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1. Introduction

Császár introduce in [6],[7],[8] and [9] the concept of generalized topology
and associated notions. Later, he introduces the notion of generalized topol-
ogy on a Cartesian product of sets and obtained several properties of it [9]).
Carpintero, Rosas and Sanabria introduced ([4]) a new class of associated op-
erators on the product topology in which each factor of the product space has
an associated operator to the respective topology. In this work, we charac-
terize the finitely inadmissible collections of subsets in the Cartesian product.
Also, we study the Cartesian product of γ-compact and the Cartesian prod-
uct of γ-semi compact spaces according to [9] and [4]. As a consequence, we
obtain a general framework which allows us to derive in a unified way many
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results about of generalized compactness in the Cartesian product of general-
ized topologies.

2. Preliminary

In this section, we recall some concepts and basic results defined by Császár
in [6],[7],[8] and [9].

Let X be a nonempty set and we denote by exp X its power set. A collection
μ ⊆ expX of subsets of X is said to be a generalized topology on X (briefly a
GT on X) if ∅ ∈ μ and an arbitrary union of elements of μ belongs to μ (In
general X /∈ μ. If X ∈ μ, μ is said to be a strong GT on X). The elements of
μ are said to be μ-pen set, their complements μ-closed sets .

Let B ⊆ expX satisfy ∅ ∈ B. Then all unions of some elements of B
constitute a GT μ(B), and B is said to be a base for μ(B).

Given a GT μ on X, Császár ([6], [7]) define mappings iμ, cμ : exp(X) →
exp(X) as follows:

iμA =
⋃

{B ∈ μ : B ⊆ A},
cμA =

⋂
{C : X − C ∈ μ, C ⊇ A}.

Observe that iμA is the largest μ-open subset of A, and cμA is the smallest
μ-closed subset of X containing A. In the following lemmas several properties
of iμ, cμ : exp(X) → exp(X) are considered (see [6, Lemmas 1.1, 1.4]).

Lemma 2.1. The operation iμ : exp(X) → exp(X) fulfils:

(i) A ⊆ B ⊆ X implies iμA ⊆ iμB;
(ii) iμA ⊆ A;
(iii) iμiμA = iμA.

Lemma 2.2. For cμ : exp(X) → exp(X), we have:

(i) A ⊆ B ⊆ X implies cμA ⊆ cμB;
(ii) cμA ⊆ A;
(iii) cμcμA = cμA.

Also, we have the followings characterizations.

Lemma 2.3. Let μ be a GT on a set X. Then:

(i) x ∈ iμA if and only if there exists M ∈ μ such that x ∈ M ⊆ A;
(ii) x ∈ cμA if and only if x ∈ M ∈ μ implies M ∩ A �= ∅
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In [7], Császár considered several collections of expX for a given GT μ on
X.

σ(μ) = {A ∈ expX : A ⊆ cμiμA},(1)

π(μ) = {A ∈ expX : A ⊆ iμcμA},(2)

α(μ) = {A ∈ expX : A ⊆ iμcμiμA},(3)

β(μ) = {A ∈ expX : A ⊆ cμiμcμA},(4)

ζ(μ) = {A ∈ expX : A ⊆ cμiμA ∪ iμcμA}.(5)

When μ is a topology on X, the elements of σ(μ), (respectively π(μ), α(μ),
β(μ), ζ(μ)) are said to be semi-open, (respectively preopen, β-open, b-open).

According Császár ([9]), if K �= ∅ is an index set, Xk �= ∅ for k ∈ K, and
X = Πk∈KXk the Cartesian product of the set Xk. Suppose that, for k ∈ K,
μk is a given GT on Xk. Let us consider all sets of the form Πk∈KMk where
Mk ∈ μk and, with the exception of a finite number of indices k, Mk = Mμk

.
We denote by B the collection of all these sets, and we define a GT μ = μ(B)
having B for base. We call μ the product of the GT’s μk and denote it by
Pk∈Kμk.

