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Abstract

In this paper we introduce a expansion method for solution of car-
leman’s equation, in this method we expand the known function as a
Maclaurin series and convert the solution into linear combination of
some elements. we proved this linear combination is uniformly conver-
gence to the analytic solution. If the known function be a polynomial
then we have exact solution.
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1 Introduction

In the theory of scattering of acoustic, electromagnetic, and earthquake waves
by cylinders, infinite strips, and slits there arises a kind of weakly singular
integral equations which is easily inverted as [8]

a∫
−a

ln |x − t| g(t)dt = f(x) |x| < a, a �= 2. (1)
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Where g(t) is unknown and f(x) is known functions. Solution of (1) is[9],[2]

g(x) =
1

π2

a∫
−a

√
a2 − t2

a2 − x2

f
′
(t)dt

t − x
+

1

π2 ln(
a

2
)
√

a2 − x2

a∫
−a

f(t)dt√
a2 − t2

. (2)

Integral equations with logarithmic kernels also arise in the boundary value
problems for two-dimensional configurations [4, 5, 6, 7] and arised in plane elas-
ticity crack problem, the dislocation distribution is taken as unknown function,
and resultant force as the right hand term [1].
In this paper we consider f(x) ∈ C∞[−a, a], and after expanding it in the form
of Maclaurin series, substitute in equation (2) and split that integrals into some
elements. In section 2 we evaluated these elements. Analytic and approximate
solution in the form of series are obtained in section 3. Convergence of the
mentioned series are discussed in section 4. Exact solution when the known
function be a polynomial found in section 5.

2 Recurrence relations

Let wn =

a∫
−a

tndt√
a2 − t2

, then obviously

wn =

⎧⎨
⎩
(a

2

)2k
(

2k

k

)
π, n = 2k,

0, n = 2k + 1.
(3)

Lemma 1 Let In(x) =

a∫
−a

tndt√
a2 − t2(x − t)

then

In(x) = −π

[
xn−1 +

m∑
j=1

(a

2

)2j
(

2j

j

)
xn−2j−1

]

Where m = n
2
−1 for n even, and m = n−1

2
for n odd. and recurrence relations

I2k+1(x) = xI2k(x) − w2k,

I2k(x) = xI2k−1(x).

Proof: In(x) can be written as

In(x) =

a∫
−a

tn − xn

√
a2 − t2(x − t)

dt +

a∫
−a

xndt√
a2 − t2(x − t)

. (4)
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It is known that (see [3]),∫
dt√

a2 − t2(x − t)
=

1√
a2 − t2

ln

∣∣∣∣t
√

a2 − x2 − x
√

a2 − t2√
a2 − x2 +

√
a2 − t2

∣∣∣∣ + c (5)

From (5) it follows that the second integral is zero for x ∈ (−a, a). Now using
(3) and factorizing (x − t) in the first integral of (4) we get

In(x) = −
⎛
⎝xn−1

a∫
−a

dt√
a2 − t2

+ xn−2

a∫
−a

tdt√
a2 − t2

+

· · · +x

a∫
−a

tn−2dt√
a2 − x2

+

a∫
−a

tn−1dt√
a2 − x2

⎞
⎠

= − (xn−1w0 + xn−2w1 + · · ·+ xwn−2 + wn−1

)
. (6)

For finding the recurrence relations between I2k+1(x) and I2k(x) we consider
two cases:
First let n = 2k, then

I2k(x) = −π

(
x2k−1 + a2 2!

4(1!)2
x2k−3 + · · ·

+ a2k−4 (2k − 4)!

4k−2((k − 2)!)2
x3 + a2k−2 (2k − 2)!

4k−1((k − 1)!)2
x

)

= −π

[
x2k−1 +

k−1∑
j=1

(a

2

)2j
(

2j

j

)
x2k−2j−1

]

Secondly, let n = 2k + 1

I2k+1(x) = −π

(
x2k + a2 2!

4(1!)2
x2k−2 + · · ·

+ a2k−2 (2k − 2)!

4k−1((k − 1)!)2
x2 + a2k (2k)!

4k(k!)2

)

= −π

[
x2k +

k∑
j=1

(a

2

)2j
(

2j

j

)
x2k−2j

]
, k = 1, 2, · · · .

