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Abstract

The aim of this short paper is to study the relationships among
Koszul algebras, d-Koszul algebras, piecewise-Koszul algebras, almost
Koszul algebras, λ-Koszul algebras, (p, λ)-Koszul algebras, K2-algebras
and δ-Koszul algebras.
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1 Introduction

Koszul algebra, first introduced by Priddy in 1970 (see [18]), is one of quadratic
algebras with a linear resolution. Many nice homological properties of Koszul
algebras have been shown in research areas of both commutative and noncom-
mutative algebras. Motivated by the Artin-Schelter regular algebras of global
dimension three (see [1]), Berger extended Koszul algebras to higher homoge-
neous algebras and the so-called nonquadratic Koszul algebra was introduced
(see [3]). Many people prefer the name “d-Koszul algebra” to “nonquadratic
Koszul algebra” (see [7] and [9]), where d ≥ 2 an integer. d-Koszul algebras
also play an important role in different branches of mathematics and have a
lot of good homological properties similar to Koszul algebras.

Recently, a lot of “Koszul-type” algebras have been introduced. More pre-
cisely, in order to find another class of homogeneous algebras to unify Koszul
and d-Koszul algebras, the so-called piecewise-Koszul algebra was introduced
in 2007 (see [13]). In order to extend the notions of d-Koszul and piecewise-
Koszul algebras further, Lü introduced the so-called λ-Koszul algebras in 2009
(see [10]) and Lü-Zhao introduced the so-called (p, λ)-Koszul algebras in 2010
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(see [17]). In order to find periodic resolutions for the trivial extension alge-
bras of path algebras of Dynkin quivers in bipartite orientation, the notion
of almost Koszul algebra was introduced in 2002 (see [4]). It is well known
that it is difficult to decide whether the Ext algebra of a graded algebra is
finitely generated or not. In order to quest this problem, Green and Marcos
introduced the notion of δ-Koszul algebra in 2005 (see [6]). Note that all of the
Koszul-type algebras introduced above all have pure resolutions, i.e., in the
minimal graded projective resolution of the trivial module, each term can be
generated in a single degree. In order to breakthrough this restrict, Cassidy
and Shelton introduced the notion of K2-algebras in 2008 (see [5]), and so on.

In this paper, we will concentrate on the relationships of such “Koszul-
type” algebras introduced above. First let us recall the definitions of such
“Koszul-type” algebras.

2 Notations and definitions

Throughout, N denotes the set of natural numbers and we work over a ground
fieldK. All the gradedK-algebras A =

⊕
i≥0 Ai are assumed with the following

properties: (1) A0 = K × · · · × K; (2) Ai · Aj = Ai+j, (0 ≤ i, j < ∞); and (3)
dimKA1 < ∞.

Definition 2.1. ([13]) A graded algebra A =
⊕

i≥0 Ai is called a piecewise-
Koszul algebra if the trivial A-module A0 admits a minimal graded projective
resolution · · · → Pn → · · · → P1 → P0 → A0 → 0, such that each Pn is
generated in degree δd

p(n) (n ≥ 0), where the set function δd
p : N → N is

defined as

δd
p(n) =





nd
p

, n ≡ 0(modp)
(n−1)d

p
+ 1, n ≡ 1(modp)

· · · · · ·
(n−p+1)d

p
+ p−1, n ≡ p−1(modp)

and d ≥ p ≥ 2 are natural numbers.
In particular, if d = p, A is called Koszul and if p = 2, A is called d-Koszul.

A piecewise-Koszul algebra will be called non-trivial if d > p > 2.

Definition 2.2. ([4]) Let A be a graded algebra. We call A a left almost
Koszul algebra if there exist integers α, β ≥ 1, such that

(1) An = 0 for all n > α, and
(2) there is a graded complex 0 → Pβ → · · · → P1 → P0 → 0 of projective

left A-modules such that each Pi is generated in degree i, and the only nonzero
homology is A0 in degree 0 and Aα⊗P β

β in degree α + β. We say then that A
is a left (α, β)-Koszul algebra.
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Definition 2.3. ([10]) Let A be a graded algebra and · · · → Pn → · · · →
P1 → P0 → A0 → 0 be a minimal graded projective resolution of the trivial
A-module A0. Then A is called a λ-Koszul algebra if and only if each Pn is
generated in degree δλ(n) for all n ≥ 0, where λ : N∗ → N∗ is a periodic
function and |λ| denotes the smallest positive period of λ with λ(1) ≥ 2 and λ
being strictly increasing on the interval [1, |λ|]; and δλ : N→ N is another set
function satisfying

(a) δλ(0) = 0, δλ(1) = 1, δλ(2) = d, where d = λ(1) + 1, a fixed integer;

(b) δλ(2n + 1)− δλ(2n) = 1 for all n ≥ 0;

(c) δλ(2n)− δλ(2n− 1) = λ(n) for all n ≥ 1.

