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Abstract

For a Linear map φ : A → B where A B are C*-algebras and
a multiplicity map φn : Mn(A) → Mn(B) for n × n matrices with
entries from A and B respectively , the inequalities ||φ|| ≤ ||φn|| ≤
||φn+1|| ≤ ||φ||cb have been known to exist. Paulsen showed that for
n ≤ k, ‖φn‖ ≤ ‖φk‖ and if φk is positive then φn is positive. He used
the idea of compression maps. In this paper, we offer an alternative
proof to these inequalities by employing a matrix approach. We have
also considered contractive maps for a two level mapping.
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1 Introduction

A question of Kadison [6] asks whether or not every bounded homomor-
phism from a C*-algebra into the algebra of bounded operators on a Hilbert
space ,B(H) is similar to a *-homomorphism. Hadwin [2] has shown that
a bounded unital homomorphism from a C*-algebra into B(H) is similar to
a *-homomorphism if and only if the homomorphism belong to the span of
completely positive maps. Wittstock has shown that the span of completely
positive maps from a C*-algebra into B(H) is identical with the set of com-
pletely bounded maps. Paulsen [9] has proved that a bounded linear operator
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on a Hilbert space is similar to a contraction if and only if it is completely
polynomially bounded. Therefore the set of completely bounded maps be-
tween C*-algebras has been shown to play an important role in the study of
several problems in C*-algebras and operator theory.
In this paper we consider the growth of norm of the multiplicity map φn and
n-positive maps.
The problem of the growth of the norm of the multiplicity map is the problem
mainly concerned with the range algebra. Loebl [7] showed that if the range
algebra is commutative then every bounded operator is completely bounded
and ||φ|| = ||φ||cb. Ando T. [4], instead took the domain algebra to be finite
dimensional and the range algebra to be any C*-algebra and obtained the same
results as Loebl.
In this paper, we shall take the range algebra to be B(H),the algebra of
bounded linear operators and show that the norm of the multiplicity map
form an increasing sequence

||φ|| ≤ ||φn|| ≤ ||φn+1|| ≤ ||φ||cb. (1.0.1)

We have used a matrix approach to prove 1.0.1. In addition, we also show that
for a unital *-homomorphism φ acting between two C*-algebras A and B,

||φ|| = ||φn|| = ||φ||cb = 1. (1.0.2)

in the second part of our study, we consider two level mapping in the sense
that, we define a mapping say φ between any two C*-algebras and another
mapping ψ between a 2× 2 matrix algebra defined in some particular manner
and show that the contractivity of φ depends on the positivity of ψ as will be
shown in section four.

2 Completely Bounded Maps

By Mn(A) we mean an n × n matrix algebra with entries from A. Mn shall
denote an n × n matrix algebra with entries from C and S(A) is a subset of
Mn(A). Let φ be a linear map from a C*-algebra A to a C*-algebra B. The
map φ is said to be positive (resp. contractive) if φ(a) > 0 (resp.||φ(a)|| ≤ 1)
whenever a > 0 and a ∈ A. φ is n-positive (resp. n-contractive) if φn is positive
(resp.||φn|| ≤ 1) and is said to be completely positive if the multiplicity map:

φn : [aij ] ∈Mn(A) → [φ(aij)] ∈Mn(B) (2.0.3)

is positive for every n ∈ N. It is said to be completely bounded if

sup
n

||φn|| <∞
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and this supremum is called the completely bounded norm denoted by ||φ||cb.
We denote by CB(A,B) the space of all completely bounded maps from A to
B. Note that this space is complete with respect to the completely bounded
norm.

Definition 2.1. Let H be a Hilbert space, B(H) a set of bounded linear
operators on H and let M ⊆ B(H) be a subspace. Let Mn,m(B(H)) be a
n×m matrix algebra with entries from B(H). Then the inclusion, Mn,m(M) ⊆
Mn,m(B(H)) endows this vector space with a collection of matrix norms and
we call M together with this collection of matrix norms on Mn,m(M) ([10])
an operator space. When m = n, we have Mn,m(M)=Mn,n(M) = Mn(M).

Completely bounded maps are simply the morphisms between operator
spaces. They form the basis of the theory of operator spaces.

It has been known that if the range algebra is commutative [4], then every
bounded operator is completely bounded as evident in the following theorem
due to Loebl, see [4],[7].

Theorem 2.2. Let A and B be C*-algebras. Then the following assertions
are equivalent:

a) Every bounded linear map from A to B is completely bounded.

b) Either A is finite dimensional or B is commutative.

