
International Mathematical Forum, 5, 2010, no. 5, 225 - 235

Some Contributions to Perfect

wrpp Semigroups1

Feng Li

Nanchang University College of Science and Technology
Nanchang, Jiangxi 330029, P.R. China

lifeng19821101@126.com

Xiaojiang Guo

Department of Mathematics, Jiangxi Normal University
Nanchang, Jiangxi 330022, P.R. China

xjguo@jxnu.edu.cn

Abstract

The aim of this paper is to study a class of wrpp semigroups, namely,
perfect wrpp semigroups. We obtain some characterization theorems of
such semigroups. In particular, the spined product structure of perfect
wrpp semigroups is estabilished. Also, we prove that a perfect wrpp
semigroup is a strong semilattice of R-left cancellative planks.
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1 Introduction

A semigroup S is called right [left] principal projective, in short, rpp [lpp], if
for every a ∈ S, the right [left] principal ideal aS1 [S1a], as an S1-system,
is projective. In [4], Fountain studied rpp semigroups whose idempotents are
central, called C-rpp semigroups. He proved that a C-rpp semigroup is a
strong semilattice of left cancellative monoids. In order to study well rpp [lpp]
semigroups, Fountain [5] and [6] introduced Green’s ∗-relations L∗,R∗,H∗,D∗

and J ∗. S is called abundant if each L∗-class and R∗-class of S contains at
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least an idempotent. It is noticed by Fountain that a semigroup S is an rpp
semigroup if and only if each L∗-class of S contains at least an idempotent.
Thus abundant semigroups are defined as semigroups being both lpp and rpp,
and vice versa.

As analogue of completely regular semigroups in the range of rpp semi-
groups, Guo, Shum and Zhu [11] defined strongly rpp semigroups and re-
searched a subclass, says left C-rpp semigroups. After then, there are many
authors having been investigating strongly rpp semigroups (for detail, see
[7],[8],[9],[10],[11], [13] and [14]).

In [15], Tang defined a class of general Green’s relations L∗∗,R∗∗,H∗∗,D∗∗

and J ∗∗. In general, κ∗ ⊆ κ∗∗ where κ stands for one of L,R,H,D and J .
Moreover, he studied C-wrpp semigroups, which are analogue of C-rpp semi-
groups (see, [15] and [16]). Du and Shum [3] considered left C-wrpp semigroups
which are analogue of left C-rpp semigroups. The aim of this paper is to inves-
tigate analogue of perfect rpp semigroups, namely perfect wrpp semigroups.
We have obtained similar results to perfect rpp semigroups. Our results ex-
tends the main results in [9] and [13].

2 Preliminaries

Throughout this paper we shall use the notations of Howie [12] and Tang [15].
In this section we provide some concepts and known results used in the sequel.
Firstly, we recall some facts about the relation L∗∗ and R∗∗.

Let S be a semigroup. We define relations on S given by: for a, b ∈ S,

(1) aL∗∗b if and only if for all x, y ∈ S1, (ax, ay) ∈ R ⇔ (bx, by) ∈ R.
(2) aR∗∗b if and only if for all x, y ∈ S1, (ax, ay) ∈ L ⇔ (bx, by) ∈ L.

Lemma 2.1 [15] (1) L∗∗ is a right congruence on S and L ⊆ L∗ ⊆ L∗∗.
(2) R∗∗ is a left congruence on S and R ⊆ R∗ ⊆ R∗∗.

A semigroup S is called κ-left [-right] cancellative if for all a, x, y ∈ S,
ax κ ay [xa κ ya] implies that xκy. S is called κ-cancellative if it is both
κ-left cancellative and κ-right cancellative. A direct product of a rectangular
band and a left [right] cancellative monoid is called a κ-left [-right] cancellative
plank. As in [3] and [15], we call S a wrpp semigroup if the following conditions
are satisfied:

(1) Each L∗∗-class of S contains at least one idempotent.
(2) If eL∗∗a, then a = ae.