Remark 2.4. Let pk be the kth projection pk : X → Xk. For a given k and
Mk ∈ μk, we denote < Mk >= p−1

k (Mk); this is the ”slab” in X = Πk∈KXk

where each factor is Xk except the kth, which is Mk. Similarly, for finitely
many indices k1, ... kn in K and sets Mk1 ∈ μk1, ... Mkn ∈ μkn, the subset

< Mk1 > ∩ ...∩ < Mkn >= p−1
k1

(Mk1) ∩ ... ∩ p−1
kn

(Mkn) =

n⋂

i=1

p−1
ki

(Mki
),

is denoted by < Mk1 ... Mkn > (see [11]). So, all unions of subsets of the
form < Mk1 ... Mkn > above defined constitute B for μ = Pk∈Kμk. Moreover,
if x ∈ M ∈ Pk∈Kμk there exists a subset < Mk1 ... Mkn >, such that x ∈<
Mk1 ... Mkn >⊆ M . Equivalently, if M ∈ Pk∈Kμk then M =

⋃
i∈I Gi (I being

a non empty set of indices), where Gi =
⋂

r∈J(i) p−1
r (M i

r), J(i) being a finite

subset of K for all i ∈ I, and M i
r being a γr-open set in the rth factor Xr, for

any r ∈ J(i) and i ∈ I.

We shall refer to [9] for more details and results concerning the product of
generalized topologies.

3. γ-open and γ-semi open sets in GT’s

In this section, we consider the notion of operator (or operation) on a set, and
the notions of γ-open and γ-sets in generalized topology. Also, we introduce a
new class of operation associated with the product of GT’s, in order to obtain
extension of the results given by Carpintero, Rosas and Sanabria (see [5]) in
the framework of GT’s.
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Let X be a nonempty set, and γ : exp X → exp X a mapping. We call
γ : exp X → exp X an operation on X ([5],[9]) if it is monotone (i.e A ⊆ B
implies γ(A) ⊆ γ(B)). If both γ and γ′ are operations, then by composition
we can obtain the operation γ ◦ γ′ (or simply γγ′ instead γ ◦ γ′).

Given a GT μ on a set X, we can obtain important special cases of op-
erations when γ is taken as follows: γ = cμ, γ = iμ, and its compositions
γ = cμiμ, iμcμ, iμcμiμ, cμiμcμ.

Considering an operation γ on the set, Császár [6], [8] introduced the notion
of γ-open sets. A subset A ⊆ X is said to be γ-open set, if A ⊆ γ(A). A
large literature is devoted to γ-open sets if μ is a GT on X and γ is taking
as cμiμ, (respectively iμcμ,iμcμiμ,cμiμcμ or cμiμ(A) ∪ iμcμ(A)), the collection of
the corresponding γ-open sets is σ(μ), (respectively π(μ), α(μ), β(μ), ζ(μ)).

The following lemma shows the behavior of γ-open sets under the union of
sets.

Lemma 3.1. [6]Let X be a nonempty set and μ be a GT on X. If γ : expX →
exp X is an operation and {Ai : i ∈ I} is a collection of γ-open sets in X,

then the union
⋃

i∈I

Ai is a γ-open set in X.

In a natural way, we can introduce the γ-semi open sets.

Definition 3.2. Let X be a nonempty set, μ be a GT on X, and γ : expX →
exp X be an operation. A subset A ⊆ X is said to be γ-semi open set, if
M ⊆ A ⊆ γ(A), for some M ∈ μ.

Now, we introduce the following generalization of the notion of associated
operator to a topology in the GT’s.

Definition 3.3. Let X be a nonempty set and μ be a GT on X. An operation
γ : expX → exp X is said to be associated to μ if M ⊆ γ(M), for all M ∈ μ.

Observe that for an operation γ : expX → exp X, each γ-semi open set is a
γ-open set. In fact, A γ-semi open implies that, there exists an μ-open set M
such that M ⊆ A ⊆ γ(M). Since γ is monotone, A ⊆ γ(M) ⊆ γ(A). In gen-
eral,
γ-open does not implies that γ-semi open. However, we have the following
equivalence.

The following example show that γ-open set does not γ-semi open set.

Example 3.4. Let {a, b, c, d}. Define a GT as follows μ = {∅, {a}, {c},
{a, b}, {a, c}, {a, b, c}}. Let γ defined as γ(M) = cμM . Then, we have {b, c} is
γ-
open set but not γ-semi open set.
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Theorem 3.5. Let X be a nonempty set, μ be a GT on X and γ : exp X →
exp X be an operation. Then, A ⊆ X is an γ-semi open set if and only if A is
an γ′-open set, where γ′ := γiμ.

