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Abstract

We introduce the subcategory VRelR(H) of VRel(H) consisting
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of VRelR(H) in a viewpoint of the topological universe introduced by
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1. Introduction

In [6,7], we studied categorical structures of the category Set(H) consist-

ing of H-fuzzy sets and the category Rel(H) consisting of H-fuzzy relational
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spaces in a viewpoint of topological universe, defined by L.D.Nel (cf. [13]).

Also, recently, Hur et al.[8,9] made new categories VSet(H) and VRel(H),

and investigated them in the sense of topological universe, respectively.

In this paper, we study categorical structures of the subcategory VRelR(H)

of VRel(H) consisting of H-fuzzy reflexive relational spaces on sets in a view-

point of a topological universe. in particular, it is very interesting that final

structures and exponential objects in VRelR(H) are shown to be quite differ-

ent from those in VRel(H) (see [10]). Also, we introduce the subcategories

VRelPR(H), VRelP (H), VRelE(H), and VRelPO(H) of VRelR(H). We

investigate some categorical structures of these categories.

For general background for fuzzy set theory, we refer to [11,16,17] and for

general categorical background to [4,5,12,13].

2. Preliminaries

We introduce some well-known results [5,12] which are needed in a later

section.

Result 2.A [12, Theorem 2.4; 5, Propositions 36.10 and 36.11]. Let

A be a well-powered and co-(well-powered) topological category. Then the fol-

lowing are equivalent :

(1) B is epireflective in A.

(2) B is closed under the formation of initial monosources.

(3) B is closed under the formation of products and pullbacks in A.

Result 2.B [12, Theorem 2.5]. Let A be a well-powered and co-(well-

powered) topological category. Then the following are equivalent:

(1) B is bireflective in A.

(2) B is closed under the formation of initial sources.

Result 2.C [12, Theorem 2.6]. If A is a topological category and B is a

bireflective subcategory of A, then B is also a topological category. Moreover,

every source in B which is initial in A is initial in B.
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Definition 2.1[8]. A mapping EX : X × X −→ H is called an H-fuzzy

equality on X if it satisfies the following conditions:

(i) EX(x, y) = 1 ⇔ x = y ∀x, y ∈ X,

(ii) EX(x, y) = EX(y, x) ∀x, y ∈ X,

(iii) EX(x, y) ∧ E(y, z) ≤ EX(x, z) ∀x, y, z ∈ X.

We will denote the set of all H-fuzzy equalities on X as EH(X).

Definition 2.2[8]. A H-fuzzy relation f on X × Y is called an H-fuzzy

mapping w.r.t. EX ∈ EH(X) and EY ∈ EH(Y ), denoted by f : X −→ Y , if it

satisfies the following conditions:

(i) ∀x ∈ X, ∃y ∈ Y such that f(x, y) > 0,

(ii) ∀x, y ∈ X, ∀z, w ∈ y, f(x, z) ∧ f(y, w) ∧ EX(x, y) ≤ EY (z, w).

Definition 2.3[8]. The identity H-fuzzy mapping IX on X is an H-fuzzy

relation on X × X defined by

IX(x, y) =

{
1, if x=y,

0, if x	= y, ∀x,y∈ X

It is clear that IX ∈ EH(X). Also, if f : X → Y is an (ordinary) mapping,

then it is an H-fuzzy mapping w.r.t. IX ∈ EH(X) and IY ∈ EH(Y ).

Definition 2.4[8]. Let f : X → Y be an H-fuzzy mapping w.r.t. EX ∈
EH(X) and EY ∈ EH(Y ). Then f is said to be:

(i)strong if ∀x ∈ X, ∃y ∈ Y such that f(x, y) = 1,

(ii)surjective if ∀y ∈ Y , ∃x ∈ X such that f(x, y) > 0,

(iii)strong surjective if ∀y ∈ Y , ∃x ∈ X such that f(x, y) = 1,

(iv)injective if f(x, z)∧f(y, w)∧EY (z, w) ≤ EX(x, y), ∀x, y ∈ X, ∀z, w ∈ Y ,

(v)bijective if it surjective and injective,

(vi)strong surjective if it is strong surjective and injective.

In particular, if f(x, y) = 1, then we will write y = f(x). It is clear that

IX is a strong H-fuzzy mapping w.r.t. EX ∈ EH(X). Moreover, it is strong

bijective w.r.t. EX ∈ EH(X).
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Definition 2.5[8]. Let f : X → Y be an H-fuzzy mapping w.r.t. EX ∈
EH(X) and EY ∈ EH(Y ), let A ∈ HX and let B ∈ HX .

(i) The image of A under f , denoted by f(A), is an H-fuzzy set in Y

defined as follows:

f(A)(y) =
∨
x∈X

[A(x) ∧ f(x, y)] ∀y ∈ Y .

(ii) The preimage of B under f , denoted by f−1(B), is an H-fuzzy set in

X defined as follows:

f−1(B)(x) =
∨
y∈Y

[B(y) ∧ f(x, y)] ∀x ∈ X.

3. The category VRelR(H)

Definition 3.1[7]. An H-fuzzy relation R in a set X is said to be reflexive if

R(x, x) = 1 for all x ∈ X.