Definition 2.4. ([17]) Let A be a graded algebra. We call A a (p, λ)-Koszul
algebra if the trivial A-module A0 has a minimal graded projective resolution

· · · → Qn
fn→ · · · → Q1

f1→ Q0
f0→ A0 → 0 such that each Qn is generated in

degree δp
λ(n), where λ is the same as Definition 2.3 and

δp
λ : N→ N

is a set sunction with the following properties:

(i) δp
λ(0) = 0, δp

λ(p) = d, where d = λ(1) + p − 1 and p ≥ 2 are fixed
integers;

(ii) δp
λ(pn + i)− δp

λ(pn + i− 1) = 1 for all 1 ≤ i ≤ p− 1;

(iii) δp
λ(pn)− δp

λ(pn− 1) = λ(n) for all n ≥ 1..

Definition 2.5. ([5]) Let A be a graded algebra and E(A) =
⊕

i≥0 Exti
A(A0, A0)

be the Yoneda-Ext algebra of A. Then A is called an K2-algebra provided that
E(A) can be generated in degrees 0, 1 and 2. i.e.,

E(A) = 〈Ext0
A(A0, A0), Ext1

A(A0, A0), Ext2
A(A0, A0)〉.

Definition 2.6. ([6]) A graded algebra A is called δ-Koszul provided that the
following two conditions:

(1) the trivial A-module A0 admits a minimal graded projective resolution

· · · → Pn → · · · → P1 → P0 → A0 → 0,

such that each Pn is generated in a single degree, say δ(n) for all n ≥ 0, where
δ is a strictly increasing set function;

(2) The Yoneda-Ext algebra, E(A) =
⊕

n≥0 Extn
A(A0, A0), is finitely gen-

erated as a graded algebra.

A will be called a δ-determined algebra if only (1) satisfies.
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3 The relationships among these “Koszul-type”

algebras

3.1 The relations between Koszul algebras and other
“Koszul-type” algebras

Proposition 3.1. The following statements are true:
(1) {Koszul algebras} ⊂ {d-Koszul algebras};
(2) {Koszul algebras} ⊂ {piecewise-Koszul algebras};
(3) {Koszul algebras} ⊂ {λ-Koszul algebras};
(4) {Koszul algebras} ⊂ {(p, λ)-Koszul algebras};
(5) {Koszul algebras} ⊂ {K2-algebras};
(6) {Koszul algebras} ⊂ {δ-Koszul algebras},
where “⊂” denotes true inclusion.

Proof. By definitions, Koszul algebras are 2-Koszul algebras, are piecewise-
Koszul algebras with respect to δp

p, are λ-Koszul algebras in the sense of d = 2
and λ(i) = 1 for all i ≥ 1, are (p, λ)-Koszul algebras in the sense of d = p = 2
and λ(i) = 1 for all i ≥ 1 and are obvious δ-Koszul algebras. Of course,
there exist a lot of d-Koszul algebras, piecewise-Koszul algebras, λ-Koszul
algebras, (p, λ)-Koszul algebras and δ-Koszul algebras which are not Koszul.
Thus we finish the proof except (5). For (5), recall that a graded algebra A
is Koszul if and only if the Yoneda-Ext algebra E(A) is generated in degrees
0 and 1. Hence Koszul algebras are K2-algebras. Further, we claim that
{Koszul algebras} = {quadratic K2 − algebras}. In fact, a quadratic algebra
A must have the property Ext2

A(A0, A0) = Ext2
A(A0, A0)−2, which implies that

Ext2
A(A0, A0) = (Ext1

A(A0, A0))
2. Hence the Yoneda algebra of a quadratic K2-

algebra can be generated in degrees 0 and 1, which implies that A is Koszul.
Similarly, there exist a lot of non-quadratic K2-algebras, which shows the true
inclusion of (5). ¤

The following proposition establishes the relationship between Koszul al-
gebras and almost Koszul algebras.

Proposition 3.2. (1) Let A = A0 ⊕ A1 ⊕ · · · ⊕ Aα be a finite dimensional
Koszul algebra. If the global dimension of A, gldim (A) = β < ∞, then A is a
(α, β)-Koszul algebra;

(2) (α, β)-Koszul algebras with global dimension β (β ≥ 2) are finite di-
mensional Kosul algebras.