Proof. Necessity. Suppose that A is an γ-semi open set. Then, we have M ⊆
A ⊆ γ(M) such that M ∈ μ. Since γ is monotone, we obtain A ⊆ γ((iμ(A)).
Thus, A is an γ′ = γiμ-open set.

Sufficiency. This is immediate consequence of Definition 3.2, since iμ(A)) is
μ-
open set.

From Theorem 3.5 and Lemma 3.1, we have Lemma 3.6 as follows:

Lemma 3.6. Let X be a nonempty set and let μ a GT on X. If γ : expX →
exp X be an operation and {Ai : i ∈ I} is a collection of γ-semi open sets in

X, then the union
⋃

i∈I

Ai is a γ-semi open set in X.

Remark 3.7. By the Lemma 3.1 the collection of γ-open sets is an GT on X.
Similarly, by the Lemma 3.5, the collection of γ-semi open sets is an GT on
X.

We now define a class of operations on the product of generalized topologies.

Definition 3.8. Let K �= ∅ be an index set. Suppose that, for each k ∈ K μk

are given a GT on Xk �= ∅ and an operation γk : exp Xk → expXk on Xk. An
operation γ : exp X → expX on X =

∏
k∈K Xk, is said to be compatible with

{γk}k∈K, if

γ(< Mk1 ... Mkn >) =< γk1(Mk1) ... γkn(Mkn) >,

for each member < Mk1 ... Mkn > in the base of μ = Pk∈Kμk.

Let K �= ∅ be an index set. Suppose that μk is given a GT on Xk �= ∅,
for each k ∈ K and considering μ = Pk∈Kμk on X =

∏
k∈K Xk. Let us write

i = iμ, c = cμ, ik = iμk
and ck = cμk

.

In the following example, we shows important cases of operations on the pro-
duct compatible with the operations on its factors.

Example 3.9. Let be

γk = ck (resp., ik, ckik, ikck, ikckik, ckikck).

for each k ∈ K. Then, acoording to Propositions 2.2 and 2.3 in [9]

γ = c (resp., i, ci, ic, ici, cic),

is in each case an operation on X compatible with the γ
′
ks.
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By means of class of operations above defined, we can obtain important
relationships between the structure of the γ-semi open (resp,. γ-open) sets in
the product and the structure of the γk-semi open (resp,. γk-open) sets in each
of its factors Xk.

Lemma 3.10. Let K �= ∅ be an index set. Suppose that, for each k ∈ K, a GT
μk on Xk �= ∅ and an operation γk : expXk → exp Xk on Xk, associated to μk,
are given. Suppose that γ : exp X → exp X is an operation on X =

∏
k∈K Xk,

associated to μ = Pk∈Kμk and compatible with {γk}k∈K, such that γ(∅) = ∅. If
∅ �= ∏

k∈K Ak, Ak ⊆ Xk, is a γ-semi open set in X, then Ak is γk-semi open
set in Xk for each k ∈ K.

Proof. Suppose that ∅ �= ∏
k∈K Ak is a γ-semi open set in X. Then there

exists an μ-open set M ⊆ X such that M ⊆ ∏
k∈K Ak ⊆ γ(M). It is clear

that M �= ∅ because if M = ∅. Then ∅ �= ∏
k∈K Ak ⊆ γ(∅) = ∅, this is

impossible by the hypothesis. Let pk : X → Xk be the kth projection. Then
pk(M) ⊆ pk(

∏
k∈K Ak) = Ak. Hence pk(M) ⊆ Ak, for each k ∈ K. On the

other hand, for all k ∈ K we have

M ⊆
∏

k∈K

pk(M) ⊆< pk(M) > .

By hypothesis γ is monotone and compatible with {γk}k∈K . Since pk : X → Xk

is (μ, μk)-open (see [9, Proposition 2.4]), pk(M) ∈ μk for all k ∈ K, so we obtain
∏

k∈K

Ak ⊆ γ(M) ⊆ γ(< pk(M) >) =< γk(pk(M)) > .

This implies that Ak ⊆ γk(pk(M)) for each k ∈ K.

By the above argument, we see that there exists an γk-open set pk(M) ⊆ Xk

which satisfies
pk(M) ⊆ Ak ⊆ γk(pk(M)),

from which we conclude that each Ak is an γk-semi open set in Xk.

