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Abstract

The explicit description of the additive and multiplicative structures
of rings of residues in maximal orders of number fields is useful both in
theory and application. However, a compact account of the principal
results is not easily accessible. In this contribution, a full description
of those structures in the style of the theory of rings with identity as
given by Bernard R. McDonald is provided. The central topic of this
first part concerns the structure of quotient rings of maximal orders of
algebraic number fields by powers of unramified prime ideals. The case
where the prime ideals are ramified is the subject of a companion paper.
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1 Introduction

The objective of this paper is to describe the structure of rings of residues in
maximal orders of algebraic number fields. In view of the Chinese Remainder
Theorem, the study of a residue ring modulo an ideal of a maximal order is
reduced to the study of a residue ring modulo powers of primes. A full de-
scription of prime power residue rings in any algebraic number field was firstly
obtained by Hensel using the theory of p-adic fields, and an extended exposi-
tion of this approach was given by Hasse [9]. Properties of the additive and
multiplicative structures of residue rings in maximal orders of number fields
were considered, with different aims and scope, in many books [2, 11, 14, 19, 9]
and in several papers.
This survey adopts a view different from Hasse’s since it tries to follow closely
the elementary description of integer residue rings modulo rational integer
prime powers and their extensions as Galois rings, presented in McDonald’s
book [14]. This approach, which seems more direct, requires, as Hasse re-
marked, the analysis of several particular cases. The case of ramified primes
appears to be the significant novelty. The entire review is divided into two
parts: this one includes a description of integer residue rings modulo rational
prime powers and residue rings of algebraic integers modulo unramified prime
ideals; the next, the companion paper, includes a detailed analysis of residue
rings of algebraic integers modulo ramified prime ideals.
The present paper is organized as follows: Section 2 collects preliminary no-
tions and notations with the aim of providing fairly complete references. Sec-
tion 3 presents a short summary of Gauss’s description of rational integer
residue rings modulo prime powers. Section 4 presents a summary of Mcdon-
ald’s description of Galois rings. Lastly, Section 5 presents a description of
residue rings of algebraic integers modulo unramified prime ideals.

2 Preliminaries

Let F = Q(α) be a number field where α ∈ C is an algebraic integer of degree
n. Let irr(α,Q) ∈ Z[x] be the minimal polynomial of α over Q and O� the
ring of integers of F. A subset I of O� is an integral ideal of F if I is a module
over Z and for every μ ∈ I and every ξ ∈ O� , the element μξ belongs to I. On
a more intuitive basis, the elements of I share a common factor which may be:

- An element γ of O� . In this case I is called the principal ideal generated
by γ and denoted as (γ). Explicitly, I = (γ) = {γξ : ξ ∈ O�}.

- An ideal number as introduced by Kummer to restore unique factoriza-
tion in the orders of cyclotomic fields [6]. In this case we cannot write
explicitly the common factor, which is an ideal number, but we have
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I = (γ, δ) = {γξ + δη : ξ, η ∈ O�}. Here the field norms of γ and δ have
a common gcd, which is the norm of the ideal.

In any case, both O� and I are always modules over Z of rank n.
An ideal P �= O� of O� is prime if whenever I and J are ideals of O� with
IJ ⊆ P, either I ⊆ P or J ⊆ P. Let p be a rational prime. Then the principal
ideal (p) of O� decomposes uniquely into a product of prime ideals of O� as

(p) =
s∏

i=1

Pei
i , (1)

where ei is the ramification index of the prime ideal Pi. The dimension of
O�/Pi as a vector space over Z/pZ, denoted by fi, is the inertia index of Pi

in F/Q, i = 1, . . . , s. From [6, p. 138], the discriminant of irr(α,Q) equals
k2 times the discriminant of F, for some k ∈ Z. In the case where p does not
divide k, the correspondence discovered by Kummer and established in general
by Dedekind between the factors Pi in (1) and the polynomials mi(x) in the
factorization

irr(α,Q) =

s∏
i=1

mi(x)
ei mod p, (2)

is unambigous in the sense that each polynomial mi(x) is irreducible of degree
fi and occurs with multiplicity ei [6, 15]. In particular, n =

∑s
i=1 eifi and

Pi = (p,mi(α)).
If p divides k, the polynomial mi(x) is still of degree fi, i = 1, . . . , s, but it
may be reducible [22, pp. 630–638].
Since O� is a Dedekind domain, any ideal I can be written uniquely as

I =
s∏

i=1

Pni
i , (3)

where Pi is a prime ideal of O� , i = 1, . . . , s. In particular, Dedekind proved
this unique factorization [6, item 4, p. 130], using the following Lemma [6,
item 1, p. 129]

Lemma 1. If P is a prime ideal of O� , then there is a number λ ∈ O�

divisible by P, and a number κ ∈ O� not divisible by P such that κP is the
least common multiple of λO� and κO� .

