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Abstract

A digraph D, is said to be k-transitive if for the dipaths
Pi : a1a2a3 . . . ak−1ak ∈ E(D) there exist an arc (a1, ai) ∈ E(D), for
3 ≤ i ≤ k. A k-transitive digraph D is said to be totally transitive if there
exists an arc from the origin to the terminus of all the longest paths.
A totally k-transitive digraph D is said to be totaly maximal path k-
transitive(or tmp-ktransitive) if (a1, a2), (a2, a3), . . . , (ak−1, ak) ∈ E(D)
=⇒ (a1, ai) ∈ E(D), 3 ≤ i ≤ k, for every dipath Pi, 3 ≤ i ≤ k. We
call the directed graph of the lattice of open sets determined by the
topology of a tmp-k-transitive digraph D as tmp-k-transitive lattice
digraph. In this paper, we initiate a study on k-transitive digraph,
totally k-transitive digraph, totaly maximal path k-transitive digraph,
tmp-k-transitive lattice digraph and the topologies arising from them.

Keywords: k-transitive digraphs,totally k-transitive,tmp-k-transitive
digraph,tmp-k-transitive lattice digraph

1 Introduction

For all terminology and notation in graph theory, not specifically defined in
this paper, we refer the reader to the text-book by Harary et.al. [3]. Unless
mentioned otherwise, all the digraphs that we consider here are finite in the
sense that they contain only finitely many vertices.



3112 E. Sampathkumarachar, Germina K.A., J. E. Joy and B. Koshy

Many studies have been done to analyse the properties of a digraph in terms
of topology and vice-versa. These studies include the analysis of topological
properties of directed graphs, transitive directed graphs and signed graphs
[1, 2, 4].
A directed graph D is transitive if whenever the line uv and vw are in D then
uw is also in D. In this paper we generalize the concept of transitive digraph to
k-transitive digraph and study the topology arising from k-transitive digraph.

Definition 1.1. A digraph D, is said to be k-transitive if for the dipaths
Pi : a1a2a3 . . . ak−1ak ∈ E(D) there exist an arc (a1, ai) ∈ E(D), for 3 ≤ i ≤ k.

Definition 1.2. The minimum k for which the directed graph D is k-
transitive is called the transitivity number of the digraph D.

Definition 1.3. A k-transitive digraph D is said to be totally transitive if
there exists an arc from the origin to the terminus of all the longest paths.

Observation 1.4. The diameter of a digraph D is defined as the directed
path of maximum length. Hence, D is totally k-transitive implies, D is totally
(d+1)-transitive, where d is the diameter of D. However, D is totally (d+1)-
transitive may or may not imply D is k-transitive for 3 ≤ i < k = d + 1. Also,
D is (d + 1)-transitive need not imply D is totally (d + 1)-transitive.

Definition 1.5. A totally k-transitive digraph D is said to be totally max-
imal path k-transitive(or tmp-k-transitive)if (a1, a2), (a2, a3), . . . , (ak−1, ak) ∈
E(D) =⇒ (a1, ai) ∈ E(D), 3 ≤ i ≤ k, for every dipath Pi, 3 ≤ i ≤ k.

2 k-transitive, totally k-transitive and totally

maximal path k-transitive digraphs

Following observations are immediate from the above definitions.

Observation 2.1. For k = 3, the definitions of k-transitive, totally k-
transitive and tmp-k- transitive digraphs coincide with the definition of transi-
tive digraph.

Observation 2.2. If the digraph D is totally maximal path k-transitive,
then every dipath Pi, 3 ≤ i ≤ k, induces a semicycle of length i, 3 ≤ i ≤ k.
For every k-transitive digraph D we have the inequality 3 ≤ i ≤ d + 1. When
i attains the lower bound we get the transitive digraph and, as i attains its
upper bound we get the totally k-transitive digraph. If D is k-transitive for all
i, 3 ≤ i ≤ k = d + 1, then D is a tmp-k-transitive digraph. It should also be
noted that the upper bound for the k-transitive number is nothing but d + 1.
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Observation 2.3. If D is k-transitive, then the out-degree of the origin and
the in-degree of the terminus of every path on k vertices must be at least two.