Corollary 3.11. Under the hypothesis of Lemma 3.10, if the product
∏

k∈K Ak,
is a nonempty proper subset and γ-semi open set of X, then there exists a finite
subset {k1, k2, ..., kn} ⊆ K such that the γk-semi open sets Ak are distint from
Xk, for each k ∈ {k1, k2, ..., kn}.
Proof. By hypothesis there exists an μ-open set ∅ �= M ⊆ X such that

M ⊆
∏

k∈K

Ak ⊆ γ(M).

Consequently there exists a point x ∈ M and a basic set < Mk1 ... Mkn > in
μ = Pk∈Kμk, such that

x ∈< Mk1 ... Mkn >⊆ M ⊆
∏

k∈K

Ak ⊆ γ(M).
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It follows that x ∈< Mk1 ... Mkn >⊆ ∏
k∈K Ak. But this implies that Xk = Ak,

for each k /∈ {k1, k2, ..., kn}.
Theorem 3.12. Let K �= ∅ be an index set. Suppose that a GT μk on Xk �= ∅
for each k ∈ K and an operation γk : expXk → exp Xk on Xk, associated to μk,
are given. Suppose that γ : exp X → exp X is an operation on X =

∏
k∈K Xk,

associated to μ = Pk∈Kμk and compatible with {γk}k∈K, such that γ(∅) = ∅.
Then

< Ak1 , Ak2 , ... Akn > is γ-semi open ⇔ Aki
is γki

-semi open, i = 1, ..., n.

Proof. (Sufficience). It follows from Lemma 3.10.

(Necessity)Let Aki
, Aki

�= Xki
, be a γki

-semi open set in Xki
for each i ∈

{1, 2, ..., n}. By hypothesis, there exists μki
-open sets Mki

⊆ Xki
such that

Mki
⊆ Aki

⊆ γki
(Mki

), for i = 1, ..., n. Note that from Mki
⊆ Aki

�= Xki
, we

obtain that Mki
�= Xki

for i ∈ {1, 2, ..., n}. Therefore

< Mk1, Mk2 , ... Mkn > ⊆ < Ak1 , Ak2 , ... Akn >

⊆ < μk1(Mk1), μk2(Mk2), ... μkn(Mkn) >,

from which we obtain that

< Mk1 , Mk2 , ... Mkn >⊆< Ak1 , Ak2 , ... Akn >⊆ γ(< Mk1 , Mk2 , ... Mkn >).

Thus < Ak1 , Ak2, ... Akn > is μ-semi open set.

Remark 3.13. In the Theorem 3.12, we obtain a generalization of the results
proved by Carpintero, Rosas and Sanabria (Lemmas 2.1, 2.2 and Theorem 2.3
in
[4]). Moreover, the above result implies Proposition 2.7 in [9], proved by
Császár under the assumption that every μk is strong. Obviously, in the proof
of the Theorem 3.12 this hypothesis is unnecessary.

Theorem 3.14. Let K �= ∅ be an index set. Suppose that, for each k ∈ K, a
GT μk on Xk �= ∅ and an operation γk : expXk → expXk on Xk, associated
to μk, are given. Suppose that γ : exp X → exp X is an operation on X =∏

k∈K Xk, associated to μ = Pk∈Kμk and compatible with {γk}k∈K such that
γ(∅) = ∅, then for all k ∈ K we have:

(i) p−1
k (Mk) is γ-semi open in X, if Mk is γk-semi open in Xk;

(ii) pk(V ) is γk-semi open in Xk, if V is γ-semi open in X.

Proof.
(i) Follows from the Theorem 3.12.

