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Abstract

It is proved that if (gi, fi) is a distinguished pair and ai is a root
of fi then there exists an r.a.f. extension u of a valuation v on K to
K(x1, ..., xn) such that ranku = n + 1 and u is defined by using (gi, fi)
and ai, where i = 1, ..., n and K is a local field with respect to v.
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1 Introduction

Let v be a valuation on a field K with value group Gv and residue field kv.
Defining all extensions of v to K(x1, ..., xn) is old and important problem. The
existence of residual transcendental extensions of v to K(x) with given residue
field and value group was considered by M. Matignon and J. Ohm in 1988 and
by N. Popescu, V. Alexandru and A. Zaharescu in 1990. Also S. K. Khanduja
studied the existence of residual algebraic free extensions of v to K(x) with
given residue field and value group in 1991. Distinguished pairs, distinguished
chains and some invariants associated to these chains were introduced at first
by N. Popescu and A. Zaharescu in 1995. They also proved that irreducible
polynomials over a local field can be obtained by using these invariants. In
this paper existence of extensions of v to K(x1, ..., xn) is studied without given
residue field or value group whenK is a local field with respect to v. It is shown
that if (gi, fi) is a distinguished pair and ai is a root of fi where i = 1, ..., n then
there exists a residual algebraic free extension u of v to K(x1, ..., xn) such that
u is defined by using distinguished pairs (gi, fi) and such that ranku = n+ 1.
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2 Preliminaries and Some Notations

In this work by local field we shall mean a field complete relative to a rank
one and discrete valuation v. Throughout this paper, K is a local field with
respect to a valuation v, Gv is value group of v, Ov is its valuation ring and kv

is its residue field. K is an algebraic closure of K, v̄ is the unique extension
of v to K. The value group of v̄ is the divisible closure of Gv and the residue
field of v̄ is the algebraic closure of kv. K(x) and K(x1, ..., xn) are rational
function fields over K with one variable and n variables respectively. For
any α in Ov, α

∗ denotes its natural image in kv. If a1, ..., an ∈ K, then the
restriction of v̄ to K(a1, ..., an) will be denoted by va1...an. w is called residual
transcendental (r.t.) extension of v if kw/kv is a transcendental extension. If
w is an r.t. extension of v to K(x) then there exists a minimal pair (a, δ) ∈
K × Gv̄ respect to K where a is separable over K. Let f = Irr(a,K) be
a minimal polynomial of a respect to K and γ = w(f). If F ∈ K [x], let
F = F0 + F1f + ...+ Fnf

n, degFi < deg f, i = 0, ..., n be the f -expansion of
F .

Define

w(F ) = inf
i

(va(Fi(a)) + iγ) (1)

Then one has:

Theorem 2.1: (see [1]). w defined in (1) satisfies all valuation conditions
onK[x] and can be uniquely extended toK(x). Moreover w is an r.t. extension
of v to K(x) and the followings hold:

1. Gw = Gva + Zγ

2. Let e be the smallest non-zero positive integer such that eγ ∈ Gva . Then
there exists h ∈ K [x] such that deg h < deg f , va(h(a)) = eγ and
r = f e/h is an element of Ow such that r∗ ∈ kw is transcendental over
kv.

3. kva can be identified canonically with the algebraic closure of kv in kw

and kw = kva(r
∗).

4. If w is an r.t. extension of v to K(x), there exists a minimal pair (a, δ) ∈
K × Gv̄ such that a is separable over K. Two pairs (a, δ) and (a1, δ1)
define the same valuation w if and only if δ = δ1 and v̄(a− a1) ≥ δ.

w which is defined for each F =
∑

i

aix
i ∈ K [x] as w(F ) = inf

i
(v(ai))

is called Gauss extension of v to K(x) and kw = kv(x
∗) is the simple

transcendental extension of kv where x∗ is the residue of x and Gw = Gv.
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w is called residual algebraic (r.a.) extension of v if kw/kv is an algebraic
extension. w/v is called residual algebraic torsion (r.a.t) extension if w/v is
r.a. extension and Gw/Gv is a torsion group. In this case Gv ⊆ Gw ⊆ Gv̄ is
satisfied.

If w is a r.a. extension of v to K(x) and Gw/Gv is not a torsion group
then w is called a residual algebraic free (r.a.f.) extension of v. If w is a r.a.f.
extension of v to K(x) then rankw = rankv+1 and w = w1 ◦w2 where w1 is a
valuation of K(x) and w2 is a valuation of kw1

. If w1 is the r.t extension of v to
K(x) then kw1

has a valuation w2 which is trivial on kv. Hence w1 is defined by

a minimal pair (a, δ) ∈ KxGv. Let f , γ, e, h, va, r, r
∗ = Y be as before. Since

w2 is trivial over kva then it is defined by an irreducible polynomial G ∈ kva [Y ]
or is the valuation at infinity. If G ∈ kva [Y ] be a monic polynomial then a
monic polynomial g ∈ K [x] such that w1(g) = meγ, deg g = me deg f and
(g/hm)∗ = G is called a lifting of G in K [x] with respect to w or more exactly
with respect to w, a, δ, h. It is proved in [6 Theo.2.1] that if G �= Y is a monic,
irreducible polynomial of kva [Y ], g is irreducible.

