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Abstract

In this paper the studies of [8] on techniques for a posteriori error
control and adaptive mesh design for finite element models in perfect
plasticity are extended to plasticity with linear hardening.
Here we confine ourselves to conventional strategies for mesh refine-
ment in finite element methods which are mostly based on a posteriori
error estimates for the global energy norm in terms of local residuals
of the computed solution. These estimates reflect the approximation
properties of the trial functions by local interpolation constants while
the stability property of the continuous model enters through a global
coercivity constant.
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1 Introduction

Models in the theory of elastic and inelastic materials in classical notation read
(cf. [5] and [3])

div σ = −f in Ω,

σ = C(ε(u)) in Ω, (1)

u = 0 on Γu, σ · n = g on Γσ.

This set of equations describes the deformation of an elasto-plastic body oc-
cupying a bounded domain Ω ⊂ R

d (d = 2 or 3) which is fixed along a part
Γu of its boundary ∂Ω , under the action of a body force with density f and
a surface traction g along Γσ = ∂Ω \ Γu . Here, u denotes the displacement,
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ε(u) = 1
2
(∇u + ∇uT ) the strain- and σ the stress-tensor. We consider the

case of a quasi-static process, i.e., acceleration effects are neglected. C(.) de-
notes the nonlinear material law, where in the following we discuss plasticity
determined by linear elasticity combined with perfect plasticity yielding linear
hardening behaviour.

a c

Figure 1: Schematic representation: gliding movement of the atoms causes
plastic behaviour

Briefly, we motivate the material law under consideration. The micro struc-
ture of a solid can be regarded as a grid of interconnected atoms. If there is
a deformed grid with an unchanged inner structure – sketched in Figure 1, we
are talking of elastic behaviour. The body goes back into its original state
if the external load vanishes. If there is a deformed grid, where the inner
structure changes, we are talking of plastic behaviour. These inner changes
occur due to a gliding movement of the atoms. This can be explained with
the help of Figure 1. In the unloaded case we look at atoms which are all on
the straight line a. After plastic behaviour has taken place we find the atoms
on a distorted line c. During the gliding process mechanical energy is lost and
the temperature changes locally. One observes a dissipation of energy. If now
the external load vanishes, one obtains a body with changed geometry and
properties.

The difference between elastic and plastic material behaviour is essentially
described by certain norms of the inner stress. As long as these norms are
small elastic behaviour dominates. If the values are above a certain limit, one
observes plastic behaviour. To get a mathematical model we investigate in the
following the relation between elastic and perfect plastic material behaviour.
This can be done with the help of Figure 2, where the material law of an one
dimensional rod is sketched.
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Figure 2: Stress-strain diagram, linear hardening

First we consider the case, where the deformation to the state P is small
enough. |σ| remains below the limit σ. Removing the external load the origin
O is reached again. If the deformation ε increases further after arriving at
state P , the gliding movement takes us to the state P ′. After vanishing of
the external forces the solid obeys the linear elastic law. It chooses a parallel
line to OP starting in P ′ to reach the new unloaded state Q. In other words
we now have in the unloaded state, compared to the initial one, a body with
different geometry. In addition the properties changed, i.e. if the solid is again
subjected to external forces, it behaves linear elastic up to a higher flow value
σ′ compared to σ of the old state O.

2 A model problem in plasticity

We apply this material behaviour with linear hardening to a model problem due
to Strang [9]. The physical problem is that of an infinitely long straight pipe,
with quadratic cross–section Ω ⊂ R

2 , filled with plastic material adherent
to the walls and subjected to a volume force f acting in vertical direction
(see Figure 3). The mathematical model seeks a scalar displacement u in
the vertical direction and a stress vector σ = (σ1, σ2) as functions on Ω .
The plastic behavior of the material is taken into account by the nonlinear
restriction |σ| ≤ 1 + αξ , with α > 0 and ξ = ξ(∇u). This results in the
system

− div σ = f , σ = Πξ∇u in Ω , u = 0 on ∂Ω , (2)

where Πξ denotes the pointwise projection onto the circle with radius 1 + αξ.
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Figure 3: Geometry sketch of the Strang example

In order to give a weak form for (2), we define the spaces

L2(Ω)2 := L2(Ω,R2),

ΠH :=
{
(τ, η) ∈ L2(Ω)2 × L2(Ω), |τ | − (1 + αη) ≤ 0

}
V :=

{
u ∈ H1(Ω), u = 0 on Γu

}
.