Remark 2.4. From Observation 2.2, we see that the k-transitive digraph D
with k < d+ 1, where d is the diameter of the digraph D, contains at least one
semicycle. However, the converse need not be true.

Invoking Remark 2.4, we have the following results.

Theorem 2.5. No directed tree is k-transitive for any k ≥ 3.

Theorem 2.6. No directed cycle is k-transitive for any k ≥ 3.

Theorem 2.7. A semicycle on n vertices is totally n-transitive, if and only
if there exist exactly one dipath of length n− 1.

Proof. First assume that a semicycle on n vertices is totally n-transitive.
Then, clearly, it contains at least one directed path on n vertices and an arc

say, (a1, an) from the origin to the terminus of
−→
Pn. Hence, (a1, an) is the only

one arc whose orientation is opposite to the arcs of
−→
Pn, which implies that

−→
Pn

is the only one directed path of length n− 1.
Conversely, assume that a semicycle D on n vertices contains exactly one

directed path
−→
Pn of length n − 1. Now, let vi and vj with i < j be the

origin and terminus of the directed path
−→
Pn. Then, the directed path

−→
Pn :

vivi+1vi+2 . . . vj−1vj is a path on n vertices. This path together with the arc
vivj form a semicycle on n vertices, making D totally n-transitive.

Corollary 2.8. A digraph that contains an induced semicycle on n vertices
which is totally n-transitive is not k-transitive for any k < n, since there exists
no arc (ai, aj) for any k = j − i < n.

Theorem 2.9. A digraph D is totally k-transitive, if and only if for every

diametrical dipath
−→
Pn := a1a2 . . . an−1an on n vertices there exist an arc (a1, an)

of D, forming a semicycle on n vertices.

Proof. Assume that D is totally k-transitive. Then, since each diametrical
path being the maximum dipath of D, by definition of totally k-transitivity
of D, there exists an arc from the origin to the terminus of each diametrical
path, thus forming a semicycle on n vertices.

Conversely, assume that for each diametrical dipath
−→
Pn := a1a2 . . . an−1an on

n vertices there exist an arc (a1, an). Then, since each diametrical dipath is
the dipath of maximum length, D is totally k-transitive.

Invoking Theorem 2.9, we can characterize tmp-k-transitive digraphs as
follows:
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Theorem 2.10. A digraph D is tmp-k-transitive, if and only if for every

dipath
−→
Pi , 3 ≤ i ≤ k on i vertices there exist an arc (a1, ai), 1 ≤ i ≤ k of D,

forming a semicycle on i vertices.

Proof. Proof is similar to the proof of Theorem 2.9. We may have to consider
here all the paths Pi, 3 ≤ i ≤ d, where d is the diameter of the digraph D.

Remark 2.11. Let D be a given digraph on n vertices. Then, the possible

dipaths in D are
−→
Pi , 1 ≤ i ≤ k on i vertices. The tmp-k-transitive digraphs

can be put in terms of k-transitive digraphs as: for all the existing dipaths in

D,
−→
Pi , on i vertices, 3 ≤ i ≤ k, D is i-transitive for 3 ≤ i ≤ k.

Let D be a totally k-transitive asymmetric digraph. Let u1 and uk be the
origin and terminus of a longest path in D of length k− 1. Then, by definition
of totally k-transitivity, there exists an arc from u1 to uk. Then u1 is a source
in D since otherwise if there exists a vertex w ∈ V (D) such that wu1 ∈ E(D),
then wu1 . . . uk is a path on D of length k, a contradiction to our assumption
that u1-uk is the longest path in D. By a similar argument we see that uk is a
sink in D. Thus, we conclude as follows.