Note that every completely positive map is necessarily completely bounded
with ||φ|| = ||φ||cb, see [10] and when A is unital, then ||φ||cb = ||φ|| = φ(1)
where 1 is the unity element in A.

3 Growth of norm of the multiplicity maps

In this section we offer a simpler alternative proof to the inequalities in (1.0.1).

Theorem 3.1. Let A be a C*-algebra, M ⊆ A be an operator space and
φ : M → B(H) a linear map. Define φn : Mn(M) → Mn(B(H)) by

φn[aij ] = [φ(aij)], ∀ [aij ] ∈Mn(M).

Then the norms ||φn||n∈� form an increasing sequence

||φ|| ≤ ||φn|| ≤ ||φn+1|| ≤ ||φ||cb, ∀n

Proof. Note that when n = 1, then by definition of φn, φ1 coincides with φ
and therefore ||φ|| = ||φ1||.
Now for n = 2, let [ai,j ]

2
i,j=1 ∈M2(M). Then for
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φ2 : M2(M) →M2(B(H)),
we have

φ2([aij ]) = φ2

((
a1,1 a1,2

a2,1 a2,2

))
=

(
φ(a1,1) φ(a1,2)
φ(a2,1) φ(a2,2)

)

And so

‖φ2([aij ])‖ =

∥∥∥∥φ2

((
a1,1 a1,2

a2,1 a2,2

))∥∥∥∥ =
√

‖φ(aij)‖2
i,j=1,2

=

√√√√ 2∑
i=1

2∑
j=1

‖φ(ai,j)‖2 ≥ ‖φ(ai,j)‖i,j=1

Hence ||φ2|| ≥ ||φ1||.
As for n = 3 and i, j = 1, 2, 3,

‖φ3([aij ])‖ =

∥∥∥∥∥∥φ3

⎛
⎝

⎛
⎝ a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

⎞
⎠

⎞
⎠

∥∥∥∥∥∥ = ‖[φ(aij)]‖i,j=1,2,3

=

√√√√ 3∑
i=1

3∑
j=1

||φ(ai,j)||2

≥
√√√√ 2∑

i=1

2∑
j=1

||φ(ai,j)||2

= ||φ2([ai,j])|| i,j=1,2

Hence ||φ3|| ≥ φ2||.
Therefore in general, consider

φn+1 : Mn+1(M) → Mn+1(B(H))

defined by φn+1([ai,j]) = [φ(ai,j)] for all i, j = 1, . . . , n + 1. By the above
calculations, we have

‖φn+1([ai,j])‖ = ‖[φ(ai,j)]‖n+1
i,j=1

=

√√√√n+1∑
i=1

n+1∑
j=1

‖φ(ai,j)‖2

≥
√√√√ n∑

i=1

n∑
j=1

‖φ(ai,j)‖2

= ||φn([ai,j ])||
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Thus ‖φn+1‖ ≥ ‖φn‖.
But since

||φ||cb = sup
n

||φn|| ,

we have ‖φ‖cb ≥ ‖φn‖ ∀n ∈ N.
Thus

||φ|| ≤ ||φ2|| ≤ . . . ≤ ||φn|| ≤ . . . ≤ ||φ||cb (3.0.4)

Corollary 3.2. ||φn|| ≤ n||φ||
Proof. Let ‖[aij ]‖ ≤ 1, ∀ i, j, then

‖φn([ai,j])‖ = ‖[φ(ai,j)]‖

=

√√√√ n∑
i=1

n∑
j=1

‖φ(ai,j)‖2

≤
√√√√ n∑

i=1

n∑
j=1

‖φ‖2‖(ai,j)‖2

= ‖φ‖
√√√√ n∑

i=1

n∑
j=1

‖(ai,j)‖2 ≤ n‖φ‖

and the inequality then follows

There are some instances in which the inequalities in (3.0.4) stabilize. This
depends on the following important observation of Roger Smith.

Proposition 3.3. (Smith ) If V is an abstract operator space and φ : V →
Mn(C) is a linear map, then ||φ||cb = ||φn||.
Proof. See [3] for the proof of this proposition.

Note that in the above corollary, the n on the right hand side is not the
dimension of the domain algebra.

Theorem 3.4. Let A and B be unital C*-algebras, and let φ : A → B be a *-
homomorphism with φ(1A) = 1B. Then φ is completely positive and completely
bounded and that ||φ|| = ||φn|| = ||φ||cb = 1.
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Proof. If φ is a *-homomorphism with φ(1A) = 1B, then φ maps invertible
elements in A into invertible elements in B. So

σ(φ(a)) ⊆ σ(a) for any a ∈ A.