An immediate consequence of Lemma 1 is that for any prime ideal P of O�

there is an ideal l not divisible by P such that the ideal lP is principal.
Given an ideal I of O� , the quotient ring O�/I will be denoted as Z(I). This
ring is finite and its cardinality is the norm of I. The elements of O�/I are
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the cosets ξ + I, where ξ ∈ O� is a representative of ξ + I. Due to the unique
ideal factorization, Z(I) is decomposed into a direct sum as

Z(I) =

s⊕
i=1

Z(Pni
i ) , (4)

according to the Chinese Remainder Theorem for ideals, [9]. Here, Z(Pni
i ) is

a residue class ring of a power of a prime ideal, i = 1, . . . , s. The group of
units of Z(I) is denoted by Z(I)(×) and has order equal to |Z(I)(×)|. The latter
quantity is equal to Φ(I), the Euler totient function, defined as

Φ(I) = N�(I)
∏
�|�

(
1− 1

N�(P)

)
= N�(I)υ�(I), (5)

where P is a prime ideal of O� . The function υ�(I) depends only on the prime
ideals containing (or dividing) I and not on their multiplicity in I, [2, 15]. The
totient function is multiplicative, that is, Φ(IJ) = Φ(I)Φ(J) whenever I and
J are relatively prime ideals. Furthermore, for any k ≥ 1 and any prime ideal
P,

Φ(Pk) = N�(P
k)υ�(P) = N�(P)k−1Φ(P). (6)

As a consequence of the Chinese Remainder Theorem, we will describe the
residue class rings Z(I) only in the case where I = Pa with a ≥ 1, that is,
only in the case where I is a power of a prime ideal. The additive group
structure of Z(Pa) will be denoted by Z(Pa)(+), whereas the multiplicative
group of units will be denoted by Z(Pa)(×). During the description of these
structures, a cyclic group of order N generated by g will be denoted by 〈g〉N .

3 The Structure of Zpa

Let p be a rational prime and a a positive integer. As customary, the residue
class ring Z/paZ of pa will be denoted by Zpa . The main results, which are
well known [9, Ch. 4], are presented as theorems for the sake of uniformity.

Theorem 1. The additive structure Z
(+)
pa of Zpa is that of a cyclic group of

order pa generated by 1.

Theorem 2. The multiplicative structure Z
(×)
pa , is that of a cyclic group of

order φ(pa) = pa−1(p−1) for odd p and p = 2 or 4, and it is the direct product
of two cyclic groups of orders 2 and 2a−2 for p = 2a with a > 2.

Proof. First assume that p is an odd prime. The multiplicative group of non-
zero elements of Zp is cyclic for otherwise the exponent ν of the group would
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be less than p− 1 and the polynomial xν − 1 would have more than ν roots in
the field Zp, contradicting the fact that every polynomial with coefficients in

a field cannot have more roots than its degree. Thus, Z
(×)
p
∼= Zp−1. For a > 1,

it is clear that Z
(×)
pa is an Abelian group of order φ(pa) = pa−1(p− 1). One can

verify that

(1 + p)pa−1 ≡ 1 (mod pa) but (1 + p)pa−2 �≡ 1 (mod pa).

Thus 1 + p generates the p-Sylow subgroup of Z
(×)
pa . This cyclic subgroup

is equal to the kernel K of the surjective homomorphism ψ : Z
(×)
pa → Z

(×)
p

defined by ψ(x+ (pa)) = x+ (p). It follows that Z
(×)
pa /K ∼= Zp−1 and therefore

Z
(×)
pa
∼= Zpa−1(p−1).

If p = 2, it is immediately verified that Z
(×)
2 and Z

(×)
4 are cyclic groups, whereas

Z
(×)
2a , a ≥ 3, is an Abelian group of rank 2, that is, Z

(×)
2a is a direct product

of a cyclic group of order 2 generated by −1 modulo 2a and a cyclic group
of order 2a−2 generated by 5 modulo 2a. For every a ≥ 3, one can show by
mathematical induction that

{
52a−3 ≡ 1 + 2a−1 (mod 2a), that is, 52a−3 �≡ 1 (mod 2a) and

52a−2 ≡ 1 (mod 2a).