Lemma 2.2 Let S be a wrpp semigroup. Then L∗∗|E(S) = L|E(S).
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Proof: We need only to prove that eL∗∗f implies that eLf for all e, f ∈ E(S).
Now let eL∗∗f . By the definition of wrpp semigroups, ef = e and fe = f .
That is, eLf . We completes the proof. �

A wrpp semigroup S is called a C-wrpp semigroup if its idempotents are
central. Tang [15] noted that a semigroup is a C-wrpp semigroup if and only if
it is a strong semilattice of left R-cancellative monoids. A wrpp semigroup S
is called an adequate wrpp semigroup if for every a ∈ S, there exists a unique
idempotent a† satisfying that aL∗∗a† and a = a†a.

By a band, we mean a semigroupB in which every element is an idempotent.
Call a band B a [left; right] normal band if B satisfies the identity [abc = acb;
abc = bac] abcd = acbd.

Lemma 2.3 [12] The following statements are equivalent for a band B:

(1) B is normal.
(2) B is a strong semilattice of rectangular bands.
(3) L and R are a left normal band congruence and a right normal band

congruence on B, respectively.

It is well known that any band is a semilattice of rectangular bands. If
B =

⋃
α∈Y Bα is the semilattice decomposition of a band B into rectangular

bands Bα with α ∈ Y , then we shall write Bα = E(e) for e ∈ Bα, and Bα ≥ Bβ

when α ≥ β on the indexed semilattice Y .

Definition 2.4 An adequate wrpp semigroup S is called a perfect wrpp semi-
group if the following conditions are satisfied:

(1) E(S) (the set of idempotents of S) forms a normal band.
(2) L∗∗ is a congruence on S.

An rpp semigroup S is called strong if for every a ∈ S, there exists a unique
idempotent a� such that a�a = a and a�L∗a. Recall from [9] that a perfect
rpp semigroup is defined as a strongly rpp semigroup S satisfies the following
conditions:

(1) E(S) forms a normal band.
(2) L∗ is a congruence on S.

Next, we consider the relationship between perfect wrpp semigroups with
perfect rpp semigroups.

Proposition 2.5 The following statements are equivalent for an rpp and wrpp
semigroup S:

(1) S is a perfect wrpp semigroup.
(2) S is a perfect rpp semigroup.
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Proof: Let a, b ∈ S and aL∗∗b. Since S is wrpp, there exist e, f ∈ E(S) such
that eL∗∗a and fL∗∗b. So, eL∗∗f and thereby eLf by Lemma 2.2. On the
other hand, since S is rpp, we have g, h ∈ E(S) such that gL∗a and hL∗b.
Thus gL∗∗aL∗∗e and by Lemma 2.2, eLg. Similarly, fLh. Therefore gLh and
thus aL∗b. Consequently, L∗∗ ⊆ L∗ and whence L∗ = L∗∗. Now, (1)⇔(2) is
trivial. �

By the proof of Proposition 2.5, the following corollary is straight.

Corollary 2.6 If S is a perfect wrpp semigroup, then S is a perfect rpp semi-
group if and only if L∗∗ = L∗.

The next example shows that there exists a perfect wrpp semigroup which
is not perfect rpp semigroup.

Example 2.7 [3] Let H = {1, g} be a group with identity 1, K = {a0 =
e, a, a2, . . . . . .} infinite monogenic semigroup. It is easy to check that S =
H

⋃
K is an H-cancellative but not cancellative monoid with respect to the

multiplication given by: for all x, y ∈ S,

x ◦ y =

⎧⎪⎨
⎪⎩

xy if x ∈ H, y ∈ K or x ∈ K, y ∈ H
x if x, y ∈ H
y if x, y ∈ K.

Thus S is a perfect wrpp semigroup but not a perfect rpp semigroup.

Let S be an adequate wrpp semigroup whose idempotents form a band.
We define a relation ε on S by

aεb if and only if a = ebf where a, b in S and e, f ∈ E(b†).

The following lemmas list some properties of perfect wrpp semigroups,
which are used in the sequel.

Lemma 2.8 [1] Let S be an adequate wrpp semigroup whose set of idempotents
E(S) is a normal band. Then the following conditions are equivalent:

(1) S is a perfect wrpp semigroup;
(2) (ab)† = a†b† for all a, b ∈ S;
(3) S/ε is a C-wrpp semigroup.