It follows that

||φ(a)||2 = ||φ(a)∗φ(a)||
= ||φ(a∗a)||
= r(φ(a∗a))

≤ r(a∗a)

= ||a∗a|| = ||a||2

where r(a∗a) denotes the spectral radius of a∗a.
Thus φ is bounded and contractive. Since φ is unital, it follows that φ is
positive and ‖φ‖ = 1

Define φn by
φn([ai,j]) = [φ(ai,j)].

Since φ is positive, φ(ai,j) ≥ 0 ∀ i, j, which implies that φn is n-positive for
all n and thus φ is completely positive. Since every completely positive map
is necessarily completely bounded, φ is completely bounded.
It now remains to show that ‖φn‖ = 1.
It is given that φ is unital, implying that φn is unital for every n. That is
φn[In] = [In]∈Mn(B).
And hence, ‖φn[In]‖ = ‖[In]‖ = 1.
Thus, ‖φn‖ = 1 ∀ n.

4 Contractive maps

let A and B be unital C*-algebras and φ : A → B be a unital linear map.
Define the adjoint of φ, φ∗ by φ∗(a) = φ(a∗)∗. φ∗ is linear and ||φ∗|| = ||φ||.
Let S(A) be a subset of M2(A) given by

S(A) =

{(
λ a
a∗ μ

)
: λ, μ ∈ C and a ∈ A

}

Define ψ : S(A) → S(B) by

ψ

(
λ a
a∗ μ

)
=

(
λ φ(a)

φ∗(a∗) μ

)

The following lemma due to Choi [5] will hold.
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Lemma 4.1. Let R, S and T be in B(H) with T being positive and invertible.
Then [

T S
S∗ R

]
≥ 0

if and only if R ≥ S∗T−1S.

For the proof of this lemma, see [5, lemma 2.1]

Proposition 4.2. φ n-contractive implies ψ is n-positive

Proof. An element of Mn(S(A)) can be written as a 2 × 2 matrix of n × n
blocks after a canonical shuffle, i.e it is of the form

(
[λij] [aij ]
[aij ]

∗ [μij ]

)

with [λij], [μij] ∈Mn(C) and [aij ] ∈Mn(A). Denote the space M2(Mn(A)) by

Y. Notice that if an element

(
λ a
a∗ μ

)
∈ S(A) is positive, so are elements

of Y. Let [(
λij aij

a∗ji μij

)]
∈Mn(S(A))

be positive, then via the identification,

(
[λij] [aij ]
[aij ]

∗ [μij]

)
∈M2(Mn(A))

is positive. Thus, assuming [λij], [μij] are positive definite matrices and
invertible, we have by lemma (4.1)

[μij ] ≥ [aij ]
∗[λij]

−1[aij]. Thus

I ≥ [μij ]
−1/2[aij]

∗[λij]
−1/2[λij ]

−1/2[aij ][μij]
−1/2. And we have

φ(I) ≥ ([λij ]
−1/2φn([aij ])[μij ]

−1/2)∗([λij]
−1/2φn([aij ])[μij]

−1/2) since φ is linear and φ(I) = I.

1 ≥ ‖([λij ]
−1/2φn([aij ])[μij]

−1/2)∗([λij]
−1/2φn([aij ])[μij]

−1/2)‖ (4.0.5)

= ‖[λij ]
−1/2φn([aij ])[μij]

−1/2)‖2

1 ≥ ‖φn

n∑
s,t=1

μ−1/2
us astλ

−1/2
tr ‖2

1 ≥ ‖φn

n∑
s,t=1

μ−1/2
us astλ

−1/2
tr ‖
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From equation (4.0.5), we have

I ≥ [μij]
−1/2φ∗

n([aij ]
∗)[λij ]

−1/2[λij]
−1/2φn([aij ])[μij]

−1/2

= [μij]
−1/2φ∗

n([aij ]
∗)[λij ]

−1φn([aij ])[μij]
−1/2

[μij ] ≥ φ∗
n([aij]

∗)[λij ]
−1φn([aij])

⇒
[

[λij ] φn[aij ]
φ∗

n[aij ]
∗ [μij]

]
≥ 0

⇒
[(

λij φ(aij)
φ∗(a∗ji) μij

)]
≥ 0 via cannonical identification

⇒ ψn

[(
λij aij

a∗ji μij

)]
≥ 0

⇒ ψ is n-positive

Corollary 4.3. ψ completely positive implies φ is completely bounded.

Proof. Note that, ψ n-positive for all n, then ψ is completely positive. By the
above proposition, we have that φ is n-contractive for all n ∈ N implying that
φ is completely contractive and hence all the φn′s are bounded. This further
implies that φ is completely bounded and we are done.
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