Hence 5 is a generator of a subgroup of order 2a−2 which does not contain
−1 ≡ 2a − 1 (mod 2a). It follows that Z

(×)
2a is the claimed direct product.

�

In summary, denoting an abstract cyclic group of order m by Cm, the previous
discussion has shown the following isomorphisms for odd p:

Z
(+)
pa
∼= Cpa and Z

(×)
pa
∼= 〈1 + p〉pa−1 ⊗ 〈g〉(p−1) with g primitive in Z(×)

p .

For p = 2,

Z
(+)
2a
∼= C2a and Z

(×)
2a
∼=

{ 〈−1〉2 a = 2
〈−1〉2 ⊗ 〈5〉2a−2 a > 2

.

Two numerical examples illustrate the conclusions of Theorems 1 and 2.

Example 1. Consider p = 3. The additive structure of Z9 = {0, 1, 2, . . . , 7, 8}
is that of a cyclic group of order 9 generated by 1 modulo 9. The structure
of Z

(×)
9 = {1, 2, 4, 5, 7, 8}, the multiplicative group of units in Z9, is that of a

cyclic group generated by 2 modulo 9 since we have 4 = 22, 8 = 23, 7 = 24,
and 5 = 25 modulo 9.
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Example 2. Consider p = 2. The ring Z8 = {0, 1, 2, 3, 4, 5, 6, 7} has order 8
and its additive structure is that of a cyclic group generated by 1 modulo 8.
The structure of Z

(×)
8 = {1, 3, 5, 7}, the multiplicative group of units in Z8, is

that of a direct product of a cyclic group generated by 3 modulo 8 and a cyclic
group generated by 5 modulo 8, since we have 1 = 32 = 52 = 72 mod 8, and
7 = 3 · 5 mod 8.

4 The Structure of Galois Rings GR(pa,m)

As before, let p be a rational prime and a a positive integer. The Galois ring
GR(pa, m) is the ring obtained by adjoining a root β of an irreducible polyno-
mial p(x) ∈ Zp[x] of degree m to Zpa [14]. For computational purposes, we can
regard GR(pa, m) as the quotient ring Zpa [x]/(p(x)). Its additive group is de-
noted by GR(pa, m)(+), whereas its group of units is denoted by GR(pa, m)(×).
They are described by Theorems 3 and 4. The proofs are borrowed from Mc-
Donald’s book [14] and are reported here for both the sake of easy reference and
because they will serve as guidelines of the proofs of the analogous theorems
for primes in algebraic number fields.

Theorem 3 ([14, Theorem (XVI.5), p. 315]). GR(pa, m)(+) is a module
over Zpa of rank m.

Proof. It is clear that under addition the elements Zpa [x]/(p(x)) form an
Abelian group isomorphic to Zm

pa.
�

Theorem 4 ([14, Theorem (XVI.9), p. 322]). Let GR(pa, m)(×) denote the
multiplicative group of units in the Galois ring GR(pa, m), then

GR(pa, m)(×) = G
(a)
1 ×G(a)

2

is a direct product of groups, where

• G(a)
1 is a cyclic group of order pm − 1, and

• G(a)
2 is a group of order p(a−1)m such that:

– If p is odd, or if p = 2 and a ≤ 2, then G
(a)
2 is a direct product of

m cyclic groups of order pa−1;

– If p = 2 and a ≥ 3, then G
(a)
2 is a direct product of a cyclic group of

order 2, a cyclic group of order 2a−2 and m − 1 cyclic groups each
of order 2a−1.
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Proof. The Galois ring GR(pa, m) can be seen as a lifting of the Galois field
GF(pm) besides the definition as an algebraic extension of the residue ring Zpa .
Therefore, GR(pa, m)(×) can be seen as a lifting of the multiplicative group of
units in the Galois field GF(pm). It follows that the order of GR(pa, m)(×) is

(pm−1)p(a−1)m. Thus, the group can be seen as a direct product G
(a)
1 ×G(a)

2 of

a cyclic group G
(a)
1 of order (pm−1) and an Abelian group G

(a)
2 of order p(a−1)m.