(ii) Suppose that V is a γ-semi open set in
∏

k∈K Xi. Then there exists an
γ-open set M ⊆ ∏

k∈K Xk such that M ⊆ V ⊆ γ(M). If M = ∅, then

∅ = pk(∅) = pk(M) ⊆ pk(V ) ⊆ pk(γ(M)) = pk(γ(∅)) = pk(∅) = ∅.
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So pk(V ) = ∅, and trivially pk(V ) is γk-semi open in Xk. On the other hand, if
M �= ∅, then M =

⋃
i∈I Gi (I a non empty set of indices) since M is a γ-open

set in
∏

k∈K Xk, , where Gi =
⋂

r∈J(i) p−1
r (M i

r), being J(i) a finite subset of K

for all i ∈ I, and M i
r be a γr-open set in the rth factor Xr, for any r ∈ J(i)

and i ∈ I. Now, for each i ∈ I, we have that either
(a) exists i0 ∈ I such that k /∈ J(i0), or (b) k ∈ J(i) for all i ∈ I.
In case (a), we observe that Gi0 ⊆ ⋃

i∈I Gi = M , then pk(Gi0) ⊆ pk(M).
But, pk(Gi0) = pk(

⋂
r∈J(i0) p−1

r (M i0
r )) = Xk, because i �= r for all r ∈ J(i0).

Thus pk(Gi0) = Xk, from this and by inclusion M ⊆ V , it then follows that

Xk = pk(γ(Gi0)) ⊆ pk(
⋃

i∈i

Gi) = pk(M) ⊆ pk(V ) ⊆ Xk,

hence pk(V ) = Xk. Therefore pk(V ) is γk-semi open in Xk. In case (b), observe
that

pk(Gi) = pk(
⋂

r∈J(i)

p−1
r (Mk

r )) = M i
r , ∀i ∈ I,

since k ∈ J(i), for all i ∈ I. Then,

pk(M) = pk(
⋃

i∈I

Gi) =
⋃

i∈I

pk(Gi) =
⋃

i∈I

M i
r.

Thus,
⋃

i∈I M i
r = pk(M) ⊆ pk(V ). Observe that

M ⊆
∏

k∈K

pk(M) ⊆< pk(M) >,

M is a γ-open set, pk is a (μ, μk)-open (see [9, Proposition 2.4]) and γ is a
monotone associated operation compatible with {γk}, we obtain that

V ⊆ γ(M) ⊆< γk(pk(M)) >=< γk(pk(
⋃

i∈I

U i
r))) > .

In consequence,

pk(V ) ⊆ pk(< γk(pk(
⋃

i∈I

M i
r))) >) = γk(pk(

⋃

i∈I

M i
r))).

Thus,
⋃

i∈I U i
r ⊆ pk(V ) ⊆ γk(

⋃
i∈I M i

r), hence pk(V ) is a γk-semi open set in
Xk.

Remark 3.15. In the Theorem 3.13, we obtain extensions of Proposition 2.4 in
[9] and Proposition 2.7 in [9], which are particular cases of Theorem 3.12, by
taking γ(A) = A, for all A ⊆ X, and γk(Ak) for Ak ⊆ Xk.
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4. Inadmissible Families and Products

In this section we summarized some terminology and results concerning
finitely inadmissible families. Also we give characterizations for those finitely
inadmissible families in a Cartesian product of sets.

Recall that a collection A of subsets of a set X �= ∅, is said to be an
inadmissible (or inadequate) [23] if A fails to covers X. A is said to be finitely
inadmissible (or finitely inadequate) family, briefly f.i, if no finite subcollection
of A covers X.

The property of being finitely inadmissible satisfies the following conditions.

Lemma 4.1. [15] Let X be a nonempty set and let A be a nonempty collection
of subsets of X. The following assertions hold:

(i) If A is f.i, then A has finite character;
(ii) If A is f.i and A ⊆ X, then either A ∪ {A} or A ∪ {X \ A} is f.i.

Using the Tukey’s Lemma, or equivalently, the axiom of choice, we obtain
the following result.

Lemma 4.2. Let A be a f.i family of subsets of X. Then:

(i) There exists a f.i family A+ of subsets of X such that, A ⊆ A+ and A+

is maximal with respect to the partial order

A ≺ A′ if and only if A ⊆ A′,

defined on the class of all f.i families of subsets of X containing A.
(ii) If A /∈ A+ and A ⊆ A′, then A′ /∈ A+

Proof.
(i) It is a direct consequence of Tukey’s Lemma, or the axiom of choice (see

[4],[15]).

(ii) If A /∈ A+, from the maximality of A+, it follows that A+∪{A} is not f.i.
By the Lemma 4.1, either A+ ∪{A} or A+ ∪{X \A} is f.i. If A+ ∪{A} is not
f.i, then A+∪{X \A} is f.i. Since A ⊆ A′, then X = A∪(X \A) ⊆ A′∪(X \A).
We have X = A′ ∪ (X \A). In consequence, if A′ ∈ A+ then A+ ∪ {X \A} is
not f.i, but it is impossible. Thus A′ /∈ A+.

