
International Mathematical Forum, 5, 2010, no. 55, 2707 - 2722

Parallel Block Method for Solving

Delay Differential Equations

Fuziyah Ishak

Faculty of Computer and Mathematical Sciences
Universiti Teknologi MARA

40450 Shah Alam, Selangor, Malaysia
fuziyah@tmsk.uitm.edu.my

M. B. Suleiman

Mathematics Department
Faculty of Science

Universiti Putra Malaysia
43400 Serdang, Malaysia

Abstract

This paper considers the implementation of a two-point diagonally
implicit block method for solving delay differential equations on parallel
machines. The variable stepsize variable order block method produces
two points simultaneously within a block. For greater advantage, for-
mulae for the predictor-corrector scheme are represented in divided dif-
ference form. Performance of the parallelization is assessed in terms of
speedup and efficiency.
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1 Introduction

Delay differential equations (DDEs) play an increasing role in modeling many
real life phenomena. Some of the application areas as stated in [2] are popu-
lation dynamics, infectious disease, physiological and pharmaceutical kinetics,
chemical kinetics, navigational control of ships and aircrafts and more general
control problems. More examples of modeling equations involving DDEs can
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be found in [4] and [10]. Since most of these equations cannot be solved analyt-
ically, scientists resort to numerical solutions that can be made as accurately
as possible. Conventionally, numerical methods for solving DDEs are adapted
from the numerical methods for ordinary differential equations (ODEs). For
some of the earlier work, please refer to [1], [7], [8], [9] and [15]. All of these
methods are sequential in nature, which means that only a new approximate
solution is obtained in a step and all workload is performed on a single pro-
cessor.

Recent advances in computer technology result in the availability of mul-
tiprocessor computers at a cheaper cost. Greater computing power can easily
be achieved as the workload is shared among the processors. However, as the
architecture of parallel machines is different from its sequential counterpart,
the existing sequential algorithms cannot be fully utilized in the parallel en-
vironment unless necessary changes are made. Thus, the need for developing
parallel algorithms is as increasing as ever. Zhang and Yu in [18] proposed
a parallel predictor-corrector scheme for solving DDEs using two processors.
The predictor formulae is computed by a single processor and the corrector
formulae is computed by the other processor simultaneously. The processors
exchange the computed values after function evaluations. This approach is
similar to the method proposed by Miranker and Liniger in [13] for the solu-
tion of ODEs.

Most numerical methods for solving differential equations produce only
one new approximation at each integration step. Block methods, in particular
two-point block methods produce two new values at each step. Each value
is computed independently by using the same back values. Block methods
are natural candidates for parallel computation. These methods have been
proposed by [3], [12], [16] and [17] to solve either ODEs or Volterra integro-
differential equations.

The purpose of this paper is to describe parallel implementation of a
variable stepsize variable order (VSVO) two-point predictor-corrector block
method developed in [6] for solving systems of first order DDEs of the form:{

y′(x) = f(x, y(x), y(x− τi)),x ∈ [a, b], τi > 0

y(x) = φ(x), x ∈ [ā, a]
(1)

where φ(x) is the initial function and τi is the lag function, i = 1, . . . , n,
n ∈ Z

+, n ≥ 1 and ā = min
x∈[a,b]

(x− τi). The lag can be constant, time dependent

where τi = τi(x) or state dependent, that is τi = τi(x, y(x)). The expression
y(x − τi) is the solution of the delay term, or simply called the delay term.
The function f , where f : [a, b] × C([ā, b], Rm) × C([ā, b], Rm)) → R

m is con-
tinuous and satisfies a Lipschitz condition which guarantees the existence of
a unique solution of (1). Here, C([ā, b], Rm) denotes the space of continuous
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functions mapping [ā, b] into R
m for an integer m ≥ 1. By parallel implemen-

tation, specified tasks are performed concurrently between two processors of a
distributed-shared memory High Performance Computer (HPC). The proces-
sors communicate via a message passing protocol from the library of Message
Passing Interface (MPI). The organization of this paper is as follows. In sec-
tion 2, we describe the development of the VSVO predictor-corrector block
method. Parallel implementation of the block method is given in section 3.
Numerical results are presented in section 4. Finally, section 5 is the conclu-
sion.