Let S = (Y ;Sα) be a semilattice decomposition of S into N -clases Sα, and
T = (Z;Tα) a semilattice decomposition of T into N -classes Tα. Assume that
that there exists an isomorphism ϕ of Y onto Z. The set ∪α∈Y (Sα × T(α)ϕ)
is a subdirect product of S and T . We call it the spined product of S and T
relative to ϕ, or simply a spined product of S and T .
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Lemma 2.9 [1] The following conditions on a wrpp semigroup S are equiva-
lent:

(1) S is a perfect wrpp semigroup;
(2) S is a spined product of a C-wrpp semigroup and a normal band;
(3) S is a strong semilattice of R-left cancellative planks.

In order to research wrpp semigroups, Du and shum [3] defined five rela-
tions, named Green’s (†)-relations, defined by:

L(†) = L∗∗ R(†) = R
H(†) = L(†) ∧R(†) D(†) = L(†) ∨R(†)

and

aJ (†)b⇔ J (†)(a) = J (†)(b)

where J (†)(a) is the smallest ideal generated by a ∈ S which is saturated by
L(†), in other words, J (†)(a) is expressed as a union of L(†)-classes. Apparently,
they are all equivalence relations on a semigroup S and L(†) (R(†)) is a right
(left) congruence on S.

For our purpose, we need the following lemma.

Lemma 2.10 [3] Let S be a semigroup.Then for any a, b ∈ S. Then b ∈
J (†)(a) if and only if there are elements

a0, a1, . . . , an ∈ S, x0, x1, . . . , xn, y0, y1, . . . , yn ∈ S1

with a = a0, b = an such that aiL(†)xiai−1yi for i = 1, 2, . . . , n.

3 Some Lemmas

In this section we prove some technique lemmas.

Lemma 3.1 Let S be an adequate wrpp semigroup whose idempotents form a
normal band. If a = af with f ∈ E(S), then a† = a†f .

Proof: Since L∗∗ is a right congruence, we have a†fL∗∗af = aL∗∗a†, and so by
Lemma 2.2, a†fLa†. Thus E(a†f) = E(a†) and so E(a†) = E(a†f) ≤ E(f).
Because E(S) is a normal band, we know that E(S) can be expressed by a
strong semilattice [Y ;Eα, ψα,β ] of the rectangular bands Eα. Suppose that
Eα = E(f) and Eβ = E(a†). Then α ≥ β. Let a† = (i, λ) ∈ Eβ and
fψα,β = (j, μ) ∈ Eα. Then a†f = a†fψα,β = (i, λ)(j, μ) = (i, μ). From above,
(i, μ)L(i, λ). This implies that λ = μ. Thus a† = a†f . �
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Lemma 3.2 Let S = [Y ;Sα, ϕα,β] be a strong semilattice of semigroups Sα.
If every Sα is a wrpp semigroup and the structure mapping ϕα,β is an L∗∗-
homomorphism, that is, the homomorphism preserving the L∗∗-relation, then
S is a wrpp semigroup.

Proof: Since Sα is a wrpp semigroup, there exists e ∈ E(Sα) such that
eL∗∗(Sα)a for any a ∈ Sα. Suppose that (ax, ay) ∈ R for x, y ∈ S1. If
x ∈ S1

β and y ∈ S1
γ , then

(aϕα,αβxϕβ,αβ, aϕα,αγyϕγ,αγ) ∈ R

Because ϕα,β is an L∗∗-homomorphism, we have aϕα,αβL∗∗(Sαβ)eϕα,αβ . Conse-
quently, we obtain (eϕα,αβxϕβ,αβ, eϕα,αγyϕγ,αγ) ∈ R and thereby (ex, ey) ∈ R.
On the other hand, if (ex, ey) ∈ R, then by eL∗∗(Sα)a, we immediately have
a = ae and hence (ax, ay) ∈ R. This shows that aL∗∗(S)e. Thus S is a wrpp
semigroup. �

Lemma 3.3 Any bicyclic semigroup is not an adequate wrpp semigroup.