Theorem 2.2:(See [6]) With the above notations w can be described as
follows: Let G �= Y and g be a lifting polynomial of G with respect to w. Let
F ∈ K[x] and F = F0 + F1g + ...+ Fng

n, degFi < deg g, i = 0, ..., n then

w(F ) = i nf
i

(j(w1(Fi)) + iw(g)) (2)

where w(g) = (w1(g), 1) ∈ Gv̄xQ, j is a map from Gv̄ to Gv̄xQ (ordered
lexicographically) defined as j(d) = (d, 0) for each d ∈ Gv. In this case w is
called a r.a.f. extension of v of second kind. Then there exists a root b of g
such that v(b − a) ≤ δ. For any F ∈ K[x] such that degF < deg f one has
F (b)∗ = F (a)∗, (f(b)e/h(a))∗ = c is a root of G and kw = kvb

= kva(c) where
vb is the unique extension of v to K(b).

Let wi be a r.t. extension of v to K(xi) defined by a minimal pair (ai, δi) ∈
K ×Gv̄ and fi = Irr(ai, K), γi = wi(fi).

Each polynomial F ∈ K[x1, ..., xn] can be written uniquely as:

F =
∑

i1,...,in

Fi1...inf
i1
1 ...f

in
n , where Fi1...in ∈ K[x1, ..., xn], degxi

Fi1...in < deg fi,

i = 1, ..., n

Define;

w(F ) = inf
i1,...,in

(va1...an(Fi1i2...in(a1, ..., an)) + i1γ1 + ...+ inγn) (3)

Then one has:



1808 F. Öke

Proposition 2.3:(See [5]) w defined in (3) satisfies all valuation conditions
on K[x1, ..., xn] and it can be uniquely extended to K(x1, .., xn). Moreover w
is an r.t. extension of v to K(x1, ..., xn) and

1. Gw = Gva1...an
+ Zγ1 + ...+ Zγn.

2. Let ei be the smallest number such that eiγi ∈ Gvai
where vai

is the
restriction of v̄ to K(ai). Then there exists hi ∈ K[xi] such that deg hi <
deg fi and vai

(h(ai)) = eiγi and ri = f ei
i /hi ∈ Owi

such that r∗i trans/kv

for i = 1, ..., n.

3. kva1...an
can be identified canonically with the algebraic closure of kv in

kw and kw = kva1...an
(r∗1, ..., r

∗
n).

are satisfied.

Definition 2.5:[See 7] A pair (a, b) ∈ K ×K is said to be distinguished if
the following conditions hold:

1. deg a > deg b

2. If c ∈ K and deg c < deg a then v(a− c) ≤ v(a− b)

3. If c ∈ K and deg c < deg b then v(a− c) ≤ v(a− b)

Let f and g be two irreducible monic polynomials over K. It is said that
(g, f) is a distinguished pair, if there exists a root b of g and a root a of f such
that (b, a) is a distinguished pair.

Under the notations in Theo.2.1 and Theo.2.2 let G ∈ kva [Y ], G �= Y be an
irreducible polynomial. If g is a nontrivial lifting of G into K [x] then (g, f) is
a distinguished pair.

3 Results

Theorem 3.1: Let (gi, fi) be a distinguished pair and ai be a root of fi for
i = 1, ..., n. Then there exist γi, hi as in Prop.2.3. and Gi ∈ kvai

[Yi] irreducible,
Gi �= Yi such that gi is a (nontrivial) lifting of Gi for i = 1, ..., n and there
exists an r.a.f. extension u of v to K(x1, ..., xn) with ranku = n+ 1 such that
u is defined by γi, hi and gi where i = 1, ..., n.

Let us study this problem for n = 1 so as to yield a proof for above theorem:

Proposition 3.2: Let (g, f) be distinguished pair and a be a root of f .
There exists an r.a.f. extension u of v to K(x) with ranku = 2 such that u is
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defined by a, f and g.

Proof: Let b be a root of g for which v̄(b − a) is greatest. Then (b, a) is
a distinguished pair. Choose δ = v̄(b− a). Since (b, a) is a distinguished pair
(a, δ) is a minimal pair. Let w be a valuation on K(x) defined by the minimal
pair (a, δ) and γ, e, h, kw, Gw, r

∗ = Y be as in Prop 2.1. There existsG ∈ kva [Y ]
monic, irreducible polynomial and G �= Y such that g is a complete lifting of
G with respect to (a, δ, h).[7] Take ρ = (w(g), 1). Each polynomial F ∈ K[x]
can be uniquely written as; F =

∑

i

Fig
i, where Fi ∈ K[x], degFi < deg g.