2 Method Development

The development of the block method is briefly described here. Detailed discus-
sion can be found in [6]. For reason of simplicity, we consider only single-delay
scalar DDE of (1). The extension to systems of equations with multiple delays
is obvious. From (1), we let τ1 ≡ τ .

Two new values are obtained in a single integration step. Consider a non-
uniform grid given by ā ≤ a = x0 < · · · < xn < xn+1 < · · · < xN = b. The
approximation to y(x), the solution of (1) is denoted by yh(x). In a single
step, for d = 1 and d = 2, we evaluate yh(xn+d). The predicted value of yh(x)
is denoted as ph(x). For αd = xn+d − τ , the expression f(xn, yh(xn), yh(αd)) is
written as fn. It is assumed that yh has already been computed for x ∈ [ā, xn].
The immediate task is to evaluate yh(xn+d) and yh(αd).

The formulae are implemented in PECE mode where P stands for an appli-
cation of a predictor, E stands for an evaluation of a function f , and C stands
for an application of a corrector. The predictor and the corrector are based on
the Adams methods of order k and k + 1 respectively. For the predictor, we
consider Pk,n to be a polynomial interpolating f at points

(xn, fn), (xn−1, fn−1), . . . , (xn−k+1, fn−k+1).

In divided difference form, Pk,n can be written as

Pk,n(x) = f [xn] + (x − xn)f [xn, xn−1] + (x − xn)(x − xn−1)f [xn, xn−1, xn−2]

+ · · ·+ (x − xn)(x − xn−1) . . . (x − xn−k+2)f [xn, xn−1, . . . , xn−k+1]

where

f [xn, xn−1, . . . , xn−k+1] =
f [xn, xn−1, . . . , xn−k+2] − f [xn−1, xn−2, . . . , xn−k+1]

xn − xn−k+1
.
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For the corrector, consider a polynomial Pk+1,n+d interpolating f at points

(xn+d, f
p
n+d), (xn, fn), (xn−1, fn−1), . . . , (xn−k+1, fn−k+1)

where

f p
n+d = f(xn+d, ph(xn+d), ph(αd)).

Clearly,

Pk+1,n+d = Pk,n + (x − xn)(x − xn−1) . . . (x − xn−k+1)f
p[xn+d, xn, xn−1, . . . , xn−k+1]

where f p[xn+d, xn, . . . , xn−k+1] is referred to the divided difference that uses
ph(xn+d).

The predicted and the corrected values are obtained by integrating (1) from
xn to xn+d and replacing f with Pk,n and Pk+1,n+d respectively. Thus,

ph(xn+d) = yh(xn) +

k−1∑
i=0

f [xn, xn−1, . . . , xn−i]

∫ xn+d

xn

pn,i(ξ)ξ

and

yh(xn+d) = ph(xn+d) + f p[xn+d, xn, xn−1, . . . , xn−k+1]

∫ xn+d

xn

pn,k(ξ)ξ

where ξ is an independent dummy variable and

pn,i(x) =

{
1, i = 0,

(x − xn)(x − xn−1) . . . (x − xn−i+1), i ≥ 1.

The predictor and the corrector for the derivatives are given respectively by

p′h(xn+d) =
k−1∑
i=0

pn,i(xn+d)f [xn, xn−1, . . . , xn−i]

and

y′
h(xn+d) = p′h(xn+d) + pn,k(xn+d)f

p[xn+d, xn, xn−1, . . . , xn−k+1].