To describe the structures of G
(a)
1 and G

(a)
2 more precisely, it is convenient to

deal with p ≥ 3 and p = 2 separately.

Let p ≥ 3 be an odd prime, and let ς be a primitive element of GF(pm). Then

ς can be lifted to an element ςo of GR(pa, m) of order pm − 1. Therefore, G
(a)
1

can be assumed to be a cyclic group of order pm − 1 generated by ςo. Conse-
quently, G

(a)
2 has order p(a−1)m. Since every element ς1 of GR(pa, m)(×) is lifted

from some element in GF(pm)(×), we have ςp
m−1

1 = 1 mod p or equivalently

ςp
m−1

1 = 1+pθ1. Hence, G
(a)
1 is the kernel of the mapping ψp : GR(pa, m)(×) →

GR(pa, m)(×) defined as ψp(x) = xpm−1. Therefore, every element of G
(a)
2 has

order a divisor of pa−1 since

ς
(pm−1)pa−1

1 ≡ (1 + pθ1)
pa−1 ≡ 1 + paθ ≡ 1 (mod p)a .

If a = 2, the m elements 1+pς i, i = 0, . . . , m−1 generate m distinct groups of
order p because for any choice of rational integers n0, n1, . . . , nm−1, the element

β =
m−1∏
i=0

(1 + pς i)ni = 1 + p
m−1∑
i=0

niς
i mod p2

is congruent to 1 mod p2 if and only if
∑m−1

i=0 niς
i = 0 mod p, a condition that

implies ni = 0 mod p for every i because {1, ς, . . . ςm−1} is a basis of GF(pm).

Thus, G
(2)
2 is an elementary Abelian group of rank p. If a > 2, then G

(a)
2 is

an Abelian group that is the direct product of m cyclic groups of order pa−1,
with each factor group being lifted from an elementary factor of G

(2)
2 .

Let p = 2. Here, we distinguish a = 1, 2, and a ≥ 3:

a = 1. In this case we have GR(2, m) = GF(2m) and there is nothing to prove:

G
(1)
1 is a cyclic group of order 2m− 1 generated by a primitive element ς

of GF(2m) which can be chosen, for later use, such that ς2
m−1 = 1 + 2θ,

with θ �= 0 mod 2, and G
(1)
2 is the trivial group.

a = 2. In this case it is convenient to consider G
(2)
1 as a cyclic group of order

2(2m − 1) generated by either ςo = ς mod 4 or ςo = −ς mod 4, with the

sign in front of ς chosen to satisfy the group order condition. G
(2)
2 is a

group of order 2m−1.
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Since the correspondence ψ2 : GR(22, m)(×) → GR(22, m)(×) defined by

ψ2(x) = x2m−1 has kernel G
(2)
1 /〈−1〉, every element of G

(2)
2 is of the

form ±1 + 2θ and has order 2 since (±1 + 2θ)2 = 1 mod 4. Hence, G
(2)
2

is elementary Abelian of order 2m−1 and rank m − 1. Notice that the
generators of the elementary factor groups can be of the form 1 +2ς i for
i = 1, . . . , m − 1, where ς is a root of the irreducible polynomial that
defines GF(2m); the subgroup generated by 1 + 2ς0 = 3 = −1 mod 4 has

already been included in G
(2)
1 .

a ≥ 3. In this case it is convenient to consider G
(a)
1 as a cyclic group of order

2(2m − 1) which is generated by the power ς2
a−2

of the generator of

G
(2)
1 . The group G

(a)
2 is of order 2(a−1)(m−1)+a−2, each element 1 + 2ς i,

i = 1, . . . , m− 1, generates a cyclic group of order 2a−1 modulo 2a, and
1 + 2 = 3 generates a group of order 2a−2 modulo 2a. Since the direct
product of all these groups is a group of order 2(a−1)(m−1)+a−2 it follows
that G

(a)
2 is a direct product of a cyclic group of order 2a−2 and m − 1

cyclic groups of order 2a−1. This concludes the proof.

�

Example 3. Consider p = 3. The additive structure of GR(9, 2) = {a +
bβ : a, b ∈ Z9}, where β is a root of the polynomial x2 − 2 ∈ Z9[x], is that
of a module that is the direct product of two groups of order 9 generated by 1
modulo 9, that is, GR(9, 2)(+) ∼= Z

(+)
9 × Z

(+)
9 . The structure of GR(9, 2)(×) =

{a + bβ : a, b ∈ Z9 and a2 − 2b2 �≡ 0 (mod 3)} is the direct product of
a cyclic group of order 8 generated by the powers of 7 + 5β by two cyclic
groups of order 3 generated by the powers of 1 +β and 7, respectively. Hence,
GR(9, 2)(×) is the direct product of a cyclic group of order 24 generated by the
powers of 1 + β by a cyclic group of order 3 generated by the powers of 7.

