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Abstract

Let RG be a group ring of a group G over a ring R with 1, Z the
center of G, N a normal subgroup of G, G′ the commutator subgroup
of G, and Z1 the preimage of the center of G/N in G. Then RG is an
Azumaya algebra if and only if R(G/N) is Azumaya such that |Z1/Z|
is finite, and |G′ ∩ N | is finite and invertible in R. A generalization of
this result is also obtained.
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1 Introduction

It is well known that the class of Azumaya algebras is an important generaliza-
tion of the class of central simple algebras. Many kinds of Azumaya algebras
have been investigated such as quaternion algebras ([7]), skew polynomial rings
of automorphism type and derivation type ([4], [5]), central Galois extensions
([7]), and Azumaya Galois extensions ([1], [6], [8]). In [3], the class of group
rings which are Azumaya algebras was studied. Let RG be a group ring of a
group G over a ring R with 1. It was shown that RG is an Azumaya algebra
if and only if (i) R is an Azumaya algebra, (ii) the center Z of G has a finite
index, and (iii) the order of the commutator subgroup G′ of G is a finite in-
teger and invertible in R ([3], Theorem 1). Let N be a normal subgroup of
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G and R(G/N) be the group ring of G/N over R. If RG is Azumaya, then
the ring homomorphism RG −→ R(G/N) by

∑
rigi −→

∑
rigi implies that

R(G/N) is also Azumaya ([2], Proposition 1.11, page 46). The purpose of the
present paper is to show a characterization of the Azumaya group ring RG in
terms of the Azumaya group ring R(G/N) of the quotient group G/N over
R. Let Z1 be the preimage of the center of G/N in G. Then Z1 is a nor-
mal subgroup of G. It will be shown that RG is an Azumaya algebra if and
only if R(G/N) is Azumaya such that |Z1/Z| is finite, and |G′ ∩ N | is finite
and invertible in R. Moreover, this result will be generalized from the ring
homomorphism RG −→ R(G/N) to the series of the ring homomorphisms:
RG −→ R(G/N) −→ R(G/Z1) −→ R(G/Z2) −→ R(G/Z3) −→ · · · where Z1

is the preimage of the center of G/N in G, Z2 is the preimage of the center of
G/Z1 in G, Z3 is the preimage of the center of G/Z2 in G, etc..

2 Characterizations

Throughout this paper, let R be a ring with identity 1, G a group, Z the
center of G, G′ the commutator subgroup of G, |G| the order of G, and RG
the group ring of G over R. Let N be a normal subgroup of G. We shall
show an equivalent condition for RG being an Azumaya group ring in terms
of the Azumaya group ring R(G/N). We recall the the characterization of an
Azumaya group ring as given in [3].

Proposition 2.1 ([3], Theorem 1) The group ring RG is an Azumaya al-
gebra if and only if (i) R is an Azumaya algebra, (ii) the center Z of G has a
finite index, and (iii) the order of the commutator subgroup G′ of G is a finite
integer and invertible in R.

Theorem 2.2 Let N be a normal subgroup of G, G = G/N , Z1 the group
of the preimage of the center of G in G. Then RG is an Azumaya algebra if
and only if RG is Azumaya such that |Z1/Z| is finite, and |G′ ∩ N | is finite
and invertible in R.

Proof. (=⇒) Since RG is Azumaya, RG (= R(G/N)) is Azumaya ([2],
Proposition 1.11, page 46). Also, by Proposition 2.1, |G/Z| is finite and |G′|
is finite and invertible in R. Hence |Z1/Z| is finite and |G′ ∩ N | is finite and
invertible in R.

(⇐=) Since RG is Azumaya, by Proposition 2.1, |G/Z1| is finite where
Z1 is the center of G. Noting that Z ⊂ Z1, we have that G/Z1

∼= G/Z1
∼=

(G/Z)/(Z1/Z). Since |Z1/Z| is finite by hypothesis, |G/Z1| = |G/Z|/|Z1/Z|;
and so |G/Z| = |G/Z1| · |Z1/Z| which is finite. Next we claim that |G′| is finite

and invertible in R. In fact, RG is Azumaya by hypothesis, so |G′| is finite and
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invertible in R. But |G′| = |G′|, so |(G′N)/N | (= |G′|) is finite and invertible
in R. Since (G′N)/N ∼= G′/(G′ ∩ N) and |G′ ∩ N | is finite and invertible in
R, |G′| = |(G′N)/N | · |G′ ∩ N | which is finite and invertible in R. Moreover,
since RG is Azumaya, R is an Azumaya algebra by Proposition 2.1. Thus RG
is Azumaya by Proposition 2.1.