Let the t-fold integral of pn,i(x) be denoted as p
(−t)
n,i (x), that is

p
(−t)
n,i (x) =

∫ x

xn

∫ ξt−1

xn

· · ·
∫ ξ1

xn

pn,i(ξ0)ξ0ξ1 · · · ξt−1.
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We define the integration coefficient, gi,t(x) as

gi,t(x) =

{
pn,i(x), t = 0,

p
(−t)
n,i (x), t ≥ 1.

The formula for gi,t(x) can be obtained recursively by the relation

gi,t(x) = (x − xn−i+1)gi−1,t(x) − tgi−1,t+1(x), t ≥ 1, i ≥ 1.

With the adoption of the following notation,

y
[0]
h (x) = ph(x) and z

[0]
h (x) = p′h(x),

the PECE mode based on the Adams methods for the numerical solution of
equation (1) is defined by

P :

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

y
[0]
h (xn+d) = yh(xn) +

k−1∑
i=0

gi,1(xn+d)f [xn, xn−1, . . . , xn−i]

z
[0]
h (xn+d) =

k−1∑
i=0

gi,0(xn+d)f [xn, xn−1, . . . , xn−i]

E : z
[1]
h (xn+d) = f [1](xn+d, y

[0]
h (xn+d), y

[0]
h (αd))

C :

{
y

[1]
h (xn+d) = y

[0]
h (xn+d) + gk,1(xn+d)f

p[xn+d, xn, . . . , xn−k+1]

z
[1]
h (xn+d) = z

[0]
h (xn+d) + gk,0(xn+d)f

p[xn+d, xn, . . . , xn−k+1]

E : z
[2]
h (xn+d) = f [2](xn+d, y

[1]
h (xn+d), y

[1]
h (αd))

in which the numerical solution is defined by

yh(xn+d) = y
[1]
h (xn+d).

Let ed be defined as the difference between subsequent iteration values of
the derivative at xn+d. That is,

ed = z
[1]
h (xn+d) − z

[0]
h (xn+d).

Therefore,

ed = gk,0(xn+d)f
p[xn+d, xn, . . . , xn−k+1]. (2)

From equation (2), the corrector formulae can be written as

C :

⎧⎨
⎩

y
[1]
h (xn+d) = y

[0]
h (xn+d) + gk,1(xn+d)

ed

gk,0(xn+d)
,

z
[1]
h (xn+d) = z

[0]
h (xn+d) + ed.

(3)
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The derivation of the predictor-corrector formulae for the delay term y
[s]
h (αd),

s = 0, 1 follows from earlier discussion. The calculation is done as follows. For
the predictor,

y
[0]
h (αd) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

φ(αd), αd ≤ a,

yh(xj) +

kj+1−1∑
i=0

gi,1(αd)f [xj , xj−1, . . . , xj−i], a < αd ≤ xn,

yh(xn) +
k−1∑
i=0

gi,1(αd)f [xn, xn−1, . . . , xn−i], xn < αd ≤ xn+d,

and for the corrector,

y
[1]
h (αd) =

⎧⎪⎪⎨
⎪⎪⎩

φ(αd), αd ≤ a,

y
[0]
h (αd) + gkj+1,1(αd)f [xj+1, xj , . . . , xj−kj+1−1], a < αd ≤ xn,

y
[0]
h (αd) + gk,1(αd)

ed

gk,0(xn+d)
, xn < αd ≤ xn+d.

Here, j is an integer such that xj < αd ≤ xj+1 and kj+1 is the order of the
method used for advancing the solution from xj to xj+1.

Let Ed,k denotes the estimated error in yn+d(k) at xn+d. Following the
discussion in [5],

Ed,k = yn+d(k + 1) − yn+d(k)

where yn+d(k) and yn+d(k+1) are the results of yh(xn+d) by using the iterative
mode PECkE and PECk+1E respectively. Thus, we have

Ed,k = −gk−1,2(xn+d)f [xn+d, xn, . . . , xn−k+1] (4)

which is equivalent to

Ed,k =
−gk−1,2(xn+d)

gk,0(xn+d)
ed.