Applying this lemma, we obtain the following result.

Lemma 4.3. Let X be a nonempty set. If A′ and A are families of subsets of
X such that, A′ ⊆ A and each member of A is a superset of some member of
A′. Then, A contains a f.i subfamily if and only if A′ contains a f.i subfamily

Proof.
(Sufficiency). Suppose that A contains a f.i subfamily B. By hypothesis,

for each B ∈ B, B ∈ A and there exists A′ ∈ A′ such that A′ ⊆ B. If
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B+ is the maximal f.i family corresponding to the collection B, then we have
A′ ⊆ B ∈ B ⊆ B+ from the Lemma 4.1. Thus, A′ ⊆ B and B ∈ B+. By part
(ii) of the Lemma 3.1, necessarily A′ ∈ B+. Hence there exists A′ ∈ B+ ∩ A′,
for all B ∈ B. On the other hand, B+ ∩ A′ ⊆ B+ and B+ is f.i, then B+ ∩ A′

is f.i. Therefore B′ = B+ ∩ A′, thus B′ ⊆ A′ and B′ is f.i.

(Necessity). It is obvious since A′ ⊆ A.

Let K �= ∅ be an index set. Suppose that a nonempty collection Ak of
subsets of a set Xk for each k ∈ K is given. Now we consider the following
subcollections of Cartesian product

∏
k∈K Xk of the sets Xk.

i)
∨

k∈K Ak denotes the collection of all subset V ⊆ ∏
k∈K Xk, such that

there exists k ∈ K and Uk ∈ Ak for which p−1
k (Uk) ⊆ V ,

ii)
∧

k∈K Ak denotes the collection of all subset of Cartesian product
∏

k∈K Xk,

whose members are union of sets of the form p−1
k (Uk), where Uk ∈ Ak and

k ∈ K.

Trivially
∧

k∈K Ak ⊆ ∨
k∈K Ak, but not necessarily

∧
k∈K Ak =

∨
k∈K Ak.

For the collections above defined, using the Lemma 4.3, we obtain the following
result.

Lemma 4.4.
∨

k∈K Ak (resp.,
∧

k∈K Ak) contains a f.i subfamily if and only
if, for some k ∈ K, Ak contains a f.i subfamily.

Proof.
(Sufficiency) Suppose that

∨
k∈K Ak contains a f.i family and for each k ∈ K,

the collection Ak does not contain any f.i subfamily. By definition of
∨

k∈K Ak

and Lemma 4.3, there exists a subcollection C, whose members are of type
p−1

k (Uk), with Uk ∈ Ak and k ∈ K, such that C does not contain any finite
subcollection that covers

∏
k∈K Xk. For each k ∈ K, consider

Ck = {Uk : Uk ∈ Ak y p−1
k (Uk) ∈ C}.

Observe that Ck ⊆ Ak, and by hypothesis Ak does not contain any f.i subfamily,
so there exists a finite subcollection {Uk1, Uk2 , ..., Ukn} of Ck such that Xk =⋃n

i=1 Uki
. Then,

∏

k∈K

Xk = p−1
k (Xk) = p−1

k (

n⋃

i=1

Uki
) =

n⋃

i=1

p−1
k (Uik).

Hence
∏

k∈K Xk =
⋃n

i=1 p−1
k (Uki

), but it is impossible because p−1
k (Uki

) ∈ C,
for all i = 1, 2, ..., n and k ∈ K.

(Necessity) Suppose that any subfamily of
∨

k∈K Ak is not f.i. For each

k ∈ K and for all subcollection Bk ⊆ Ak, trivially, we have that {p−1
k (Uk) :

Uk ∈ Bk} is a subcollection of
∨

k∈K Ak. By hypothesis, there exists a finite
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subcollection {Bk1, Bk2 , ..., Bkn} ⊆ Bk, such that
∏

k∈K Xk =
⋃n

i=1 p−1
k (Bki

).
From this equality, since pk is onto, it follows that

Xk = pk(
∏

k∈K

Xk) = pk(
n⋃

i=1

p−1
k (Bki

)) =
n⋃

i=1

pk(p
−1
k (Bki

)) =
n⋃

i=1

Bki
.