Proof. (1) By the assumption, A0 has a minimal graded projective resolution
0 → Pβ → · · · → P1 → P0 → A0 → 0 such that each Pi is generated in
degree i, which completes the proof. For (2), note that the global dimension of
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the (α, β)-Koszul algebras are β, which implies that A0 has a minimal graded
projective resolution 0 → Pβ → · · · → P1 → P0 → A0 → 0 such that each Pi

is generated in degree i. ¤

3.2 The relations between d-Koszul algebras and other
“Koszul-type” algebras

Theorem 3.3. The following statements are true for a graded algebra A:
(1) {d-Koszul algebras} ⊂ {piecewise-Koszul algebras};
(2) {d-Koszul algebras} ⊂ {λ-Koszul algebras};
(3) {d-Koszul algebras} ⊂ {(p, λ)-Koszul algebras};
(4) {d-Koszul algebras} ⊂ {K2-algebras};
(5) {d-Koszul algebras} ⊂ {δ-Koszul algebras};
(6) (α, 1)-Koszul algebras are α + 1-Koszul algebras, and d-Koszul algebras

are (d− 1, 1)-Koszul algebras.
where “⊂” denotes true inclusion.

Proof. (1) By definition, d-Koszul algebras are piecewise-Koszul algebras with
respect to δd

2 and there are many piecewise-Koszul algebras with respect to
δd
>2.

(2) d-Koszul algebras are λ-Koszul algebras with respect to λ(i) = d − 1
for all i ≥ 1 and there are many λ-Koszul algebras with other λ.

(3) d-Koszul algebras are (p, λ)-Koszul algebras with respect to p = 2 and
λ(i) = d− 1 for all i ≥ 1 and there are many (p, λ)-Koszul algebras with other
p and λ.

(4) From [7], we know that a graded algebra A is a d-Koszul algebra if and
only if the Yoneda algebra E(A) is generated in degrees 0, 1, 2 as a graded alge-
bra and Ext2

A(A0, A0) = Ext2
A(A0, A0)−d. Now by the definition of K2-algebra,

we have that a d-Koszul algebra must be a K2-algebra. But conversely, from
[5], we know that there exist a lot of K2-algebras which are not homogeneous,
of course are not d-Koszul.

(5) Note that the Yoneda algebra of a d-Koszul algebra is finitely generated
as a graded algebra, hence d-Koszul algebras are special δ-Koszul algebras.

(6) is obvious. ¤

3.3 The relations between piecewise-Koszul algebras and
other “Koszul-type” algebras

Theorem 3.4. The following statements are true for a graded algebra A:
(1) A finite dimensional piecewise-Koszul algebra A = A0⊕A1⊕· · ·⊕Ad−p+1

with respect to δd
p is a (d−p+1, p−1)-Koszul algebra, and (α, β)-Koszul algebras

are piecewise-Koszul algebras with respect to δα+β
β+1 ;
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(2) {λ-Koszul algebras}∩{piecewise-Koszul algebras} = {d-Koszul algebras};
(3) {piecewise-Koszul algebras} ⊂ {(p, λ)-Koszul algebras};
(4) {K2-algebras} ∩ {piecewise-Koszul algebras} = {d-Koszul algebras};
(5) {piecewise-Koszul algebras} ⊂ {δ-Koszul algebras},
where “⊂” denotes true inclusion.

Proof. (1) is immediate from the definitions of almost Koszul algebras and
piecewise-Koszul algebras.

(2) By Theorem 3.3, {λ-Koszul algebras} ∩ {piecewise-Koszul algebras} ⊇
{d-Koszul algebras}. Conversely, if the graded algebra A is both piecewise-
Koszul and λ-Koszul, then under an easy compare of the generation degree of
the terms in the minimal graded projective resolution of the trivial A-module,
we obtain that p = 2 and λ(i) = d − 1 for all i ≥ 1, which imply that A is a
d-Koszul algebra.

(3) By the definitions, piecewise-Koszul algebras are (p, λ)-Koszul algebras
in the sense of λ(i) = d − p + 1 for all i ≥ 1. Obviously, there exist many
(p, λ)-Koszul algebras with other λ, hence there exist (p, λ)-Koszul algebras
which are not piecewise-Koszul. Therefore, (3) has been proved.

(4) By Theorem 3.3, we have {K2-algebras}∩{piecewise-Koszul algebras} ⊇
{d-Koszul algebras} since d-Koszul algebras are bothK2-algebras and piecewise-
Koszul algebras. Conversely, let A be both a K2-algebra and a piecewise-
Koszul algebra. Then A must be d-homogeneous (d ≥ 2), which implies
that Ext2

A(A0, A0) = Ext2
A(A0, A0)−d. Note that A is a K2-algebra, hence

E(A) = 〈Ext0
A(A0, A0), Ext1

A(A0, A0), Ext2
A(A0, A0)〉. Now combining the re-

sult “a graded algebra A is a d-Koszul algebra if and only if the Yoneda algebra
E(A) is generated in degrees 0, 1, 2 as a graded algebra and Ext2

