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Abstract

It is known that the Mizohata operator M = ∂x+ix∂y, is not solvable
[15, 18, 22]. In this note we show how the operator M can be solved by
the Cauchy -Riemann operator Q = i∂x + ∂y by using the invariance of
the extended Heisenberg group. By constructing a continuious operator
of C∞(R3) into C∞(R4) leads us to find an interesting relation between
the operator Q and the operator M which solves the phenomena of this
operator.
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1 Introduction

1.1. In the mid 1950s, B. Malgrange [11] and L. Ehrenpreis [3] showed

that one can solve all linear constant-coefficients partial differential equations

on R
n. The question of solvability for variable coefficients was posed. H.

Lewy[10]found the following example, which at the time (1956) was astonish-

ing. In three variables(x, y, z), let be the operator (called the Lewy operator):

L = (∂x + i∂y + 2y∂z − 2xi∂z) (1)
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The Cauchy–Kovalevskaya theorem applies to this operator. So, if g is a

real-analytic function defined near 0, then L(u) = g can be solved near 0, with

u real analytic. But, there exists a C∞- function g such that the equation

L(u) = g can not be solved in any neighborhood of 0, even with u a is a

distribution. The Lewy examle destroyed all hopes to solve an equation with

variable coefficients

1.2. Later, it was noticed that the same phenomenon occurs [12], near any

point (0, y), for the even simpler operator in two variable ( called the Mizohata

operator ):

M = (∂x + ix∂y) (2)

By applying Hormader,s condition [9, P.156] on the operator M the hy-

potheses of this condition are not fulfilled for every open set Ω of R
2 In other

word the Mizohata operator is not locally solvable. The question of the local

solvability for vector fields was studied by L. Nirenberg and F. Treves [13 ],

Chap. VII. in R
2, the operator Mk = ∂x + ixk∂y , k ∈ N, is locally solvable at

0 if and only if k is even.

1.3. In my paper ”Note on the Solvability of the Lewy Operator” Interna-

tional Mathematical Forum, 5, 2010, no. 8, 389 - 393, I have solved the Lewy

operator L, that means LC∞(R3) = C∞(R3). In this note we will solve the

phenomenon of the Mizohata operator by mean the Cauchy-Reimann operator

Q = i∂x + ∂y (3)

2 Main Theorem.

We refer to [6, 9], to introduce the following definition

Definition 2.1 For every f ∈ C∞(R3), one can define a functions �f ∈
C∞(R4) as follows:

�f(z, y, x, t) = f (z + xy, y, t + x) (4)

for any (z, y, x, t) ∈ L.

Note that the functions �f is invariant in the following sense :

�f(z + ky, x − k, t + k) = �f(z, y, x, t) (5)



Note on the solvability of the Mizohata operator 1835

for any z ∈ R , y ∈ R, x ∈ R , t ∈ R and k ∈ R. This definition means that

any function f ∈ C∞(R3) can be extended an unique function F ∈ C∞(R4),

invariant in sense, such that

F ↓�3 (z.y, x, 0) = f(z.y, x) (6)

Proposition.2.1. As in the introduction Let Q be the Cauchy-Riemann

operator, then for every f ∈ C∞(R3), we have

R�f = Q�f (7)

where R is the partial differential operator defined by

R = i∂t + ∂y + iy∂z (8)

Proof : let f be any function infinitely differentiable on R
3, then we get

Q�f(z, y, x, t) = (i∂x + ∂y )�f(z, y, x, t)

= (i∂x�f)(z, y, x, t) + (∂y�f )(z, y, x, t)

= (i(
d

ds
)0�f)(z, y, x + s, t) + ((

d

dr
)0�f)(z, y + r, x, t)

= (i(
d

ds
)0f)(z + (x + s)y, y, t + x + s) + ((

d

dr
)0f)(z + x(y + r), y + r, t + x)

= (i∂t + iy∂z)�f(z, y, x, t) + ∂y�f(z, y, x, t)

= (i∂t + ∂y + iy∂z)�f(z, y, x, t)

= R�f(z, y, x, t) (9)

Hence the proposition is proved.

Theorem 2.1. The operator M = ∂y + iy∂z, verifies the following

MC∞(R3) = C∞(R3) (10)

Proof. In fact for any function g ∈ C∞(R3), there is a function Ψ ∈ C∞(R3)

such that QΨ(z, y, x) = g(z, y, x), and for any function Ψ ∈ C∞(R3), there is

a function f ∈ C∞(R3), such that

�f(z, y, x, 0) = Ψ(z, y, x) (11)
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So we get

Q�f(z, y, x, 0) = QΨ(z, y, x)

= R�f(z, y, x, 0) = g(z, y, x) (12)

But

R�f(z, y, x, 0)

= (∂y + iy∂z)�f(z, y, x, 0) + i∂t�f(z, y, x, 0)

= Q�f(z, y, x, 0) = g(z, y, x) (13)

In other word we get for any function G(z, y, x) ∈ C∞(R3), there is a

function F (z, y, x) ∈ C∞(R3) such that

(∂y + iy∂z)F (z, y, x) = MF (z, y, x)

= G(z, y, x) (14)

where

G(z, y, x) = g(z, y, x) − i∂t�f(z, y, x, 0) (15)
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