Thus Xk =
⋃n

i=1 Bki
, this implies that Bk is not f.i. Therefore Ak does not

contain any f.i subfamily.

In the case of
∧

k∈K Ak. Observe that
∧

k∈K Ak ⊆ ∨
k∈K Ak, and by Lemma

4.3,
∧

k∈K Ak contains a f.i subcollection if and only if
∨

k∈K Ak contains a
f.i subcollection. But, by the above proof we conclude that there exists an
collection Ak which contains a f.i subfamily.

In the next theorem, we get the following generalization of Lemma 4.4.

Theorem 4.5. If A ⊆ P (
∏

k∈K Xi) and Ak ⊆ P (Xk), for all k ∈ K, are
collections that satisfying the following conditions:

i) p−1
k (Uk) ∈ A, ∀U ∈ Ak, ∀k ∈ K,

ii) pk(V ) ∈ Ak, ∀V ∈ A, k ∈ K,
iii) A is stable for the union of sets.

Then, A contains a f.i subfamily if and only if Ak contains a f.i subcollection,
for some k ∈ K

Proof.
(Sufficiency) Suppose that A contains a f.i subfamily B. Then, for any

finite subcollection {B1, B2, ..., Bn} ⊆ B,
∏

k∈K Xk �= ⋃n
i=1 Bi. Thus, there

exists an element x = (xk)k∈K ∈ ∏
k∈K Xk such that, x /∈ ⋃n

i=1 Bi. From
this, it follows that for all element y = (yk)k∈K ∈ ⋃n

i=1 Bi, x �= y. Hence,
there exists k0 ∈ K such that xk0 �= yk0 = pk0(y). Then xk0 �= pk0(y), for
all y ∈ ⋃n

i=1 Bi, this implies that xk0 /∈ pk0(
⋃n

k=1 Bi) =
⋃n

i=1 pk0(Bi). In
consequence, Xk0 �= ⋃n

i=1 pk0(Bi), from which we conclude, by hypothesis ii),
that {pk0(B1), pk0(B2), ..., pk0(Bn)} ⊆ Ak0 is f.i.

(Necessity) Suppose that Ak, k ∈ K, contains a f.i subcollection. By Lemma
4.4, we have that

∧
k∈K Ak contains a f.i subcollection. From the hypothesis

i) and iii), it follows that
∧

k∈K Ak ⊆ B, so B contains a f.i subfamily.

Observe that if A contains a subcollection B, such that B is non-inadmissible
and B is f.i. Following the proof of previous theorem, it easy to see that for
some k0 ∈ K, the collection {pk0(B) : B ∈ B} ⊆ Ak0 is f.i. On the other hand
Xk0 =

⋃
B∈B pk0(B), because

∏
k∈K Xk =

⋃
B∈B B, so {pk0(B) : B ∈ B} ⊆ Ak0

is non-inadmissible and f.i. Conversely, if for some k ∈ K, Ak contains a
non-inadmissible and f.i subcollection Bk. From this, and by hypothesis i), A
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contains a f.i collection B = {p−1
k (B) : B ∈ Bk}. Moreover,

∏

k∈K

Xk = p−1
k (Xk) = p−1

k (
⋃

B∈Bk

B) =
⋃

B∈Bk

p−1
k (B),

then B = {p−1
k (B) : B ∈ Bk} is non-inadmissible. Thus we get the following

result.

Theorem 4.6. Under the hypothesis of Theorem 4.5, we have
A contains a non inadmissible and f.i subcollection if and only if Ak contains
a non inadmissible and f.i subcollection, for some k ∈ K.

Remark 4.7. In the above Theorem, if A is a GT on
∏

k∈K Xk, then the con-
dition, A is stable for the union of sets, is unnecessary.

5. Compactness in Generalized Spaces and some applications

In this section we introduce a new form of generalized compactness with
respect to a GT on a set. Hence, we obtain a general framework which allows
us to derive in a unified way many recent results, concerning the compactness in
a product of generalized topologies, product of γ-compact spaces and product
of γ-semi compact spaces.

Császár [8], was considered the following notion as an analogue of the con-
cept of compactness.