A(A0, A0) =
Ext2

A(A0, A0)−d”, we have that A is a d-Koszul algebra.
(5) By the definitions of piecewise-Koszul algebras and δ-Koszul algebras,

it is easy to see that condition (1) of Definition 2.6 holds automatically. To
complete the proof, it suffices to show that the Yoneda-Ext algebra E(A) =⊕

n≥0 Extn
A(A0, A0) is finitely generated as a graded algebra, where A is a

piecewise-Koszul algebra. We claim that for all n > p, there must exist integer
i: 0 ≤ i < p, such that δd

p(n) = δd
p(n − i) + δd

p(i). In fact, let n = kp + i,
such integer i will satisfy all the conditions. Now by (Theorem 3.6, [6]), we
are done. ¤

3.4 The relations between almost Koszul algebras and
other “Koszul-type” algebras

Corollary 3.5. The following statements are true for a graded algebra A:
(1) {λ-Koszul algebras}∩{almost Koszul algebras} = {d-Koszul algebras};
(2) {almost Koszul algebras} ⊂ {(p, λ)-Koszul algebras};
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(3) {K2-algebras} ∩ {almost Koszul algebras} = {d-Koszul algebras};
(4) {almost Koszul algebras} ⊂ {δ-Koszul algebras},
where “⊂” denotes true inclusion.

Proof. By Theorem 3.4, almost Koszul algebras are special piecewise-Koszul
algebras, so we omit the proofs since they are similar to those of Theorem
3.4. ¤

3.5 The relations between λ-Koszul algebras and other
“Koszul-type” algebras

Theorem 3.6. The following statements are true for a graded algebra A:
(1) {λ-Koszul algebras} ⊂ {(p, λ)-Koszul algebras};
(2) {K2-algebras} ∩ {λ-Koszul algebras} = {d-Koszul algebras};
(3) {λ-Koszul algebras} ⊂ {δ-Koszul algebras},
where “⊂” denotes true inclusion.

Proof. (1) By the definitions, λ-Koszul algebras are (2, λ)-Koszul algebras.
Obviously, there exist many (p, λ)-Koszul algebras with p 6= 2, hence there
exist (p, λ)-Koszul algebras which are not λ-Koszul. Therefore, (1) has been
proved.

(2) We claim that {K2-algebras}∩{λ-Koszul algebras} ⊆ {d-Koszul algebras}.
In fact, let A be both a K2-algebra and a λ-Koszul algebra. Then A must be
d-homogeneous since λ-Koszul algebras are d-homogeneous (d ≥ 2), which im-
plies that Ext2

A(A0, A0) = Ext2
A(A0, A0)−d. Note that A is a K2-algebra, hence

the Yoneda algebra E(A) can be generated by Ext0
A(A0, A0), Ext1

A(A0, A0) and
Ext2

A(A0, A0) Thus A is a d-Koszul algebra.
(3) It suffices to show that the Yoneda algebra E(A) =

⊕
n≥0 Extn

A(A0, A0)
is finitely generated as a graded algebra, where A is a λ-Koszul algebra. Ob-
viously, for all n > 2|λ|, there must exist integer i: 0 ≤ i < 2|λ|, such that
δλ(n) = δλ(n− i) + δλ(i). Now by (Theorem 3.6, [6]), we are done. ¤

3.6 The relations between (p, λ)-Koszul algebras and other
“Koszul-type” algebras

Theorem 3.7. The following statements are true for a graded algebra A:
(1) {K2-algebras} ∩ {(p, λ)-Koszul algebras} = {d-Koszul algebras};
(2) {(p, λ)-Koszul algebras} ⊂ {δ-Koszul algebras},
where “⊂” denotes true inclusion.

Proof. (1) It suffices to show that {K2-algebras} ∩ {(p, λ)-Koszul algebras} ⊆
{d-Koszul algebras} since d-Koszul algebras are both K2-algebras and (p, λ)-
Koszul algebras by Theorem 3.3. In fact, let A be both a K2-algebra and a
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(p, λ)-Koszul algebra. Then A must be d-homogeneous since (p, λ)-Koszul
algebras are d-homogeneous (d ≥ 2), which implies that Ext2

A(A0, A0) =
Ext2

A(A0, A0)−d. Note that A is a K2-algebra, hence the Yoneda algebra E(A)
can be generated by Ext0

A(A0, A0), Ext1
A(A0, A0) and Ext2

A(A0, A0) Thus A is
a d-Koszul algebra.

(2) It suffices to show that the Yoneda algebra E(A) =
⊕

n≥0 Extn
A(A0, A0)

is finitely generated as a graded algebra, where A is a (p, λ)-Koszul algebra.
Obviously, for all n > p|λ|, there must exist integer i: 0 ≤ i < p|λ|, such that
δp
λ(n) = δp

λ(n− i) + δp
λ(i). Now by (Theorem 3.6, [6]), we are done. ¤
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