Now, similar to the approach in [4], we can state the primal-mixed variational
formulation, where a pair {u, (σ, ξ)} ∈ V × ΠH is sought such that

(σ, τ − σ) + α(ξ, η − ξ) − (∇u, τ − σ) ≥ 0 ∀(τ, η) ∈ ΠH (3)

(σ,∇ϕ) = (f, ϕ) ∀ϕ ∈ V. (4)

Here and in what follows, (., .) represents the L2 inner product of a bounded
domain Ω in R

2 and ‖.‖ the corresponding norm. Furthermore Hm = Hm(Ω)
denotes the standard Sobolev space of L2-functions with derivatives in L2(Ω)
up to the order m, and H1

0 ⊂ H1 is the subspace of H1-functions vanishing on
∂Ω.

Choosing η = ξ in (3), we see that σ is the projection of ∇u onto the circle
with radius 1 + αξ,

σ = C(∇u), a.e. in Ω, (5)

with the function

C(ζ) := Πξζ =

⎧⎨
⎩
ζ, if |ζ | ≤ 1 + αξ,

(1 + αξ)
ζ

|ζ |, if |ζ | > 1 + αξ.
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Furthermore, there holds the relation ξ = |∇u−σ| (c.f.[4]). From this, we can
conclude,

ξ = β(|∇u| − 1), with β = − 1

1 − α2

(
α±√

1 − α2 + α4
)
. (6)

Inserting (5) and (6) into (4), we obtain the nonlinear variational equation

(C(∇u),∇ϕ) = (f, ϕ) ∀ϕ ∈ V, (7)

where, with 0 < γ < 1, the material law can equivalently be written in the
form

C(ζ) := Πξζ =

⎧⎨
⎩
ζ, if |ζ | ≤ 1,

γζ + (1 − γ)
ζ

|ζ | , if |ζ | > 1.
(8)

We discretise this problem by a conforming finite element method using
piecewise (isoparametricly) biquadratic shape functions on triangular meshes
Th = {T}, satisfying the usual condition of shape regularity (see, e.g., [1]).
For ease of mesh refinement and coarsening hanging nodes are allowed in our
implementation. The width of the mesh Th is characterised in terms of the
piecewise constant mesh size function h = h(x), 0 < h ≤ 1, where hT := h|T =
diam(T ) and hmax = maxT∈�h

hT . Using the notation Vh ⊂ V = H1
0 (Ω) for

the corresponding finite element subspaces, the approximate solution uh ∈ Vh

is determined by the discrete equation

(C(∇uh),∇ϕ) = (f, ϕ) ∀ϕ ∈ Vh. (9)

3 A posteriori error estimates

First we remark that there holds the relation

(C(∇u) − C(∇uh),∇ϕ) =

∫ 1

0

(C ′(∇(su+ (1 − s)uh))∇(u− uh),∇ϕ) ds ,

(10)

for ϕ ∈ V , with the Jacobian C ′(·) of the function C(·) .
In plastic regions there holds

C ′(∇v)(.) = γ∇(.) +
1 − γ

|∇v|
(
I − (∇v)T∇v)

|∇v|2
)

︸ ︷︷ ︸
Π

∇(.) . (11)
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Here, the operator Π is only semi-definite, but the term γ∇(.) guarantees C ′

to be positive definite. Consequently, with ϕ = u− uh in (10) there holds

γ‖∇u−∇uh‖2 ≤ (C(∇u) − C(∇uh),∇u−∇uh) . (12)

In what follows we present the error analysis for the discretisation error e =
u − uh. Below the subscription wi denotes the application of a standard in-
terpolation operator to a function w ∈ H1 into the corresponding discrete
FE-space.

Testing with ei in (7) and (9) and substracting gives

(C(∇u) − C(∇uh),∇ei) = 0 (13)

Taking this orthogonality relation and (12) one can proceed by

γ‖∇u−∇uh‖2 ≤ (C(∇u) − C(∇uh),∇e−∇ei) (14)

From this, after integration by parts, we can conclude (c.f. e.g. [7],[10]) an
error estimate of the form

γ‖e‖2
1 ≤

∑
T∈�h

ωT�T , (15)

with the local residuals and weights defined by

�T := hT‖f − divC(∇uh)‖T + h
1/2
T ‖n · [C(∇uh)]‖∂T ,

ωT := max
{
h−1

T ‖e− ei‖T , h
−1/2
T ‖e− ei‖∂T

}
.

where [C(∇uh)] denotes the jump of C(∇uh) across the interelement boundary.