Example 4. Consider p = 2. The additive structure of GR(8, 2) = {a +
bβ : a, b ∈ Z8}, where β is a root of the polynomial x2 +x+1 ∈ Z8[x], is that
of a module that is the direct product of two groups of order 8 generated by 1
modulo 8, that is, GR(8, 2)(+) ∼= Z

(+)
8 × Z

(+)
8 . The structure of GR(8, 2)(×) =

{a+ bβ : a, b ∈ Z8 and a2−ab+ b2 �≡ 0 (mod 2)} is that of a direct product
of three cyclic groups or order 6, 2, and 4, which are generated by 7β, 3, and
3 + 2β, respectively.

5 The Structure of Z(Pa) for Unramified P

Let p be a rational prime and P a prime factor of the principal ideal (p) of
O� . The residue ring Z(Pa) = O�/P

a can be partitioned into two subsets:
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the multiplicative group Z(Pa)(×) of invertible elements (units of Z(Pa)) and
the ring D(Pa) of zero divisors, a maximal ideal in Z(Pa) that can be written
as PZ(Pa). The additive structure Z(Pa)(+) and the multiplicative structure
Z(Pa)(×) both depend on the ramification index e and sub-orderly on the
inertia index f of P in the decomposition (1). In this section we consider the
case of ramification index e = 1, whereas the case e ≥ 2 will be considered in
a companion paper. It is convenient to deal with the cases f = 1 and f > 1
separately.

Theorem 5. If e = 1 and f = 1, the residue ring Z(Pa), where P is an ideal
of F of norm p, is isomorphic to Zpa.

Proof. The ring isomorphism is shown by proving the isomorphisms of the
additive and multiplicative structures separately:

1. The group Z(Pa)(+) is cyclic of order pa since it is generated by 1 because
pa is the smallest power of p such that the principal ideal (pa) is divisible
by Pa.

2. It is necessary to distinguish ideals of odd prime norms from ideals of
norm 2. If the norm of P is odd, the group Z(Pa)(×) is cyclic of order

Φ(Pa). This is because given a generator g ∈ Zpa of the cyclic group Z
(×)
pa ,

the principal ideal (g) is a generator of Z(P)(×), because φ(pa) = Φ(Pa)
and pa is the smallest power of p such that the principal ideal (pa) is
divisible by Pa. Thus the group Z(Pa)(×) is isomorphic to a cyclic group
Cpa−1(p−1). If the norm of P is 2, it is straightforward to check that the
group Z(Pa)(×) is cyclic of order a if a ≤ 2. If a > 2, then the principal
ideal (5) generates a cyclic group of order 2a−2 because (2a) is the smallest
principal ideal divisible by Pa. Moreover, since the ideal (−5) has the
same order as (5), Z(Pa)(×) is of order 2a−1 and is isomorphic to the
direct product C2

⊗ C2a−2 .

�

The following lemma is simply a reformulation of the properties of prime ideals
of inertia index greater than 1. Its proof [22] is included for the sake of easy
reference.

Lemma 2. Let P be a prime ideal of F above the rational prime p. Suppose
P has ramification index e = 1 and inertia index f > 1. The ring Z(P)
is isomorphic to the Galois field GF(pf). Furthermore, there is an element
γ ∈ O� such that the elements of Z(P) can be written in the form

b0 + b1γ + . . .+ bf−1γ
f−1, with bi ∈ Z, i = 1, . . . , n,
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where γ is a root of a monic polynomial of degree no (f ≤ no ≤ n) in Z[x] that
has an irreducible factor of degree f modulo p. Moreover, an irreducible poly-
nomial G(x) of degree n can be found that splits modulo p with an irreducible
factor M(x) of degree f that corresponds to P, that is, P = (p,M(β)) with β
a root of G(x).

Proof. The order of Z(P) is pf , the norm of P. Since P is prime, the finite
integral domain Z(P) of cardinality pf is a field isomorphic to GF(pf). Let
{ω1, . . . , ωn} be an integral basis of F. The multiplicative group Z(P)(×) is
generated by an element γ + P where

γ = g1ω1 + . . .+ gnωn, with gi ∈ Z, i = 1, . . . , n.