Local error estimations of adjacent orders can be calculated directly from
formula in equation (4). These errors are needed in determining the order for
the next integration step. It is expected that the magnitude of local error
estimation at the second point, E2,k is bigger than its counterpart at the first
point. This is due to the fact that the approximation of the second point uses
the stepsize of 2h where xn+1−xn = h = xn+2−xn+1, while the approximation
of the first point uses a smaller stepsize h. Therefore, the local error at the
second point is controlled. Numerical results also prove that this criterion gives
a reliable decision in accepting a step or not. Therefore, a step is accepted if

E2,k < TOL × (A + B × ph(xn+2))
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where TOL is the user specified tolerance and A and B takes the values of
either 1 or 0 depending upon relative, absolute or mixed error test used. Since
the error is controlled at the second point, here we refer to E2,k simply by Ek.

This VSVO algorithm offers a self-starting procedure by starting with the
method of order one. The most optimal stepsize is taken while varying the
order in the process of achieving the desired accuracy as efficiently as possible.
Whenever a step fails, the new stepsize is reduced by half. New order is
selected for the next step before repeating the integration. For a successful
step, a new order is selected and the order is used in determining the ratio
of the new stepsize. The new order, knew is selected based on the following
strategy in [14]. The order is reduced by one, that is, knew = k − 1 if we
encounter the following criteria,

• for k > 2, max (|Ek−1| , |Ek−2|) ≤ |Ek|,
• for k = 2, |Ek−1| ≤ 0.5 |Ek|,
• if |Ek+1| is available , k > 1 and |Ek−1| ≤ min (|Ek| , |Ek+1|).

We consider raising the order by one only after k+1 successful steps at constant
stepsize. The new order, knew = k + 1 if

• for k = 1, |Ek+1| < 0.5 |Ek|,
• for k > 1, |Ek+1| < |Ek| < max (|Ek−1| , |Ek−2|).

If none of the above criteria is satisfied, knew = k. Once the new order is
selected, it is renamed k and the corresponding Ek is used in selecting the new
stepsize. For a successful step, the new stepsize is given by

hnew =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2h, if R̂ ≥ 2,

R̂h, if 1.6 < R̂ < 2 or 0.5 ≤ R̂ < 0.9,

0.5h, if R̂ < 0.5,

h, otherwise,

where R̂ = 0.8R,

R =

(
TOL

θn+1 | Ek |
) 1

k+1

and

1

θn+1

= A + B× | yh(xn+2) | .

We multiply R with a safety factor of 0.8 in order to give a more conservative
estimate for the new stepsize. This practice reduces the number of steps being
rejected.
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3 Parallel Implementation

Function evaluation plays a major role in determining the cost of solving a
problem. For an implicit method in the PECE mode, the total number of
function evaluations for a scalar equation in a step is two and the number
increases as the size of the system increases. In the PE(CE)i mode, where i
is the number of iteration, the number of derivative evaluations depends upon
the number of iteration. For DDEs, the solution for the delay term has to be
determined before doing any function evaluation. Thus, function evaluations
greatly affect the execution time of the entire integration process. In block
methods, the total cost can be reduced if the tasks associated with function
evaluations are distributed among different processors. Parallel algorithm for
the block method described earlier is designed for two processors. The predic-
tion and the correction process for both points in the block are shared among
the processors. For each point, solutions at the grid point as well as the delay
term are assigned to one processor. These computations, together with func-
tion evaluations are performed concurrently. The processors exchange results
needed by each other before proceed to the next computing process.

In a VSVO algorithm, the integration coefficients need to be recomputed
whenever stepsize changes. Formulae representation in divided difference form
provides an efficient way for the calculation of the coefficients. In parallel
block method, each processor computes the integration coefficients concur-
rently. Finding the approximate location of the delay term at each integration
step also contributes to the entire cost of a program. When the task is shared
between the processors, the entire cost can be reduced. Parallel algorithm for
the block method is described in Table 1.