Proposition 2.12. Every totally k-transitive asymmetric digraph D con-
tains at least one source and one sink, which are the origin and terminus of
the longest path in D.

Theorem 2.13. If D is a tmp-k-transitive digraph, having exactly one
source, then the source is adjacent to all the vertices in D.

Proof. Let D be a tmp-k-transitive digraph and
−→
P : v1v2 . . . vk be a longest

path in D. Now, since every tmp-k-transitive is totally transitive and by invok-
ing Proposition 2.12, v1 is a source and vk is a sink in D. Let x ∈ V (D) such
that x 6= vi for all i ∈ {1, 2, . . . , k}. Since v1 and vk are source and sink respec-
tively, xv1 /∈ E(D) and vkx /∈ E(D). Since D is weakly connected, there exists
at least one i ∈ {2, 3, . . . , k − 1} such that either xvi ∈ E(D) or vix ∈ E(D).
First suppose that vix ∈ E(D). Then we get a v1-x path and since D is tmp-
k-transitive, v1x ∈ E(D).
On the other hand, let xvi ∈ E(D). Then, x-vk is a path and D being tmp-
k-transitive, xvj ∈ E(D) for all j ≥ i. Thus, x behave as a source having
adjacency with all the vertices v′js, which contradicts our assumption that D
contains exactly one source. Hence, there must exists at least one vertex y
such that y 6= vi for any i and yx ∈ E(D). Now, yx ∈ E(D) gives a y-vk path,
yxvivi+1 . . . vk and by the tmp-k-transitivity of D, yvl ∈ E(D) for all l ≥ i,
and hence y becomes a source, again a contradiction to our assumption. If we
choose a third vertex z, the above process will get repeated and hence z too
is a source, again a contradiction. Also, since we are considering only finite
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transitive digraphs, we get a vertex v which has no inarc, which implies that v
is a source, a contradiction to the assumption that D has exactly one source.
Hence xvi ∈ E(D), is not possible. This completes the proof.

Theorem 2.14. Complete symmetric digraph K∗
n, on n vertices is tmp-k-

transitive.

Proof. Let V (K∗
n) = {u1, u2, . . . , un}. Then, for every two distinct pairs of

vertices ui, uj ∈ V (K∗
n), (ui, uj), (uj, ui) ∈ E(K∗

n). Hence, if (u1, u2), (u2, u3),
. . . , (ur−1, ur) ∈ E(K∗

n), then (u1, ur) ∈ E(K∗
n) for every 3 ≤ r ≤ n.

3 tmp-k-transitive digraph and Topology

It has been established that there exists a one-to-one correspondence between
the set of all transitive digraphs and the set of all topologies on a finite set
[2]. Sampathkumar et.al [4] defined the topology on transitive digraphs as
follows. Let V be a finite set and T be a topology on V. The transitive digraph
corresponding to this topology is obtained by drawing a line from u to v, if and
only if, u is in every open set containing v. Conversely, let D be a transitive
digraph on V. The family B = {Q(a) : a ∈ V } forms a base for a topology on
V, where Q(a) = {a} ∪ {b ∈ V : (b, a) ∈ E(D)}.

Theorem 3.1. [4] For a set V (not necessarily finite), there is a one-to-one
correspondence between the set of all transitive digraphs on V and the set of
all topologies on V having the property of completely additive closure.

Consider a tmp-k-transitive digraph with exactly one source. Then by
Lemma 2.13, the source is adjacent to all the vertices in D. Since D is a tran-
sitive digraph on k vertices, there exists a unique topology T with k points
corresponding to D. The element of T corresponding to the source, must be
contained in all the non-empty elements of T. That is, T satisfies finite inter-
section property with |

⋂k
i=1 Ti| = 1, where Ti ∈ T. Thus, we have the following

result:

Theorem 3.2. There exists a one-to-one correspondence between the set of
all tmp-k-transitive digraphs with exactly one source and the set of all topologies
with k points which has finite intersection property with |

⋂
i Ti| = 1.

