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Abstract

Modeling nonstationary-nonlinear time series has become a major
challenge in all fields of scientific research. Some of the popularly used
models include ARIMA and GARCH. The limitations of ARIMA model-
ing was reported by Harvey [1] and GARCH model by Daniel [2] when
applied to model financial time series. Wavelet Networks, a new ap-
proach to analyze such time series is seen to be efficient for forecasting.
In this paper we have used GARCH model, Wavelet Neural Network
(WNN), T-TAR model and WNN with T-TAR model for forecasting a
nonstationary-nonlinear time series and these methods are applied for
forecasting a nonstationary-nonlinear time series of gold price (price in
US Dollar against 1 ounce of gold), an economic time series of current
interest. Here it is established that WNN as well as WNN using T-TAR
model give accuracy prediction of future values. In the Wavelet Neu-
ral Network (WNN) using T-TAR model for preprocessing have further
advantages as it includes a parametric model.
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1 Introduction

A time series or a signal is the fundamental object of study in various fields
of research. Conventionally, time series modeling has a tacit assumption that
there is a linear underlying relation ship among the past and future values of
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the series. Linear time series modeling is popular because of the easiness in
explanation and implementation. When the given series is non linear this may
become totally inappropriate. A time series is stationary if its properties are
statistically invariant over time. Time Series which are stationary can be mod-
eled by various parametric methods. The study of non stationary time series
where transient events appear that can not be predicted even statistically with
knowledge of the past necessitates techniques different from Fourier transform.
In recent years interest is shifted to the analysis of non linear non stationary
time series. Various existing methods have their own short comings. Gener-
alized Auto regressive Conditional Heteroskedastic (GARCH) model consider
the moments of a time series as invariant and which is the error term assuming
that the error term is serially correlated and can be modeled by an Auto Re-
gressive process. Thus a GARCH process can measure the implied volatility
of a time series due to price spikes.
In a neural network model there is no a priori assumption on the relationship
between the variables and in addition the model form is defined by the data.
It is also true that they are universal approximators so that they can approxi-
mate any continuous function to any desired degree of accuracy. Wavelets are
one of the methods specific to the study of non stationary character of the time
series. Basic properties of wavelets include their local influence in time and
frequency domains. Combining the neural network structure with wavelets
we have the advantage of both the methods. The given time series is given
as the neural network input and the whole network is trained to evaluate the
output. T-TAR model is a method suggested in [11] for the analysis of time
series. Its main advantage is the computational ease so that less number of
parameters than GARCH model needs to be evaluated. We organise the paper
as below. Section 2 deals with GARCH method, section 3 deals with wavelet
Transforms, section 4 deals with Wavelet Networks and section 5 deals with
T-TAR model. In section 6 the analysis results of the gold price time series
[January 1990 - December 2009] using the four methods is presented and in
section 7 the comparison of the three methods is discussed. Final conclusions
are given in section 8.

2 GARCH Models

Assuming that the given time series satisfies the Gaussian condition, we can
use Box-Jenkins modeling approach with fewest model parameters supported
by the data to estimate the ARIMA process. In traditional ARIMA estima-
tion, the basic assumption on the error term includes constant variance and
this property is homoskedastic. It need not hold in practical applications. The
class of problems where it does not hold is called heteroskedastic. GARCH
basically uses an AR process.
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An Autoregressive Conditional Heteroskedastic model considers the variance
of the current error term or innovation to be a function of the actual sizes
of the previous time periods’ error terms. Often the variance is related to
the squares of the previous innovations. Such models are often called ARCH
models [2] (Engle, 1982). ARCH models are employed commonly in modelling
financial time series that exhibit time-varying volatility clustering, i.e. periods
of swings followed by periods of relative calm.
If an autoregressive moving average model (ARMA model) is assumed for the
error variance, the resultant model is called a generalized autoregressive con-
ditional heteroskedasticity (GARCH, Bollerslev (1986)) model.
A GARCH model with order p ≥ 0 and q ≥ 0 is defined as;

Z(t) =
√
h(t)e(t) (1)

where h(t) = α0 +
∑p

i=1 αiZ
2
t−i +

∑q
j=1 βjh

2
t−j and e(t) ∼ IID(0, 1), α0 > 1.