Since γpf ≡ γ (mod P), it follows that γ, as an element of O� , is a root of a
monic polynomial B(x) ∈ Z[x] of degree no ≤ n which splits modulo p with at
least one irreducible factor of degree f . In conclusion, every element of Z(P)
can be written in the form

b0 + b1γ + . . .+ bf−1γ
f−1 + P, with bi ∈ Z, i = 1, . . . , n.

If no < n, then γ generates a proper subfield Q(γ) ⊂ F which can be extended
to F by the addition of a root θ of a polynomial E(x) of degree n

no
over Z.

The polynomial G(x) with root γ + pθ has degree n and splits modulo p with
an irreducible factor of degree f . G(x) can be obtained as the resultant of
B(x+ py) and E(y) with respect to the variable y.

�

As an immediate consequence of Lemma 2, we may always assume that the
factorization of irr(α,Q) modulo p contains an irreducible factor mf (x) of
degree f that corresponds to P, that is, P = (p,mf(α)).

Theorem 6. If e = 1 and f > 1, the residue ring Z(Pa), where P is an ideal
of O� of norm pf , is isomorphic to the Galois ring GR(pa, f).

Proof. The isomorphism between Z(Pa) and GR(pa, f) is shown to be in-
duced by the isomorphism between the finite fields Z(P) and GF(pf) using
Hensel’s lifting. The ring homomorphism � : O� → GF(pf ) is known as the
linear labeling of the elements of O� by the elements of GF(pf) [10]. This ho-
momorphism is extended to a homomorphism �̄a : O� → GR(pa, f) as follows:
Let mf(x) be the irreducible factor modulo p and degree f of the polynomial
irr(α,Q), which corresponds to the prime ideal P by the Kummer correspon-
dence [6, p. 138]. Since P is an unramified prime ideal with inertia degree f ,
Z(P) is a field with pf elements of the form

A = A0 + A1α + · · ·+ An−1α
n−1 + P,
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with Ai ∈ Z, and α ∈ F a root of irr(α,Q) or G(x), as in Lemma 2. Note that
the coefficients Ai are not free in the sense that some linear dependence might
exist between them. Let GF(pf) be generated by a root α0 ofmf (x). Therefore,

the elements of GF(pf) can be represented as b0+b1α0+· · ·+bf−1α
f−1
0 , bi ∈ Zp,

where the coefficients bi are free. The homomorphism � is completely described
by setting �(α) = α0. We have

�(A) = A0 + A1�(α) + · · ·+ An−1�(α)n−1 = A0 + A1α0 + · · ·+ An−1α
n−1
0

= b0 + b1α0 + · · ·+ bf−1α
f−1
0 .

The last expression is obtained by reducing the powers of α0 with an exponent
larger than f − 1 using the condition mf (α0) ≡ 0 (mod p). For every a > 1,
the homomorphism � is extended to an homomorphism �̄a by observing that:

1) GR(pa, f) is obtained by lifting GF(pf) ∼= GR(p, f). Thus, the elements
of GR(pa, f) can be written in the form

(b00 + pa1
0 + . . .+ pa−1ba−1

0 ) + (b01 + . . .+ pa−1ba−1
1 )ᾱ0+

· · ·+ (b0f−1 + . . .+ pa−1ba−1
f−1)ᾱ

f−1
0 ,

(7)

where bij ∈ Zp for every 0 ≤ i ≤ a− 1 and 0 ≤ j ≤ f − 1, and ᾱ0, a lifted
version of α0 is a root of mf(x) mod pa, a lifted version of the polynomial
mf (x).

2) Z(Pa) is obtained by lifting Z(P) ∼= GF(pf). Thus, the elements of
Z(Pa) can be written in the form

(A0
0 + pA1

0 + . . .+ pa−1Aa−1
0 ) + (A0

1 + . . .+ pa−1Aa−1
1 )α+

· · ·+ (A0
n−1 + . . .+ pa−1Aa−1

n−1)α
n−1 + Pa,

where the coefficients of the powers of α are rational integers, and not
every coefficient Aa−1

i is zero since Pa, a > 1, is a factor of pa but it is
not a factor of a smaller power of p because P is unramified.

