt4 + 31
27

e3tt3 − 1
6
e2tt4 + 2809

72000
e5tt2 + 19

128
e4tt4 − 323

3600
e5tt3

+ 17
41472

e6tt − 2809
360000

e5tt + 17
2304

e6tt3 − 17
6912

e6tt2 − 7
576

e6tt4 + 1
48

e2tt5

+ 1
24

e2tt6 − 11
18

e3tt4 − 1
72

t7

(13)

4 Conclusion

In this work a Maple program has been presented for solving the second kind
of Volterra integral equations. Simplicity and efficiency of the algorithm used
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in this article are illustrated briefly in the example. By giving input data’s
of the algorithm, n, the number of terms of the approximate solution, f , the
homogeneous term of integral equation, k(x, t), the kernel of integral equation
and F , F (u), of integral equation ,we would be able to solve any Volterra
integral equation of the second kind.
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