Here αi ≥ 0 and βj ≥ 0 are constants with Σp
i=1αi + Σq

j=1βj.

3 Wavelets and Wavelet Transform

A wavelet is a real(complex) valued square integrable function ψ satisfying the
following properties;
(1)

∫∞
−∞ ψ(t)dt = 0

(2)
∫∞
−∞ |ψ

2(t)|dt = 0.
Here ψ is the mother wavelet and ψa,b(t) are baby wavelets which can be

obtained through compressing and expanding ψ using the relation
ψa,b(t) = |a|−1/2ψ( t−b

a
), where ψa,b are successive wavelets, a is scale factor, b

is time factor and they are real numbers.

3.1 The Discrete Wavelet Transform

The discrete wavelet transform(DWT) of a time series X(t) is defined as;

DWT (m,n) = 2(−m/2)ΣtX(t)ψ(2−mt− n) (2)

where m and n are integers.

4 Wavelet Neural Networks

Artificial Neural Networks (ANN) is a highly flexible function approximator
that has self-learning and self-adaptive features. The samples appear at the in-
put layer and the output prediction is given from the output layer. In between
there exists the hidden layers. The outputs of each layer are connected to the
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inputs of the adjacent layer in a feed forward network. The nonlinearity inher-
ent in the network is due to the overall action of all the activation functions
of the neurons within the structure. Learning an input-output relationship
from examples using a neural network can be considered as the problem of
approximating an unknown function from a set of data points. This is an
important property for considering prediction by neural networks. The com-
bination of wavelet theory [5, 7] and neural networks led to the development
of Wavelet Networks [6]. A wavelet network model makes use of the merits of
ANN and wavelets and so has excellent performance in simulation and fore-
casting. Wavelet Networks are feed forward neural networks using wavelets as
activation functions. An important advantage with wavelet networks is that
they can catch the essential features of signals having high frequency content.
The structure of a wavelet network is given below:

A motivation for using Wavelet Networks is that they are Universal Approx-
imators that they may represent a function to some degree of accuracy very
compactly [4]. Kreinovich et. al. proved that wavelet networks are asymptot-
ically optimal approximators for function of one variable. They are optimal in
the sense of minimum storage space requirement in computations.

5 Trend and Threshold Autoregressive Model

(T-TAR)

In 2010 Lineesh and Jessy introduced a new class of time series models to
represent a given nonstationary-nonlinear time series called the Trend and
Threshold Autoregressive model (T-TAR) which is estimated by applying the
wavelet decomposition method. The T-TAR model representing a time series
Z(t) given as;

Zt =

{
T (t) + b

(1)
1 Yt−1 + b

(1)
2 Yt−2 + ...+ b

(1)
k Yt−k + e

(1)
t if Yt−d < λ

T (t) + b
(2)
1 Yt−1 + b

(2)
2 Yt−2 + ...+ b

(2)
k Yt−k + e

(2)
t if Yt−d ≥ λ

(3)
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where the coefficients b
(i)
j are defined by,

b
(i)
j =

{ ∑
j

∑
t d

(1)
j,t .ψ

(1)
j,t∑

j

∑
t d

(2)
j,t .ψ

(2)
j,t

(4)

and
d

(1)
j,t = dj,t if dj,t < λj and d

(2)
j,t = dj,t if dj,t ≥ λj (5)

ψ
(1)
j,t = ψj,t if dj,t < λj and ψ

(2)
j,t = ψj,t if dj,t ≥ λj. (6)

Here T(t) represents the best fitted trend model and TAR(k) represents the
threshold autoregressive model of order k and T(t) , TAR(k) preserves orthog-
onality.

6 Model Estimation and Prediction of Gold

Price Time Series

In this era of globalization prediction plays a vital role in real world perfor-
mance. The time series representing gold price [23] is one of the most im-
portant economic time series. This particular time series is socially relevant
because investors prefer to deposit in gold whenever there is a fluctuation in
the economy on the negative side. Also, the currency exchange rate is closely
connected to the price of gold and the reserve of gold kept by the central bank
of the government. So this analysis is revealing in many different ways. Here
we analyze the time series of monthly gold price from 1995 to 2008 [23] using
four different methods. The plot of the time series is shown in figure 1. The
auto correlation function of the gold price time series is given in figure 2.