Define

u(F ) = inf
i

(ϕ(w(Fi)) + iρ) (4)

where ϕ : QGv → QGv ×Q is a map such that ϕ(t) = (t, 0) for each t ∈ QGv.
u satisfies all valuation conditions on K[x] and it can be uniquely extended to
K(x).[6]

Let ū be the common extension of v̄ and u to K(x). Then Gū is isomorphic
to QGv × Q. Gū has a proper isolated subgroup H which is isomorphic to
Q. Here Ow̄ is the valuation ring corresponding to H and w̄ = sū where
s : Gū → Gū /H is the canonic homomorphism of ordered groups. Denote the
valuation of kw̄ which corresponds to the valuation ring Oū /Mw̄ by ũ. The
valuation ring of K(x) which corresponds to Oũ is Oū and Oū ⊂ Ow̄ ⊂ K(x) is
satisfied. Then ū = w̄ ◦ ũ. ũ is trivial over kv̄. It is defined by the irreducible
polynomial G and so Gũ

∼= Q and so ku = kvb
. QGv∩Gu = Gvb

, Gvb
∩Zρ = {0}

and so Gu = Gvb
+ Zρ.

Proof of Theorem 3.1: Let bi be a root of gi for which v̄(bi − ai) is
greatest for i = 1, ..., n. Then (bi, ai) is a distinguished pair for i = 1, ..., n.
We choose that δi = v̄(bi − ai). Then (ai, δi) is a minimal pair since (bi, ai)
is a distinguished pair for i = 1, ..., n. Let wi be the valuation defined by the
minimal pair (ai, δi) and γi, ei, hi and r∗i = Yi be as in Prop.2.3. According
to [7,Theo 3.2] there exists Gi ∈ kvai

[Yi], monic, irreducible and Gi �= Yi such
that gi is a complete lifting of Gi with respect to (ai, δi, hi) for i = 1, ..., n.
Let us take ρ1 = (w1(g1), 1, 0, ..., 0), ρ2 = (w2(g2), 0, 1, 0, ..., 0) and generally
ρi = (wi(gi), 0, ..., 0, 1, 0, ..., 0) ∈ QGv ×Q× ...×Q (ordered lexicographically)
for i = 1, ..., n. Each F ∈ K[x1, ..., xn] can be uniquely written as;

F =
∑

i1,...,in

Fi1...ing
i1
1 ...g

in
n , where Fi1...in ∈ K[x1, ..., xn], degxi

Fi1 ...in < deg gi.

Define;

u(F ) = inf
i1,...,in

(φ(w(Fi1...in)) + i1ρ1 + ...+ inρn) (5)

where φ : QGv → QGv ×Q× ...×Q is a map such that φ(t) = (t, 0, ..., 0)
for each t ∈ QGv. Here w is the common extension of wi to K(x1, ..., xn) for
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i = 1, ..., n such that w is a r.t. extension of v, kw = kva1...an
(r∗1, ..., r

∗
n) and

Gw = Gva1...an
+ Zγ1 + ... + Zγn.[5] It is clear that u satisfies all valuation

conditions on K[x1, ..., xn] and it is uniquely extended to K(x1, ..., xn).

Let ū be the common extension of v̄ and u to K(x1, ..., xn). Then Gū is
isomorphic to QGv×Q×...×Q. Gū has n proper isolated subgroups H1, ..., Hn

which are isomorphic to Q×Q× ...×Q (n copies), ... , Q×Q,Q respectively.
There exists an increasing bijection from the set of subrings of K(x1, ..., xn)
containing Oū to the set of isolated subgroups of Gū.[3] Then K(x1, ..., xn)
has valuation rings such that Oū ⊂ On ⊂ ... ⊂ O2 ⊂ O1 = Ow̄ where Oi

corresponds Hi, for i = 1, ..., n. Moreover Oū has n proper principal ideals
such that Mw̄ = M1 ⊂ M2 ⊂ ... ⊂ Mn ⊂ Mū. There is a bijection of the set
of valuation rings of K(x1, ..., xn) contained in Ow̄ onto the set of valuation
rings of kw̄.[3] Therefore kw̄ has valuation rings such that V2 ⊃ ... ⊃ Vn ⊃ Vn+1

which correspond to valuation rings O2, ..., On, Ou of K(x1, ..., xn) respectively.
Here Vi = Oi/M1 for i = 2, ..., n + 1. If ũi is a valuation of kũi−1

which
corresponds to Vi where i = 2, ..., n + 1 then ū = w̄ ◦ ũ2 ◦ ... ◦ ũn ◦ ũn+1 and
ranku = rankū = n+ 1, here kũ1 = kw̄.