Proof. We have every tmp-k-transitive digraph is transitive. From Theo-
rem 3.1, we see that, corresponding to every transitive digraph D, there exists
a unique topology T and vice-versa. Hence, it is enough to show that the topol-
ogy T generated from tmp-k-transitive digraph D with exactly one source is
such that |

⋂
i Ti| = 1 and the transitive digraph corresponding to the topology

having finite intersection property with |
⋂

i Ti| = 1 is tmp-k-transitive with
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exactly one source.
Let T be a topology having finite intersection property with |

⋂
i Ti| = 1. Let

D(T ) be the corresponding transitive digraph. Now, suppose that u1u2 . . . uk

be a path on k vertices in D(T ). Since D(T ) is transitive, (u1, u2), (u2, u3) ∈
E(D(T )) ⇒ (u1, u3) ∈ E(D(T )). Again, (u1, u2), (u2, u3), (u3, u4) ∈ E(D(T ))
⇒ (u1, u3), (u3, u4) ∈ E(D(T )) ⇒ (u1, u4) ∈ E(D(T )). Continuing in this
manner, if (u1, u2), (u2, u3), . . . , (uk−1, uk) ∈ E(D(T )), then (um, ur) ∈ E(D(T ))
for every 3 ≤ m < r ≤ k. This implies that D(T ) is tmp-k-transitive. Since
|
⋂

i Ti| = 1 and
⋂

i Ti ∈ T, the vertex corresponding to
⋂

i Ti is not the head
of any arc. Hence D(T ) contains exactly one source.
To prove the converse, let D be a tmp-k-transitive digraph with exactly one
source a. Then a ∈ Q(b) for every b ∈ V. Since B = {Q(b) : b ∈ V } forms
a base for T, a is in every element of T. Thus, the non-empty elements of T
has finite intersection property. Since, there exists exactly one source and T
is finite, |

⋂
i Ti| = 1.

4 The tmp-k-transitive lattice digraph associ-

ated with a topology

With each topology τ on a finite set, a lattice, whose directed graph is called
the lattice-digraph of τ, may be associated in a natural way by letting the open
sets Oi of τi be represented by vertices vi and drawing an arc from vi to vj if
Oi ⊂ Oj.
Given a labeled tmp-k-transitive directed graph D, there corresponds a topol-
ogy τ(D) on the vertex set of D and thus a tmp-k-lattice-graph L associated
with the open sets of τ. We refer to L = L(D) as the tmp-k-transitive lattice-
graph of the topology of D.

Lemma 4.1. The cliques of a tmp-k-transitive digraph partition its vertex
set.

Proof. It is clear that every point of a tmp-k-transitive digraph D lies in at
least one clique. Suppose v is a point of D which lies in two distinct cliques
say C1 and C2. Then, if u ∈ C1 and w ∈ C2 both the arcs uw and wu are
in D since D is tmp-k-transitive. This implies that C1 and C2 are properly
contained in a complete symmetric subgraph and is a contradiction to the fact
that C1 and C2 are maximal. Hence, the vertex v can be in a single clique and
the cliques partition the vertex set of D.

Clique condensation graph D′ of a tmp-k-transitive digraph D is defined to
be that directed graph whose vertices are in one-to-one correspondence with
the cliques {C1, C2, . . . } of D and in which there is an arc directed from the
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vertex corresponds to Ci to the point corresponding to Cj in D′ if there is an
arc directed from a vertex of Ci to a vertex of Cj in D.

Theorem 4.2. The clique-condensation graph D′ of a tmp-k-transitive di-
rected graph D is transitive and asymmetric.

Proof. By tmp-k-transitivity of D, if there is an arc directed form a vertex
of Ci, to a vertex of Cj, then there must be an arc from every vertex of Ci to
every vertex of Cj. Further more, there can be no arcs directed from Cj to Ci

since the cliques are maximal.