4 Numerical results

In order to show the effectiveness of the parallel algorithm, we present numer-
ical results that are applied on the following examples from [11] with various
number of equations.

Example 4.1

y′(x) = Jny(x) + Dny(x − 1) + f(x), 0 ≤ x ≤ 5,

y(x) = (1, 1, . . . , 1)T , x ≤ 0,
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Table 1: Parallel algorithm for two-point block method
Processor 1 Processor 2

Step 1: Calculate y
[0]
h (xn+1). Calculate y

[0]
h (xn+2).

Calculate y
[0]
h (αn+1). Calculate y

[0]
h (αn+2).

Step 2: Calculate f
[1]
n+1. Calculate f

[1]
n+2.

Step 3: Exchange values between processors.

Step 4: Calculate y
[1]
h (xn+1). Calculate y

[1]
h (xn+2).

Calculate y
[1]
h (αn+1). Calculate y

[1]
h (αn+2).

Step 5: Calculate f
[2]
n+1. Calculate f

[2]
n+2.

Step 6: Exchange values between processors.

where

f(x) = (sinx, sin 2x, . . . , sinnx)T ,

Jn =

⎡
⎢⎢⎢⎢⎢⎢⎣

−10 2 1

2
. . .

. . .
. . .

1
. . .

. . .
. . . 1

. . .
. . .

. . . 2
1 2 −10

⎤
⎥⎥⎥⎥⎥⎥⎦

and

Dn =

⎡
⎢⎢⎢⎣

2 −1

−1
. . .

. . .
. . .

. . . −1
−1 2

⎤
⎥⎥⎥⎦ .

Example 4.2

y′(x) = Jny(x) + Dny(x − 1), 0 ≤ x ≤ 5,

y(x) = (sinx, 1, . . . , 1)T , x ≤ 0,



2716 F. Ishak and M. B. Suleiman

where

Jn =

⎡
⎢⎢⎢⎢⎢⎢⎣

−6 2

3
. . .

. . .
. . .

1
. . .

. . .
. . .

. . .
. . .

. . . 2
1 3 −6

⎤
⎥⎥⎥⎥⎥⎥⎦

and

Dn =

⎡
⎢⎢⎢⎣

2 −1

−1
. . .

. . .
. . .

. . . −1
−1 2

⎤
⎥⎥⎥⎦ .

The error erri at the grid point for each component is defined as

(erri)t =

∣∣∣∣(yh(xi))t − (y(xi))t

A + B(y(xi))t

∣∣∣∣
where (y)t is the t-th component of y and y(xi) is the exact solution at xi. A
and B may take the values of either 1 or 0 depending upon the kind of error
test chosen. In this case, we used mixed error test where A = 1 and B = 1
as opposed to absolute error test (A = 1 and B = 0) and relative error test
(A = 0 and B = 1). The maximum and average errors are defined as follows,

MAXE = max
1≤i≤SSTEP

(
max
1≤t≤n

(erri)t

)

AVERR =

SSTEP∑
i=1

n∑
t=1

(erri)t

(n)(SSTEP)

where n is the number of equations in the system and SSTEP is the total
number of successful steps.

The block method described in the previous sections is solved by using
sequential and parallel algorithms. The performance of the parallel algorithm
is compared against that of the sequential counterpart. The numerical results
for Example 4.1 where n = 50, 100, 150, 200 are given in Table 2. In Table 3,
we present the numerical results for Example 4.2 where n = 50, 100, 200, 300.
The following abbreviations are used to describe the numerical solutions:
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n number of equations,
TOL the chosen tolerance,
MTD method employed,
STEP total number of steps,
FS total number of failed steps,
AVERR average error,
MAXE maximum error,
TIME time taken in microseconds,
S2PBDI sequential version of the diagonally implicit block method,
P2PBDI parallel version of the diagonally implicit block method,
2.47518E−02 is equivalent to 2.47518 × 10−2.