Figure 1: plot of gold price data

Figure (2) shows the nonlinear-nonstationary behavior of the gold price.
In this regard we try for the afore mentioned models to this time series.
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Figure 2: plot of ACF

6.1 Estimation of GARCH Model to the Gold Price
Time Series

A GARCH (1, 1) model (1) is estimated for the gold price time series with the
parameters given by α0 = 1.5763e + 004, α1 = 0.4883 and β0 = 0.4059. The
plot of the given time series and its prediction using the estimated GARCH
model is given in figure 3.

Figure 3: Prediction using GARCH Model

6.2 Prediction using T-TAR Model

In order to fit a T-TAR model to the gold price time series a best fitted trend
model T(t) to represent the trend series is obtained by comparing the Root
Mean Square Error (RMSE) due to various models such as regression models
and ARMA models. The details of the analysis are given in table 1. From
the table an AR (2) model is selected for the trend series T(t).
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Table 1: Analysis of Trend Series using Regression
Sr. No. Model used for Regression Estimated model for T(t) RMSE

1. AR(2) Xt = Xt−1 − 0.0016Xt−2 + et 17.189
2. Linear Xt = 0.7371t+ 299.6 89.39
3. Quadratic Xt = 0.0205t2 − 3.71t+ 461.3 53.58
4. Cubic Xt = 0.00023t3 − 0.0575t2 + 3.07t+ 337.1 27.58
5. Exponential Xt = 290.57e−0.0023t 163.437

A Trend and Threshold Autoregressive model is estimated for the gold price
time series and which is given below.

Zt =

{
Xt−1 − 0.0016Xt−2 − 2.375Yt−1 − 11.843Yt−2 − 6.733Yt−3 + e

(1)
t if Yt−1 < 23.829

Xt−1 − 0.0016Xt−2 − 1.68Yt−1 + 19.634Yt−2 + 26.988Yt−3 + e
(2)
t if Yt−1 ≥ 23.829

(7)
As a second method T-TAR model is applied for the prediction of the gold
price time series and the plot of the given time series and its prediction using
this method is given in figure 4.

Figure 4: Prediction using T-TAR Model

6.3 Prediction using Wavelet Neural Network Model

Wavelet Neural Network is a feed forward neural network and it is trained
using the gold price time series. In this method there is no parametric model to
represent the time series. As a third method WNN is applied for the prediction
of the given time series and the plot of the given time series and its prediction
is given in figure 5.
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Figure 5: Prediction using WNN

6.4 Prediction using WNN and T-TAR Model

As a fourth method WNN using T-TAR model is applied for the prediction of
the gold price time series. The plot of the given time series and its prediction
using this method is given in figure 6.

Figure 6: Prediction using WNN and T-TAR

7 Comparison

Comparison of the four methods considered for prediction are done by compar-
ing their mean square error. The analysis results are given in table 2. Error
comparison due to these three approaches given in table 2 shows that WNN
and WNN with T-TAR model gives accuracy prediction. When the data points
are very large WNN is more efficient where as when the data points are not
very large it is advantages to use WNN with T-TAR model.
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Table 2: Error Comparison
M.S.E(GARCH) M.S.E.(WNN) M.S.E.(T-TAR) M.S.E.(WNN and T-TAR)

3.0027 0.0313 0.0976 0.07259

8 Conclusion

In this paper a GARCH model, Wavelet Neural Network, T-TAR model and
Wavelet Neural Network with T-TAR model are considered for analyzing
nonstationary-nonlinear time series. Each of these are popular for different
type of applications. Accuracy prediction of nonstationary-nonlinear time se-
ries is the need of the day for various applications. Application of WNN for
prediction takes care of this. The gold price time series [January 1990 to De-
cember 2009], an economic time series of current interest, is analyzed using
GARCH model, T-TAR model, WNN and WNN with T-TAR model and fore-
casting is made. Error comparison due to these four approaches given in table
2 shows that WNN and WNN with T-TAR model gives accuracy prediction.
When the data points are very large WNN is more efficient where as when
the data points are not very large it is advantages to use WNN with T-TAR
model. With the aid of scientific computation application of WNN leads to
accuracy prediction of nonstationary-nonlinear time series.
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