For a normal subgroup N of G, let Z1 be the normal subgroup of the
preimage of the center of G/N in G, Z2 the normal subgroup of the preimage
of the center of G/Z1 in G. Then repeating the above process we have a series
of normal subgroups of G: N ⊂ Z1 ⊂ Z2 ⊂ · · · ⊂ Zi ⊂ · · · such that Zi is the
normal subgroup of the preimage of the center of G/Zi−1 in G for each i ≥ 2.
We call this series of normal subgroups of G the central series of N in G.

Proposition 2.3 Let N be a normal subgroup of G and N ⊂ Z1 ⊂ Z2 ⊂
· · · ⊂ Zi ⊂ · · · the central series of N in G. If RG is Azumaya, then there
exists a positive integer k such that Zk = Zk+1 or Zk = G and |G/Zi| is finite
for each i = 1, 2, . . . , k.

Proof. Since RG is Azumaya, |G/Z| is finite. Noting that Z ⊂ Z1 ⊂ Z2 ⊂
· · · ⊂ Zi ⊂ · · · , we have that |G/Z| ≥ |G/Z1| ≥ |G/Z2| ≥ · · · ≥ |G/Zi| ≥ · · · ,
a sequence of positive integers. Thus there exists a minimal positive integer k
such that |G/Zk| = |G/Zk+1| > 1 or |G/Zk| = 1. This implies that Zk = Zk+1

or Zk = G respectively.

Next we describe another series of normal subgroups of G arising from a
normal subgroup N of G and the above central series of N in G. Let G′ be
the commutator subgroup of G, G′

1 the normal subgroup of the preimage of
the commutator subgroup of G/N , G′

2 the normal subgroup of the preimage of
the commutator subgroup of G/Z1, G′

3 the normal subgroup of the preimage
of the commutator subgroup of G/Z2, etc.. Then we have a series of normal
subgroups of G: N ⊂ G′

1 ⊂ G′
2 ⊂ · · · ⊂ G′

i ⊂ · · · such that G′
i is the normal

subgroup of the preimage of the commutator subgroup of G/Zi−1 in G for
each i ≥ 2, and G′

1 the normal subgroup of the preimage of the commutator
subgroup of G/N . We call this series of normal subgroups of G: N ⊂ G′

1 ⊂
G′

2 ⊂ · · · ⊂ G′
i ⊂ · · · the commutator series of N in G.

Proposition 2.4 Let N be a normal subgroup of G, N ⊂ Z1 ⊂ Z2 ⊂ · · · ⊂
Zi ⊂ · · · the central series of N in G, and N ⊂ G′

1 ⊂ G′
2 ⊂ · · · ⊂ G′

i ⊂ · · ·
the commutator series of N in G. Then G′

i = G′ · Zi−1 for each i ≥ 2 and
G′

1 = G′ · Z such that G′
1/N is the commutator subgroup of G/N .

Proof. Since G′ is the commutator subgroup of G and Zi−1 is a normal
subgroup of G, the commutator subgroup G′

i of G/Zi−1 is generated by

(aZi−1)(bZi−1)(a
−1Zi−1)(b

−1Zi−1) = (aba−1b−1)Zi−1 for a, b ∈ G.
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Hence G′
i = G′ · Zi−1 for each i ≥ 2. Similarly, G′

1 = G′ · Z.

Lemma 2.5 Let N be a normal subgroup of G. If RG is Azumaya, then
(i) R(G/Zi) is Azumaya for each i, (ii) |Zi+1/Zi| is finite, and (iii) |G′ ∩ Zi|
is finite and invertible in R for each i ≥ 1.

Proof. (i) Since RG is Azumaya, the ring homomorphism from RG onto
R(G/Zi) implies that R(G/Zi) is Azumaya for each i ([2], Proposition 1.11,
page 46).

(ii) Since |G/Z| is finite, |Zi+1/Zi| (≤ |G/Z|) is finite.

(iii) Since G′
i+1 = G′ ·Zi such that G′

i+1/Zi is the commutator subgroup of
G/Zi, R(G/Zi) being Azumaya implies that |(G′Zi)/Zi| is finite and invertible
in R by Proposition 2.1. But (G′Zi)/Zi

∼= G′/(G′ ∩ Zi), so |G′|/|G′ ∩ Zi| is
finite and invertible in R. Thus |G′ ∩ Zi| is finite and invertible in R because
so is |G′|.