Hence comparing these two equalities we obtain the recursive for In which are

I2k+1(x) = xI2k(x) − w2k,

I2k(x) = xI2k−1(x).
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Combining of two above equations get the desirable result. With some
manipulations we can get the results of Gakhov [2]

xn−1 +

m∑
k=1

1.3...(2k − 1)

2.4...2k
a2kxn−2k−1

�

3 Analytical approximate solution

Write (2) as

g(x) =
1

π2
√

a2 − x2

[
A(x) +

1

ln a
2

B

]
(7)

where

A(x) =

a∫
−a

(t2 − a2)f
′
(t)dt√

a2 − t2(x − t)
(8)

and

B =

a∫
−a

f(t)dt√
a2 − t2

· (9)

We consider f(x) ∈ C∞[−a, a] so it is possible to expand f(x) as Maclaurin
series

f(x) = f(0) + f
′
(0)x +

f
′′
(0)

2!
x2 +

f
′′′
(0)

3!
x3 + · · ·+ f (n)(0)

n!
xn + · · ·

3.1 Evaluation of A(x)

Write

(t2 − a2)f
′
(t) = −f

′
(0)a2 − f

′′
(0)a2t + (f

′
(0) − f

′′′
(0)

2!
a2)t2 + · · ·

+(
f (n−1)(0)

(n − 2)!
− f (n+1)

n!
a2)tn + · · ·
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Substituting in (8) yields

A(x) = −f
′
(0)a2I0(x) − f

′′
(0)a2I1(x) + (f

′
(0) − f

′′′
(0)

2!
a2)I2(x) + · · ·

+(
f (n−1)(0)

(n − 2)!
− f (n+1)

n!
a2)In(x) + · · · (10)

Where In(x) is defined in (6).

3.2 Evaluation of B

Substituting Maclaurin series of f(t) in (9) and using Lemma 1 gives

B = f(0)w0 + f
′
(0)w1 +

f
′′
(0)

2!
w2 + · · ·+ f (2k)(0)

(2k)!
w2k +

f (2k+1)(0)

(2k + 1)!
w2k+1 + · · ·

or

B = π

[
f(0) +

f
′′
(0)

4(1!)2
a2 +

f (4)(0)

42(2!)2
a4 + · · ·+ f (2k)(0)

4k(k!)2
a2k + · · ·

]
(11)

3.3 Approximation solution

The approximation solution is:

gn(x) =
1

π2
√

a2 − x2

⎡
⎣An(x) +

1

ln
a

2

Bn

⎤
⎦ (12)

where

An(x) = −f
′
(0)a2I0(x) − f

′′
(0)a2I1(x) + (f

′
(0) − f

′′′
(0)

2!
a2)I2(x) + · · ·

+(
f (n−1)(0)

(n − 1)!
− f (n+1)

n!
a2)In(x) (13)

and

Bn = π

[
f(0) +

f
′′
(0)

4(1!)2
a2 +

f (4)(0)

42(2!)2
a4 + · · ·+ f (2k)(0)

4k(k!)2
a2k

]
(14)

where n = 2k + 1 or n = 2k.
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4 Error analysis

In the following convergence of An(x) to A(x) and Bn to B are proved respec-
tively.

4.1 Error of An(x)

We are going to prove An(x) is uniformly convergence to A(x). From (10)
and (13) it follows that

|A(x) − An(x)|
=

∣∣∣∣
(

f (n) (0)

(n − 1)!
− f (n+2) (0)

(n + 1)!
a2

)
In+1 (x) +

(
f (n+1) (0)

n!
− f (n+3) (0)

(n + 2)!
a2

)
In+2 (x) + · · ·

∣∣∣∣
≤
∣∣∣∣a2

(
f (n) (0)

(n − 1)!
− f (n+2) (0)

(n + 1)!

)
In+1 (x) + a2

(
f (n+1) (0)

n!
− f (n+3) (0)

(n + 2)!

)
In+2 (x) + · · ·

∣∣∣∣
≤ Ma2

[(
1

(n − 1)!
− 1

(n + 1)!

)
|In+1 (x)| +

(
1

n!
− 1

(n + 2)!

)
|In+2 (x)| + · · ·

]

≤ Ma2

[(
1

(n − 1)!
− 1

(n + 1)!

)
(n + 1) an +

(
1

n!
− 1

(n + 2)!

)
(n + 2) an+1 + · · ·

]

≤ Ma2

[
1

(n − 1)!
(n + 1) an +

1

n!
(n + 2) an+1 + · · ·

]

≤ Ma2

[(
1

(n − 2)!
+

2

(n − 1)!

)
an +

(
1

(n − 1)!
+

2

n!

)
an+1 + · · ·

]

≤ Ma2

[(
an

(n − 2)!
+

an+1

(n − 1)!
+ · · ·

)
+ 2

(
an

(n − 1)!
+

an+1

n!
+ · · ·

)]

≤ Ma3

[
a

(
an−2

(n − 2)!
+

an−1

(n − 1)!
+ · · ·

)
+ 2

(
an−1

(n − 1)!
+

an

n!
+ · · ·

)]

≤ Ma3

[
an−1

(n − 2)!
+ (a + 2)

(
an−1

(n − 1)!
+

an

n!
+ · · ·

)]

Since
∣∣f (n)(x)

∣∣ ≤ M , and |In(x)| ≤ nan−1 for n ∈ N . After using Taylor
theorem we have

|A(x) − An(x)| ≤ Ma3

[
an−1

(n − 2)!
+

an

n!
eξa + · · ·

]
, ξa ∈ (−a, a)