Definition 5.1. Let X be a nonempty set, and γ : exp X → expX be an
operation. X is said to be γ-compact space if each cover of X composed of
γ-open sets has a finite subcover.

In the following definition, we give another analogue notion of the concept
of compactness.

Definition 5.2. Let X be a nonempty set, μ be a GT on X, and γ : expX →
exp X an operation. X is said to be γ-semi compact space if each cover of X
composed of γ-semi open sets has a finite subcover.

We introduce in the following definition which is more general notion from
the two definitions above on compactness.

Definition 5.3. Let X be a nonempty set and μ be a GT on X. X is said to
be μ-compact if every f.i collection of μ-open subsets of X is inadmissible.

The following characterization constitute a generalized version of the Alexan-
der Lemma, for μ-compactness in the context of GT’s.

Theorem 5.4. Let X be a nonempty set, and μ = μ(B) a GT on X having
B for base. Then X is μ-compact if and only if every f.i collection of subsets
of B is inadmissible.
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By Theorem 4.6, we obtain the following generalized version of the Tychonoff
Theorem for μ-compactness in the GT’s.

Theorem 5.5. Let K �= ∅ be an index set. Suppose that, for each k ∈ K, a
GT on Xk �= ∅ is given. Suppose that μ is a GT on X =

∏
k∈K Xk �= ∅, such

that

(i) p−1
k (Mk) ∈ μ, if Mk ∈ μk and k ∈ K;

(ii) pk(M) ∈ μk, if M ∈ μ and k ∈ K.

Then, X is μ-compact if and only if each Xk is μk-compact.

By Theorem 5.5 and Theorem 3.13, we have the following interesting corol-
lary

Corollary 5.6. Let K �= ∅ be an index set. Suppose that, for each k ∈ K, a
GT on Xk �= ∅ is given. Let μ = Pk∈Kμk be the product of the GT’s μk. Then,
X is μ-compact if and only if each Xk is μk-compact.

According to the Lemma 3.6, the collection of the γ-semi open sets is a GT
on a set X. Moreover, the Theorem 3.14, shows that collection of the γ-semi
open sets in a Cartesian product, satisfy the conditions (i) and (ii) in the
Theorem 5.5, if we consider in each of its factor the collection of the γk-semi
open sets. Thus, we have the next result.

Theorem 5.7. Let K �= ∅ be an index set. Suppose that, for each k ∈ K, a
GT on Xk �= ∅ and the operation γk : exp Xk → exp Xk on Xk associated to μk

are given. Suppose that γ : exp X → exp X is an operation on X =
∏

k∈K Xk,
associated to μ = Pk∈Kμk and compatible with {γk}k∈K, such that γ(∅) = ∅.
Then, X is γ-semi compact if and only if each Xk is γk-semi compact.

In the above theorem, if we choose the operations γ and γk in adequate form,
we obtain many different forms of generalized compactness. The following
special cases have been introduced in the literature (see [8],[9]). When γ is
taken as cμiμ, (respectively iμcμ,iμcμiμ,cμiμcμ), the corresponding notion of
γ-semi compactness is semi-compactness, (respectively strongly compactness,
α-compactness, β-compactness).

It is easy to see that if γ : exp X → exp X is an operation on X =
∏

k∈K Xk,
associated to μ = Pk∈Kμk and compatible with {γk}k∈K , such that γ(∅) = ∅.
Then γiμ : exp X → expX is an operation on X =

∏
k∈K Xk, associated to

μ = Pk∈Kμk and compatible with {γkik}k∈K, also γiμ(∅) = ∅. So, by using
Theorem 3.5, we have the following result.

Corollary 5.8.
(i) A nonempty product space is semi compact iff each factor space is semi

compact;
(ii) A nonempty product space is α-compact iff each factor space is α-compact.
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Ganster, Janković and Reilly obtain (see [14]) that a topological space (X, τ)
is semi-compact if and only if (X, τα) is hereditarly compact, using the notion
of hereditarly compact introduced by Stone (see [22]). By this result and the
previous Corollary, we obtain a corollary as follows.

Corollary 5.9. A nonempty product space is hereditarly compact if and only
if each factor space is hereditarly compact.

Remark 5.10. The notions of semi-compactness, α-compactness and heredi-
tarly compact have been studied by many mathematicians in topological spaces
(particular case of a GT). In the literature a few results about product of these
notions are known.
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