Corollary 4.3. A tmp-k-transitive directed graph D is isomorphic to its
clique condensation graph if and only if D is asymmetric.

Can there be distinct tmp-k-transitive directed graphs whose topologies
have isomorphic tmp-k-transitive lattice-graph? Following lemma answers this
question.

Theorem 4.4. The topologies of a tmp-k-transitive directed graph D and its
clique condensation graph D′ have isomorphic tmp-k-transitive lattice-graphs.

Proof. If a vertex v of D lies in an open set O of the topology τ(D), then
every vertex in the clique to which v belongs also lies in O. Since the tmp-
k-transitivity relation among the cliques in D is the same as that among the
corresponding vertices of D′, L(D) and L(D′) are isomorphic, where the vertex
{Ci1 , Ci2 . . . Cik} of L(D′) corresponds to the vertex Ci1

⋃
Ci2

⋃
· · ·

⋃
Cik of

L(D).

Theorem 4.5. The tmp-k-transitive lattice-graph L(D1) and L(D2) of the
topologies of two tmp-k-transitive directed graphs D1 and D2 are isomorphic if
and only if the clique condensation graphs D′

1 and D′
2 are isomorphic.

Proof. Suppose D′
1 and D′

2 are isomorphic. Then clearly, L(D′
1) and L(D′

2)
are isomorphic. However, by Theorem 4.4, L(D1) and L(D′

1) are isomorphic
as are L(D2) and L(D′

2). Hence, L(D1) is isomorphic to L(D2).
Conversely, to show L(D1) and L(D2) isomorphic implies D′

1 and D′
2 are iso-

morphic, it is enough to show that the tmp-k-transitive lattice-graph L(D)
uniquely determines the topology τ of D′, or that L(D′) uniquely determines
the topology of D′, which in turn uniquely determines D′, since by Theorem
4.4 L(D) and L(D′) are isomorphic. Now, the vertices of L(D′) corresponds to
open sets of a topology on some finite sets V (D). If uv is an arc of L(D′), then
u and v corresponds to open sets O1 and O2, respectively, for which O1 ⊂ O2.
Also, since the open set O1 is a proper subset of the open set O2, there can
not have an arc from v, to the vertex u. That is, for any vertex a ∈ V, the
smallest open set containing a corresponds to a vertex w1 of L(D′) having in-
degree one. That is, having one arc directed towards w1, for if w2w1 and w3w1
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were directed arcs of L(D′), then the union of the open sets corresponds to
w2 and w3 would be a larger open set not containing a implying that the arcs
w2w1 and w3w1 do not exists. Hence, upto a permutation of V, the one-to-one
correspondence between the vertices of L(D′) and the open sets defined on V
is given as follows: Identify with each vertex u of L(D′) having indegree one
a distinct vertex a of V. Then, for any vertex v of L(D′) associate the subset
of V consisting of the union of any vertex identified with v and all vertices a
identified with vertices u for which there is a directed path u to v in L(D′). The
correspondence is completed by associating the empty set ∅ with the remaining
unlabeled vertex of L(D′). This uniquely determines D′, up to labeling.

It therefore follows that every tmp-k-transitive directed graph whose topol-
ogy has lattice-graph L can be obtained from the asymmetric directed graph
D whose topology has lattice-graph L by a suitable replacement of the points
of D by complete symmetric directed graph. Thus, all tmp-k-transitive graphs
whose topologies have lattice-graph L are completely determined and con-
structible.

5 Conclusion and scope

General topologies are in bijective correspondence with quasi-orders, and Tα

topologies are in bijective correspondence with partial orders. These bijections
too preserve isomorphism. For enumeration purposes one can investigate the
number of isomorphism classes of tmp-k-transitive lattice topologies with n
points. One can also establish a one-to-one correspondence between (0, 1)-
matrices of order n with certain properties and the topologies on a set of n
elements, and there by establish the relationship between the (0, 1)-matrices
and tmp-k-transitive lattice topology.
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