Proof: Let S be a bicyclic semigroup. Then, by Howie [12], S is isomorphic to
the semigroup T = (N ×N, ∗) with

(m,n) ∗ (p, q) = (m− n +max{n, p}, q − p +max{n, p}),

where N is the set of non-negative intergers. It is known that T is an inverse
semigroup. We claim that S is not an adequate wrpp semigroup. Otherwise,
if T is an adequate wrpp semigroup, then for any (m,n) ∈ T , there exists
a unique idempotent (m,n)† ∈ T such that (m,n)†L∗∗(m,n) and (m,n)† ∗
(m,n) = (m,n). Because (m,m), (n, n) are idempotents, it is trivial to see
that (m,m)R∗(m,n) and (n, n)L(m,n). By Lemma 2.1, (n, n)L∗∗(m,n). Thus
by the uniqueness of the idempotents in the L∗∗-class of T , we have (m,n)† =
(n, n). Thereby, we have (n, n) ∗ (m,n) = (m,n) since (m,m)R(m,n), and
so (n, n) ∗ (m,m) = (m,m). However, because T is an inverse semigroup, we
have (n, n) ∗ (m,m) = (m,m) ∗ (n, n). This induces that (m,m) ≤ (n, n) by
the natural partial order ≤ endowed in E(T ) of the wrpp semigroup T . This
leads to n ≤ m, which contradicts to the choice of the element (m,n). This
shows that T is not an adequate wrpp semigroup. �

Lemma 3.4 Let S be an adequate wrpp semigroup whose idempotents E(S)
form a semilattice. Then every regular element in S is completely regular, that
is, an element which is related to an idempotent by H.

Proof: Since E(S) is a semilattice, the set of all regular elements of S, named
Reg(S), is an inverse subsemigroup of S. If Reg(S) is not a completely regular
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subsemigroup of S, then there exists a ∈ Reg(S) which is not completely
regular. But S is an adequate wrpp semigroup, Reg(S) is also adequate wrpp.
Hence, for a ∈ Reg(S), there exist idempotents e and f such that fLaRe. In
fact, a†L∗∗a and so a†L∗∗f . Note that a† and f are idempotents. By Lemma
2.2, we have a†Lf and a† = f since E(S) is semilattice. Thus there exists an
inverse a′ of a such that aa′ = e and a′a = a†. On the other hand, since a†a = a,
we have a†(aa′) = aa′. This implies that aa′ ≤ a′a (see, [12, Proposition 2.2,
p.137]). If aa′ = a′a, then aHaa′, that is, a is completely regular. This
contradicts to our assumption. Since a′ = a′a†, the subsemigroup 〈a, a′〉 of
S generated by the elements a and a′ is a bicyclic semigroup by [2, Lemma
1.31]. But S is adequate wrpp, we obtain that 〈a, a′〉 is an adequate wrpp
semigroup. This contradicts to Lemma 3.3. Therefore a ∈ Reg(S) must be
completely regular. �

Lemma 3.5 Let S be an adequate wrpp semigroup whose set of idempotent is
a normal band, then D(†)|E(S) = DE.

Proof: Obviously, DE ⊆ D(†)|E(S). Now, let (e, f) ∈ D(†)|E(S). Then by a
result in [3], there exists x ∈ S such that eL(†)xR(†)f . Because R(†) = R and
the idempotent f is trivially a regular element, x is a regular element of S.
By Lemma 2.8, S/ε is an adequate wrpp semigroup whose idempotents form
a semilattice. Hence by Lemma 3.4, xε is a completely regular element. This
means that there exists g ∈ E(S/ε) such that xεHg. Since eεL(†)xεRfε and
gLxε (by Lemma 2.1), we get gL(†)eε, and by Lemma 2.2, gLeε. On the other
hand, we have gRfε. Thus eε = g = fε since E(S/ε) is a semilattice. In other
word, eDEf and so D(†)|E(S) ⊆ DE. Thus D(†)|E(S) = DE. �

4 Main Results

In this section we shall prove the following theorem, which gives some charac-
terizations of perfect wrpp semigroups in terms of the Green’s (†)-relations.