Therefore, �̄a is defined by its action on α as �̄a(α) = ᾱ0. Since �̄a maps O�

onto GR(pa, f), the claimed isomorphism (between Z(Pa) and GR(pa, f)) is
demonstrated showing that the kernel of �̄a is the ideal Pa. The condition
�̄a(A) = 0 mod pa is satisfied if

�̄a(A) =
n−1∑
i=0

a−1∑
j=0

Aj
ip

j �̄a(α
i) = 0 mod pa =

n−1∑
i=0

a−1∑
j=0

Aj
ip

jᾱi
0 = 0 mod pa,

which in turn implies that the polynomial
∑n−1

i=0

∑a−1
j=0 A

j
ip

jxi is divisible by
the irreducible polynomial mf(x) modulo pa, that is, we can write∑n−1

i=0

∑a−1
j=0 A

j
ip

jxi = Q(x)mf (x) mod pa. Therefore, the relations
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�̄a(A) = Q(ᾱ0)mf(ᾱ0) mod pa = �̄a(Q(α)mf (α)) mod pa = 0
imply that every element in the kernel is divisible by mf (α). By Lemma 1,
(mf (α)) = PaIa, where the ideals Ia and Pa are co-prime, that is, Ia + Pa =
O� . From this, it follows that the kernel of the mapping �̄a is Pa. Thus,
�̄a defines an isomorphism between Z(Pa) and GR(pa, f), and we have the
following diagram:

GR(pa, f)Z(Pa)
�̄a−→←−

� �

Z(P) GF(pf)
�−→←−

�

Finally, having Theorem 4 in mind, the results of Theorem 6 can be stated in
a compact form as follows:

1. Z(Pa)(+) can be regarded as module of rank f over Zpa since the elements
of Z(Pa) are obtained by lifting the elements of Z(P).

2. Z(Pa)(×) is an Abelian group of order Φ(Pa) = pf(a−1)(pf − 1). It is
isomorphic to the direct product G1 ×G2, where G1 and G2 are groups
of order pf − 1 and pf(a−1), respectively. Let β be a primitive element in
Z(P)(×). Then:

(a) G1 is generated by βp(a−1)
and has order pf − 1.

(b) G2 has order pf(a−1) and is such that:

i. If p is odd, or if p = 2 and a ≤ 2, then G2 is a direct product
of f cyclic groups of order pa−1.

ii. If p = 2 and a ≥ 3, then G2 is a direct product of a cyclic group
of order 2, a cyclic group of order 2a−2, and f − 1 cyclic groups
of order 2a−1.

Example 5. Let K = Q(η) be the quadratic field with η ∈ C a root of
x2 − x− 3. The rational prime p = 3 splits in O� as

(3) = PP = (2 + η)(3− η).
The ring Z(P2) is isomorphic to Z9 and its additive structure Z(P2)(+) is that
of a cyclic group of order 9 generated by 1 modulo (2 + η)2. The structure of
Z(P2)(×) is that of a direct product of a cyclic group of order 2 generated by
the powers of 4 + η and a cyclic group of order 3 generated by the powers of
4 + 3η. Hence, Z(P2)(×) is a cyclic group of order 6 generated by the powers
of 7 + η.
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Example 6. Let K = Q(η) be the quadratic field with η ∈ C a root of x2+1.
The rational prime p = 3 is inert in O� , so P = (3) is a prime ideal of O� . The
ring Z(P2) = {a+ bη+P2 : a, b ∈ Z9} has order 81 and its additive structure
Z(P2)(+) is that of a module of rank 2 isomorphic to the direct product of two
cyclic groups of order 9. The multiplicative group

Z(P2)(×) = {a + bη + P2 : a, b ∈ Z9 and a2 + b2 �≡ 0 (mod 3)}

has order Φ(P2) = 32(32 − 1) = 72. The structure of Z(P2)(×) is that of a
direct product of three cyclic groups of orders 8, 3, and 3 generated by the
powers of 7 + 2η, 7, and 4 + 3η, respectively.

6 Conclusion and Final Remarks

In this paper the structure of the residue class ring Z(Pa) of a power of an un-
ramified prime ideal of O� has been fully described. In particular, we showed
that Z(Pa) is isomorphic to the Galois ring GR(pa, f), where f is the iner-
tia index of P. In a companion paper, the ramified case will be addressed.
In addition, the structures of Z(Pa)+ and Z(Pa)× in both the ramified and
unramified cases will be summarized in a table.
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