For S2PBDI, the experiment is executed on Sun Fire V1280 by using one
processor. The parallel version is executed on two processors. The machine
is located at the Institute for Mathematical Research (INSPEM), Universiti
Putra Malaysia. Since exact solutions for Example 4.1 and Example 4.2 are not
available, the reference solutions at the endpoint of each equation in the system
are produced by the corresponding methods using the tolerance of 10−12. The
difference between the reference solution and the approximate solution is used
in the calculation of average and maximum errors.

For a block method, both sequential and parallel programs report the same
values for the parameters STEP, FS, AVERR and MAXE. The only difference
is in the execution time. Only the entries correspond to the parameter TIME
for parallel program are reported. Missing entries mean that the values for
these corresponding parameters are the same as the values for the sequential
counterpart.

In order to measure the quality of parallel program, we calculate speedup
and efficiency. The speedup of a parallel algorithm running on two processors
is defined as the ratio between the time taken by the fastest serial algorithm
running on one processor and the time taken executing the same parallel algo-
rithm using two processors. The efficiency of a parallel algorithm running on
two processors is the speedup divided by the number of processors. The tabu-
lated results for the speedup and efficiency are given in Table 4. The value in
the brackets refers to percentage of the efficiency.

From the numerical results, it is evident that the block method achieves
the desired accuracy. The results also clearly indicate that parallel implemen-
tation of the block method reduces the execution time. For a fixed tolerance,
the speedup and efficiency achieved by the parallel algorithm increase as the
number of equation increases. The efficiency results show a remarkable in-
crease in the performance of the parallel algorithm. The efficiency increases
up to 90% indicates that by parallelizing each point in a block produces a
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Table 2: Numerical results for Example 4.1
n TOL MTD STEP FS AVERR MAXE TIME

S2PBDI 191 13 8.67854E−05 6.20679E−04 32536210−2

P2PBDI 189851
S2PBDI 309 2 3.49655E−07 3.93324E−06 82869810−4

P2PBDI 461085
S2PBDI 501 4 5.15434E−10 7.34575E−09 158768750 10−6

P2PBDI 872936
S2PBDI 795 6 7.12480E−12 8.40478E−11 292223010−8

P2PBDI 1580410
S2PBDI 1044 14 5.07056E−13 4.10113E−12 424334610−10

P2PBDI 2272430
S2PBDI 333 7 4.18627E−05 6.75820E−04 141127810−2

P2PBDI 792127
S2PBDI 571 0 2.08015E−07 2.96757E−06 364021110−4

P2PBDI 1966919
S2PBDI 817 2 4.15632E−09 7.17664E−08 5710146100 10−6

P2PBDI 3053990
S2PBDI 1246 8 3.33708E−11 5.85226E−10 1020419710−8

P2PBDI 5412530
S2PBDI 1902 20 5.64599E−13 1.35709E−11 1874492610−10

P2PBDI 9797321
S2PBDI 421 2 6.48468E−05 1.22229E−03 347734310−2

P2PBDI 1901349
S2PBDI 781 3 1.06917E−07 1.66979E−06 881686510−4

P2PBDI 4712854
S2PBDI 1107 2 4.00706E−09 4.70193E−08 14803635150 10−6

P2PBDI 7838293
S2PBDI 1875 5 3.11189E−12 4.75359E−11 3212391510−8

P2PBDI 16764682
S2PBDI 2568 6 3.99377E−14 3.66594E−13 5077071810−10

P2PBDI 26204079
S2PBDI 549 2 4.98962E−05 1.60238E−03 591438710−2

P2PBDI 3210648
S2PBDI 1113 3 3.74751E−08 6.92189E−07 1856227010−4

P2PBDI 9608810
S2PBDI 1317 2 6.17941E−09 1.30103E−07 23451146200 10−6

P2PBDI 12364770
S2PBDI 2382 7 1.35455E−12 3.32234E−11 5518803810−8

P2PBDI 28547810
S2PBDI 3622 10 2.50266E−14 4.60133E−13 10522165110−10

P2PBDI 53164060
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Table 3: Numerical results for Example 4.2
n TOL MTD STEP FS AVERR MAXE TIME