Theorem 4.1 Let S be an adequate wrpp semigroup whose set of idempotents
is a normal band. Then the following statement are equivalent:

(1) S is a perfect wrpp semigroup;
(2) S is the spined product of a left C-wrpp semigroup and a right normal

band;
(3) D(†) = J (†);
(4) D(†) is a semilattice congruence on S;
(5) D(†) is a congruence on S;

Proof: (1) ⇒ (2) Suppose that S is a perfect wrpp semigroup. Then by Lemma
2.9 (2), S is isomorphic to M =

⋃
α∈Y (Mα × Eα) with a multiplication on M
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defined by (m,n) · (n, j) = (mn, ij), where E(S) = [Y ;Eα, ϕα,β] is the strong
semilattice decomposition of E(S) into rectangular bands Eα with α ∈ Y ,
S/ε = [Y ;Mα, ϕα,β] is the strong semilattice decomposition of S/ε into R-left
cancellative monoidsMα with α ∈ Y , andmn and ij are the semigroup product
of m,n ∈ S/ε and i, j ∈ E(S), respectively. Clearly, M is a spined product
of S/ε and the band E(S) with respect to the semilattice of Y . Since Eα is a
rectangular band, we let Eα = Lα×Rα, where Lα and Rα are left zero band and
right zero band, respectively. Now, we form L = ∪α∈Y Lα and R = ∪α∈YRα.
If α ≥ β, then we define the mapping as follows: for (lα, rα) ∈ Eα

ϕl
α,β : Lα → Lβ; lα → lαϕ

l
α,β

and
ϕr

α,β : Rα → Rβ; rα → rαϕ
r
α,β

when (lα, rα)ϕα,β = (lαϕ
l
α,β, rαϕ

r
α,β)

Define the multiplications ∗ and ◦ on L and R by lα ∗ lβ = lαϕ
l
α,β and

rα ◦ rβ = rαϕ
r
α,β, respectively. Then it can be easily seen that (L, ∗) and

(R, ◦) are respectively a left normal band and a right normal band. Now let
T = ∪α∈Y (Mα × Lα). On T , define

(mα, lα) � (mβ, lβ) = (mαψα,αβmβψβ,αβ , lα ∗ lβ)

Then we can verify that � is associative and hence T is a semigroup. If we
write Tα = Mα × Lα, then Tα = Mα × Lα is a subsemigroup of T . And it is
easy to see that T is a strong semilattice of the semigroups Tα, in notation,
T = [Y ;Tα, φα,β] with φα,β : Tα → Tβ defined by

φα,β(mα, lα) = (mαψα,β , lαϕ
l
α,β)

Evidently, φα,β is a homomorphism. On the other hand, by a routine calcula-
tion, we have (mα, lα)L(†)(Tα)(eα, lα) where eα is the identity of Mα, thereby

(mαψα,β , lαϕ
l
α,β)L(†)(Tα)(eβ, lαϕ

l
α,β)

This shows that φα,β preserves the L(†)-class. Thus by Lemma 3.2, T is a
wrpp semigroup, and further by invoking a result in [3], T is a left C-wrpp
semigroup.

Note that for all (mα, (lα, rα)), (mβ, (lβ, rβ)) ∈M ,

(mα, (lα, rα)) · (mβ, (lβ, rβ)) = ((mα, lα) � (mβ, lβ), rα ◦ rβ))

Thus M is indeed a spined product of T and R. Consequently, S is a spined
product of a left C-wrpp semigroup and right normal band.

(2) ⇒ (3) Let R = [Y ;Eα, ϕα,β] be the strong semilattice decomposition
of the right normal band R into right zero bands Eα, and T = [Y ;Tα] the
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semilattice decomposition of the left C-wrpp semigroup T into right R-left
cancellattive plank Tα. Suppose that S is a spined product of T and R.
Note that D(†) ⊆ J (†). So, to verify (3), we need only to show the re-
verse inclusion. Now let (s, l)J (†)(t, r). Then by Lemma 2.10, there exists
(s, l) = (s0, l0), (s1, l1), . . . , (sn, ln) = (t, r) ∈ S and