QGv ∩ Gu = Gvb1...bn
, Gvb1...bn

∩ Zρi = {0} for i = 1, ..., n and so Gu =
Gvb1...bn

+ Zρ1 + ...+ Zρn. Since Fi(bi)
∗ = Fi(ai)

∗ for each Fi(xi) ∈ K[xi] with
degFi < degfi then Fi1...in(b1, ..., bn)∗ = Fi1...in(a1, ..., an)∗ for each Fi1...in(x1, ..., xn) ∈
K[x1, ..., xn] with degxi

Fi1...in < deg fi then ku = kvb1...bn
.

Example 3.3: Let (g1, f1) and (g2, f2) be distinguished pairs and a1 and
a2 be roots of f1 and f2 respectively. We can write f1, g1 ∈ K(x) and f2, g2 ∈
K(y). Let b1 be root of g1 for which v̄(b1 − a1) is the greatest. Then (b1, a1)
is distinguished pair. Let δ1 = v̄(b1 − a1). If c ∈ K and deg c < deg a1 then
v̄(b1−c) < v̄(b1−a1) because (b1, a1) is a distinguished pair. Therefore (a1, δ1)
is a minimal pair. Similarly if b2 is chosen for v̄(b2−a2) is greatest then (b2, a2)
is a distinguished pair. Let δ2 = v̄(b2−a2). Then (a2, δ2) is a minimal pair. Let
w1 be the extension of v to K(x) defined by (a1, δ1) and w2 be the extension
of v to K(y) defined by (a2, δ2) and δ1, δ2, e1, e2, h1, h2 and r∗1 = Y1, r

∗
2 = Y2

be as above.

Define w as the common extension of w1 and w2 to K(x, y). Then kw =
kva1,a2

(r∗1, r
∗
2) and Gw = Gva1a2

+ Zγ1 + Zγ2.According to [7,Theo. 3.2] there
exists G1 ∈ kva1

[Y1], monic, irreducible and G �= Y1 such that g1 is a lifting
of G1 with respect to (a1, γ1, h1) and similarly there exists G2 ∈ kva1

[Y2],
monic, irreducible and G2 �= Y2 such that g2 is a lifting of G2 with respect
to (a2, γ2, h2). Take ρ1 = (w1(g1), 1, 0), ρ2 = (w2(g2), 0, 1). Each F ∈ K[x, y]
can be written as F =

∑

i,j

Fijg
i
1g

j
2, where Fij ∈ K[x, y], degx Fij < deg g1,

degy Fij < deg g2.
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Define
u(F ) = inf

i,j
(ψ(w(Fij)) + iρ1 + jρ2) (6)

where ψ is a map ψ : QGv → QGv × Q × Q which is defined as ψ(s) =
(s, 0, 0) for each s ∈ QGv. u is a valuation on K[x, y] and can be uniquely
extended to K(x, y) from [4].

Let ū be the common extension of v̄ and u to K(x, y). Gū is isomorphic to
QGv ×Q×Q (ordered lexicographically) and Gū has proper subgroups H1, H2

which are isomorphic to Q × Q and Q respectively. Since there exists an
increasing bijection from the set of subrings of K(x1, ..., xn) containing Oū to
the set of isolated subgroups of Gū then K(x, y) has two proper valuation rings
such thatOū ⊂ O2 ⊂ O1 = Ow̄ whereO1 corresponds toH1 andO2 corresponds
to H2. Oū has two proper principal ideals such that Mw̄ = M1 ⊂ M2 ⊂ Mū.
Since there is a bijection of the set of valuation rings ofK(x, y) contained in Ow̄

onto the set of valuation rings of kw̄ then kw̄ has valuation rings V2 ⊃ V3 which
correspond to the valuation rings O2 and Oū respectively. Here V2 = O2/M1

and V3 = Ou/M1 clearly. If φ1, φ2, φ3 are places which correspond to valuation
rings Ow̄, V2, V3 respectively then φ1 ◦ φ2 ◦ φ3 is a place of K(x, y) and the
valuation corresponding to this place is ū.

u is a composite valuation on K(x, y) such that u = w ◦ u2 ◦ u3. Here
u2 is a valuation on kw = kva1a2

(Y2)(Y1) defined by the polynomial G1 and
ku2 = kvb1a2

(Y2), u3 is a valuation on ku2 defined by the polynomial G2 and
ku3 = kvb1b2

. Then ku = ku3 = kvb1b2
. Since QGv ∩ Gu = Gvb1b2

and Gvb1b2
∩

Zρ1 = {0} and Gvb1b2
∩ Zρ2 = {0} then Gu = Gvb1,b2

+ Zρ1 + Zρ2.
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