For a normal subgroup N of G, we shall show that the Azumaya group
ring RG can be characterized by using the central series and the commutator
series of N in G. This generalizes Theorem 2.2.

Theorem 2.6 Let N be a normal subgroup of G. By keeping the notations
in Lemma 2.5, then RG is Azumaya if and only if there exists some positive
integer k such that R(G/Zk) is Azumaya, |Zi+1/Zi| is finite and |G′ ∩ Zi| is
finite and invertible in R for each i = 0, 1, 2, . . . , k where Z0 = N .

Proof. The necessity is a consequence of Lemma 2.5 and Theorem 2.2. For
the sufficiency, in case k = 0, then Z0 = N . Hence, by hypothesis, R(G/N) is
Azumaya, |Z1/N | is finite and |G′∩N | is finite and invertible in R. Thus RG is
Azumaya by Theorem 2.2. In case k > 0, then R(G/Zk) is Azumaya such that
|Zk+1/Zk| is finite and |G′∩Zk| is finite and invertible in R by hypothesis. Since
Zk is a normal subgroup of G and Zk+1 is the normal subgroup of the preimage
of the center of G/Zk such that |Zk+1/Zk| is finite and |G′ ∩ Zk| is finite and
invertible in R, that R(G/Zk) is Azumaya implies that R(G/Zk−1) is Azumaya
by Theorem 2.2. Thus R(G/Zk−1) is Azumaya such that |Zk/Zk−1| is finite
and |G′ ∩ Zk−1| is finite and invertible in R by hypothesis. This implies that
R(G/Zk−2) is Azumaya by Theorem 2.2 again. Repeating the above argument
for k − 2, k − 3, etc., we conclude that RG is Azumaya.

We conclude the present paper with an example of a normal subgroup N
as given in Theorem 2.6.

Example 2.7 Let N = G′. Then G/G′ is commutative; and so Z1 = G.
Hence the central series of G′ in G is G′ = N = Z0 ⊂ Z1 = G and the
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commutator series of G′ in G is G′ = N = G′Z0 ⊂ G′Z1 = G. Thus we have
the case k = 0; and so Theorem 2.2 is applied: RG is Azumaya if and only if
R(G/G′) is Azumaya, |Z1/Z| = |G/Z| is finite, and |G′ ∩ Z0| = |G′| is finite
and invertible in R where Z0 = G′. But G/G′ is commutative, so R(G/G′) is
Azumaya if and only if R is Azumaya ([2], Lemma 2.2). Equivalently, R is
an Azumaya algebra, |G/Z| is finite, and |G′| is finite and invertible in R.

ACKNOWLEDGEMENTS. This paper was written under the support
of a Caterpillar Fellowship at Bradley University. The authors would like to
thank Caterpillar Inc. for the support.

References

[1] R. Alfaro and G. Szeto, On Galois Extensions of an Azumaya Algebra,
Comm. in Algebra, 25(6)(1997), 1873-1882.

[2] F.R. DeMeyer and E. Ingraham, Separable algebras over commutative
rings, Volume 181. Springer Verlag, Berlin, Heidelberg, New York, 1971.

[3] F.R. DeMeyer and G.J. Janusz, Group rings which are Azumaya algebras,
Trans. Amer. Math. Soc. 279(1) (1983), 389-395.

[4] S. Ikehata, Note on Azumaya Algebras and H-Separable Extensions,
Math. J. Okayama Univ., 23 (1981), 17-18.

[5] S. Ikehata, On H-Separable and Galois Polynomials of Degree p in Skew
Polynomial Rings, International Mathematical Forum, 3(32) (2008), 1581-
1586.

[6] P. Nuss, Galois-Azumaya Extensions and the Brauer Group of a Commu-
tative Ring, Bull. Belg. Math. Soc. Vol., 13 (2006), 247-270.

[7] G. Szeto and L. Xue, The Structure of Galois Algebras, Journal of Alge-
bra, 237(1) (2001), 238-246.

[8] G. Szeto and L. Xue, A Generalization of the DeMeyer Theorem for Cen-
tral Galois Algebras, Advances in ring theory, 209-214, World Sci. Publ.,
Hackensack, NJ, 2005.

Received: June, 2009