(x1, k1), (x2, k2), . . . , (xn, kn), (y1, i1), (y2, i2), . . . , (yn, in) ∈ S1

such that
(sj , lj)L(†)(xj , kj)(sj−1, lj−1)(yj, ij)

for j = 1, 2, . . . , n. That is, (sj, lj)L(†)(xjsj−1yj, kjlj−1ij) for j = 1, 2, . . . , n.
Hence by the definition of L∗∗, it is not difficult to check that sjL(†)xjsj−1yj

and ljL(†)kjlj−1ij. Thus s ∈ J (†)(t) and

E(lj) = E(kjlj−1ij) ⊆ E(lj−1)

This show that E(ln) ⊆ E(l0). Dually, t ∈ J (†)(s) and E(l0) ⊆ E(ln). Thus,
J (†)(s) = J (†)(t) and E(l0) = E(ln), and further sJ (†)t and l0Rln. Since
L(†) = J (†) in a left C-wrpp semigroup (see, [3]), we have sL(†)t.

Now, we have (s, l0)L(†)(t, l0)R(t, ln), that is, (s, l)D(†)(t, r). Thereby J (†) ⊆
D(†). This prove that D(†) = J (†).

(3) ⇒ (4) Assume that D(†) = J (†). Because S is an adequate wrpp
semigroup, we have aL(†)a+ for all a ∈ S. Hence a2L(†)a+a since L(†) is
right congruence. This leads to a2L(†)a and so a2J (†)a. This implies that
J (†)(a) = J (†)(a2). Thus

J (†)(ab) = J (†)((ab)2) = J (†)(a(ba)b) ⊆ J (†)(ba)

Similarly, J (†)(ba) ⊆ J (†)(ab). Thus J (†)(ba) = J (†)(ab) and so abJ (†)ba.
Now, it remains to show that J (†) is a congruence on S. Let aJ (†)b. Then

a†J (†)b†. By hypothesis, we have a†D(†)b† and by Lemma 2.8, a†DE(S)b†. This
means that a† = a†b†a† and b† = b†a†b†. On the other hand, since for any
c ∈ S, acL(†)a†c, we have acJ (†)(a†c). Thus

J (†)(ac) = J (†)(a†c) = J (†)(a†b†a†c) ⊆ J (†)(b†a†c)
= J (†)(a†cb†) ⊆ J (†)(cb†) = J (†)(b†c) = J (†)(bc)

and similarly, J (†)(bc) ⊆ J (†)(ac). Thus J (†)(ac) = J (†)(bc) and acJ (†)bc.
Dually, we can obtain that caJ (†)cb. Hence J (†) is a congruence.

(4)⇒(5) It is obvious.
(5)⇒(1) Assume that (5) holds. Let a, b ∈ S. Note that a†L(∗∗)a and

b†L(∗∗)b. We have a†D(†)a and b†D(†)b. Now, by hypothesis, we have abD(†)a†b†.
On the other hand, since abL(†)(ab)†, We can easily deduce that abD(†)(ab)†.
Hence ab = a†(ab)D(†)a†(ab)† and a†(ab)†D(†)(ab)†. Thus by Lemma 3.5,
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a†(ab)†DE(S)(ab)†. This easily deduces that a†(ab)†L(ab)†, which, together
with ab = a†(ab)†ab, yields that (ab)† = a†(ab)† since S is an adequate wrpp
semigroup. By considering that ab = abb† and (ab)†L(∗∗)ab, by Lemma 3.1,
we immediately obtain that (ab)† = (ab)†b†, and so (ab)† = a†(ab)†b†. Now,
we shall express E(S) as the strong semilattice [Y ;Eα, ψα,β] of the rectangular
bands Eα. Hence if we let a† ∈ Eα, b

† ∈ Eβ , then (ab)† ∈ Eαβ and also

(ab)† = a†(ab)†b† = a†ψα,αβ(ab)†b†ψβ,αβ

= (a†ψα,αβ)(b†ψβ,αβ) = a†b†,

so we obtain (ab)† = a†b†. By Lemma 2.8, we know that S is a perfect wrpp
semigroup. �
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