S2PBDI 54 14 5.91650E−04 2.212009E−03 3412310−2

P2PBDI 23148
S2PBDI 67 9 9.96969E−06 5.31004E−05 4974210−4

P2PBDI 32524
S2PBDI 107 7 1.93751E−07 8.17949E−07 10793650 10−6

P2PBDI 67116
S2PBDI 176 11 5.78335E−10 1.73871E−09 23570210−8

P2PBDI 140667
S2PBDI 288 19 1.09008E−11 3.37762E−11 48813810−10

P2PBDI 283295
S2PBDI 54 14 2.93253E−04 2.12009E−03 5247210−2

P2PBDI 34559
S2PBDI 67 9 4.99175E−06 5.31004E−05 7808210−4

P2PBDI 50301
S2PBDI 107 7 9.54389E−08 8.17949E−07 164610100 10−6

P2PBDI 102321
S2PBDI 176 11 2.72806E−10 1.73845E−09 33913610−8

P2PBDI 202381
S2PBDI 289 19 4.63180E−12 4.11532E−11 67384410−10

P2PBDI 390935
S2PBDI 54 14 1.46627E−04 2.12009E−03 8664710−2

P2PBDI 56712
S2PBDI 67 9 2.49588E−06 5.31004E−05 12223410−4

P2PBDI 77971
S2PBDI 107 7 4.77195E−08 8.17949E−07 264936200 10−6

P2PBDI 164075
S2PBDI 176 11 1.36403E−10 1.73845E−09 53103010−8

P2PBDI 305167
S2PBDI 289 19 2.31596E−12 4.11532E−11 104211510−10

P2PBDI 592880
S2PBDI 54 14 9.77510E−05 2.12009E−03 13146010−2

P2PBDI 80324
S2PBDI 67 9 1.66392E−06 5.31004E−05 18266510−4

P2PBDI 112279
S2PBDI 107 7 3.18130E−08 8.17949E−07 361045300 10−6

P2PBDI 212843
S2PBDI 176 11 9.09353E−11 1.73845E−09 73122510−8

P2PBDI 415380
S2PBDI 289 19 1.54398E−12 4.11532E−11 146576310−10

P2PBDI 817138
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Table 4: The speedup and efficiency of the parallel algorithm

TOLExample n
10−2 10−4 10−6 10−8 10−10

50 1.71 [85.69] 1.80 [89.86] 1.82 [90.94] 1.85 [92.45] 1.87 [93.37]
100 1.78 [89.08] 1.85 [92.54] 1.87 [93.49] 1.89 [94.26] 1.91 [95.66]1
150 1.83 [91.44] 1.87 [93.54] 1.89 [94.43] 1.92 [95.81] 1.94 [96.88]
200 1.84 [92.11] 1.93 [96.59] 1.90 [94.83] 1.93 [96.66] 1.98 [98.96]
50 1.47 [73.71] 1.53 [76.47] 1.61 [80.41] 1.68 [83.78] 1.72 [86.15]
100 1.52 [75.92] 1.55 [77.61] 1.61 [80.44] 1.68 [83.78] 1.72 [86.18]2
200 1.53 [76.39] 1.57 [78.38] 1.61 [80.74] 1.74 [87.01] 1.76 [87.89]
300 1.64 [81.83] 1.63 [81.34] 1.79 [84.81] 1.76 [88.02] 1.79 [89.69]

remarkable performance.

5 Conclusion

We have described the development of a two-point diagonally implicit block
method. The parallel implementation of the block method on a two-processor
distributed-shared memory HPC using message passing routines provided by
the library of MPI is also discussed. The development of the block method
provides concurrent computation between both points. The main cost incurred
by function evaluations is shared among the processors.

We conclude that the block method is efficient and suitable for solving
DDEs. Parallelizing the block method increases the overall performance of the
method.
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