Since

lim
n→∞

an

n!
= 0

so An(x) is uniformly convergence to A(x).
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4.2 Error of Bn

We are going to prove Bn is convergence to B. From (11) and (14) it follows
that

|B − Bn| = π

∣∣∣∣ f (2n+2) (0)

4n+1 (n + 1)!
a2n+2 +

f (2n+4) (0)

4n+2 (n + 2)!
a2n+4 + · · ·

∣∣∣∣
≤ πM

[
a2n+2

4n+1 (n + 1)!
+

a2n+4

4n+2 (n + 2)!
+ · · ·

]

≤ πM

[
(a2)

n+1

(n + 1)!
+

(a2)
n+2

(n + 2)!
+ · · ·

]

= πM

[
ea2 −

(
1 + a2 +

(a2)
2

2!
· · ·+ (a2)

n

n!

)]

since

lim
n→∞

[
ea2 −

(
1 + a2 +

(a2)
2

2!
· · ·+ (a2)

n

n!

)]
= 0

Bn is convergence to B.

5 Exact solutions for polynomials

Let f(x) = β0 + β1x + β2x
2 + · · · + βnxn, then

An(x) = −2β2a
2I1(x) + (β1 − 3β3a

2)I2(x) + · · ·+ (βn−1 − (n + 1)βn+1a
2)In(x)

and

Bn = β0w0 + β2w2 + · · · + β2kw2k

where n = 2k + 1 or n = 2k. Now we can obtain the solution from (12).

6 Conclusion

In this paper we use a polynomial as the known function of right hand side
of Carleman’s equation and find analytic solution for related integral equation
also we found for class of infinite derivable function an approximate solution.

ACKNOWLEDGEMENTS. The authors would like to thank the Uni-
versiti Putra Malaysia and MOSTI for the Fundamental Research Grant scheme,
project No: 01-11-08-656FR.



2992 M. Yaghobifar and N. M. A. Nik Long

References

[1] Y.K. Cheung and Y.Z. Chen, New integral equation for plane elasticity
crack problems, Theore. Appl. Fract. Mech., 7 (1987), 177-184.

[2] F.D. Gakhov, Boundary Value Problems[in Russian], Nauka, Moscow,
1977.

[3] M.I. Israilov, Approximate-analitical solution of singular integral equa-
tions of first kind using quadrature formula. Numerical integration and
adjacent problems, Collection of articles of Academy Science of Republic
of Uzbekistan, Press ”FAN”, Tashkent. (in Russian), 1990, 7-23.

[4] D.L. Jain and R.P. Kanwal, Diffraction of elastic waves by two coplanar
and parallel rigid strips, Int. J. Engng. Sci., 10 (1972), 925-937.

[5] D.L. Jain and R.P. Kanwal, Diffraction of elastic waves by two coplanar
Griffith cracks in an elastic medium, Int. J. Solid Structures, 8 (1972),
961-976.

[6] D.L. Jain and R.P. Kanwal, Acoustic diffraction of a plane wave by two
coplanar parallel perfectly soft or rigid strips, Can.J. Phys., 50 (1972),
928-939.

[7] D.L. Jain and R.P. Kanwal, Scattering of acoustic, electromagnetic and
elastic SH waves by two-dimensional obstacles, Ann.Phys., 91 (1975), 1-
39.

[8] R.P.Kanwal, Linear Integral Equations Theory and Technique, Second
Edition, Birkhauser Boston 1976.

[9] A.D. Polyanin and A.V. Manzhirov, HANDBOOK OF INTEGRAL
EQUATIONS, CRC PRESS, 1998.

Appendix

List of some In(x) are as below:

I0(x) = 0.

I1(x) = −π.

I2(x) = −πx.



Solution of Carleman’s equation 2993

I3(x) = −π(x2 + 2!
4(1!)2

a2).

I4(x) = −π(x3 + 2!
4(1!)2

a2x).

I5(x) = −π(x4 + 2!
4(1!)2

a2x2 + 4!
42(2!)2

a4).

I6(x) = −π(x5 + 2!
4(1!)2

a2x3 + 4!
42(2!)2

a4x).

I7 (x) = −π
(
x6 + 2!

4(1!)2
a2x4 + 4!

42(2!)2
a4x2 + 6!

43(3!)2
a6
)

.

I8 (x) = −π
(
x7 + 2!

4(1!)2
a2x5 + 4!

42(2!)2
a4x3 + 6!

43(3!)2
a6x
)

.

I9 (x) = −π
(
x8 + 2!

4(1!)2
a2x6 + 4!

42(2!)2
a4x4 + 6!

43(3!)2
a6x2 + 8!

44(4!)2
a8
)

.

I10 (x) = −π
(
x9 + 2!

4(1!)2
a2x7 + 4!

42(2!)2
a4x5 + 6!

43(3!)2
a6x3 + 8!

44(4!)2
a8x
)

.
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