Next, one uses the interpolation estimates ωT ≤ Ci,T‖∇e‖T , yielding the
estimate

γ‖e‖2
1 ≤ C

∑
T∈�h

�2
T =: η2(uh) (16)

measuring the discretisation error in the energy norm.

4 Numerical results

The numerical results presented throughout this work are obtained by FE-
implementations based on the DEAL-library [2].
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4.1 Newton’s method

In this part we want to explain the algorithm for solving the nonlinear problems
of plasticity. In a more abstract sense, we have to solve a problem in the form

N (U) = 0 .

For iterative treatment we employ the Newton scheme

1. Calculate residual N (U i)

2. Assemble derivative DN (U i)

3. Solve DN (U i)Di = N (U i)

4. Update U i+1 = U i − αiDi

One determines αi so that the condition of monotonicity

|N (U i − αiDi)| < |N (U i)| .
is fulfilled. In practice, one determines the first integer i ≥ 0 so that the
condition |N (U i − 2−i Di)| < |N (U i)| is fulfilled and chooses αi = 2−i.

4.1.1 Damped Newton-iteration

The above is applied to our model example. For notational simplicity we
choose γ = 0 in (8) yielding

(a(∇u)∇u,∇ϕ) = (f, ϕ) ∀ϕ ∈ V

with a(∇u) =

⎧⎨
⎩

1 , if |∇u| ≤ 1,
1

|∇u| , if |∇u| > 1.

Considering only regions where plastic behaviour occurs, one has to solve

(
∇u
|∇u| ,∇ϕ) = (f, ϕ) .

Here the update step of the Newton-scheme looks like

ui+1 = ui − αi di . (17)

Remarking that there holds

∂

∂u
(
∇u
|∇u| ,∇ϕ)(ψ) =

(
1

|∇u|
(
I − (∇u)T∇u

|∇u|2
)
∇ψ,∇ϕ

)
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the correction term dj in (17) is the solution of

(
1

|∇ui|
(
I − (∇ui)

T∇ui

|∇ui|2
)
∇di,∇ϕ

)
= (

∇ui

|∇ui| ,∇ϕ) − (f, ϕ). (18)

Damping the Newton’s update step one can observe an essential stabilisation
of the algorithm. The effect is shown in Figure 4. Without damping one can
loose convergence whereas damping leads to a convergent iteration. This effect
is shown in figure 4, where we see the norm of the residual in a logarithmic
scale depending on the iteration number.
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Figure 4: Effect of the damping during the Newton-iteration. Dotted line:
Residuum without damping, straight line: Residuum with damping.

4.1.2 Linear solver

In order to solve the linear systems in (18) arising in each Newton-step, we use
the cg-method as basis iteration with a multigrid-scheme as preconditioner.
But due to the fact that we have coefficients which behave like |∇uh|−1 if
|∇uh| 
 1 we use a fixed number of steps of the method of conjugate resid-
uals as smoother in the multigrid. So we can handle the (nearly) indefinite
behaviour of the linear operators occurring in the critical transition zone be-
tween elastic and plastic part of the solution.

4.2 Adaptivity

The a posteriori mesh design is organised as follows. Let an error tolerance
TOL or a maximal number of cells Nmax be given. Starting from some initial
coarse mesh the refinement criteria are chosen in terms of the local error indi-
cators ηT := �T . Then for the mesh refinement, we use in the following fixed
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fraction strategy: In each refinement cycle, the elements are ordered according
to the size of ηT and then a fixed portion of about 30% of the elements with
largest ηT is refined resulting in approximately a doubling of the number N of
cells. This process is repeated until the stopping criterion η(uh) ≤ TOL is ful-
filled or Nmax is exceeded. A more detailed discussion about mesh refinement
strategies is given below and can be found, e.g., in Rannacher [6].

4.3 Test example

As a test example we consider problem (7), where we choose γ = 0.01 in (8),
on Ω = (0, 2)2. The load is given by f = 4x(2 − x)y(2 − y).
The structure of the solution is shown in Figure 5, where we plotted C(∇uh).

In Figure 6 a sequence of locally refined grids (with zoom to a quarter of Ω)
produced by our numerical simulation is depicted, showing that especially the
critical transition zone between pure elastic and inelastic material behaviour
is well resolved.

Figure 5: Structure of the solution of the test example, where C(∇uh) is
plotted.
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Figure 6: Sequence of locally refined grids (with zoom to a quarter of Ω) produced
by our numerical simulation, showing that especially the critical transition zone
between pure elastic and inelastic material behaviour is well resolved.
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