The class of all H-fuzzy reflexive relational spaces and VRel(H)-mappings

between them forms a subcategory of VRel(H) denoted by VRelR(H).

We can easily obtain the following results.

Lemma 3.2. VRelR(H) is properly fibred over Set.

Lemma 3.3. VRelR(H) is closed under the formation of initial sources in

VRel(H).

Proof. Let (fα : (X, R) → (Xα, Rα))Γ be an initial source in VRelR(H) such

that each (Xα, Rα) belongs to RelR(H). Take any x ∈ X. Since Rα is reflexive

for each α ∈ Γ, R(x, x) = [
⋂

α∈ Γ

f−2
α (Rα)](x, x) = 1 and hence R is reflexive,

where f−2
α = (fα × fα)−1. This completes the proof.

Hence, by Results 2.A and 2.C, we obtain the following result.
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Theorem 3.4. (a) The category VRelR(H) is a bireflective subcategory of

VRel(H).

(b) The category VRelR(H) is topological over Set.

We show that VRelR(H) is cotopological over Set, directly.

Theorem 3.5. The category VRelR(H) has final structures over Set.

Proof. Let X be any set and ((Xα, Rα))Γ any family of H-fuzzy reflexive

relational space indexed by a class Γ. Suppose (fα : Xα → X)Γ is a sink of

maps. Define R : X × X → H by

R(x, y) =

⎧⎨
⎩

[
⋃
α∈Γ

f 2
α(Rα) ](x, y), if (x,y)∈(X× X−DX),

1, if (x,y)∈ DX ,

where DX = {(x, x) | x ∈ X}. Then we can easily check that (fα : (Xα, Rα) →
(X, R))Γ is a final sink in VRelR(H).

Theorem 3.6. Final episinks in VRelR(H) are preserved by pullbacks.

Proof. Let (gα : (Xα, Rα) → (Y, RY ))Γ be any final episink in VRelR(H) and

f : (W, RW ) → (Y, RY ) any VRel(H)-mapping, where (W, RW ) is an H-fuzzy

reflexive relational space. For each α ∈ Γ, let us take Uα, RUα, and Pα as in the

proof of Lemma 3.13 in [9]. Since VRelR(H) is closed under the formation of

pullbacks in VRel(H) by Result 2.A, it is enough to show that (eα)Γ is final.

Suppose R∗ is the final H-fuzzy relation W with respect to (eα)Γ. Then,

for any (w, w′) ∈ (W × W − DW ),

RW (w, w′)

= RW (w, w′) ∧ RW (w, w′)

≤ RW (w, w′) ∧ f−2(RY )(w, w′)

= RW (w, w′)(
∨

(y,y′)∈Y ×Y

∨
α∈ Γ

[g2
α(Rα)(y, y′) ∧ f(w, y) ∧ f(w′, y′)])

[Since (gα)Γ is final]

= RW (w, w′)∧(
∨

(y,y′)∈Y ×Y

∨
α∈ Γ

∨
(xα,yα)∈Xα×Xα

[Rα(xα, yα)∧gα(xα, y)∧(yα, y′)

∧f(w, y)f(w′, y′)])
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=
∨

α∈ Γ

∨
(xα,yα)∈Xα×Xα

[RW (w, w′) ∧ RUα(xα, yα) ∧ (
∨

(y,y′)∈Y ×Y

gα(xα, y) ∧

gα(yα, y′)

∧f(w, y) ∧ f(w′, y′))]

=
∨
α∈Γ

∨
((w,xα),(w′,yα))∈Uα×Uα

[RUα(w, xα) ∧ RUα(w′, yα) ∧ eα((w, xα), w) ∧

eα((w′, yα),

w′)] [Since RUα = (RW × Rα) |Uα×Uα, f is strong and g is strong

surjective]

= R∗(w, w′).

Thus RW (w, w′) ≤ R∗(w, w′), i.e., RW ⊂ R∗. On the other hand, by a similar

argument as in the proof of Lemma 3.13 in [9], we have R∗ ⊂ RW on W ×W −
DW . Hence R∗(w, w′) = RW (w, w′) for any (w, w′) ∈ (W × W − DW ). Now

take w ∈ DW . Then clearly R∗(w, w′) = 1 = RW (w, w′). Therefore R∗ = RW .

This completes the proof.

Hence, by Lemma 3.2, Theorems 3.4(2) and 3.6, we obtain the following

result.

Theorem 3.7. The category VRelR(H) is a topological universe over Set.

Hence, VRelR(H) is a concrete quasitopos in the sense of E.J. Dubuc[3].

Remark 3.8. In [14], Y.Noh obtained exponential objects in RelR(I), where

I = [0, 1]. Now, we show that this construction of an exponential object in

RelR(I) is applicable to the case of VRelR(H).

From Theorem 3.15 in [10], it is clear that VRelR(H) is Cartesian closed

over Set. However, we construct an exponetial object in VRelR(H) by using

the way of Noh.

Theorem 3.9. The category VRelR(H) has an exponential object.

Proof. For any X= (X, RX) and Y= (Y, RY ) ∈VRelR(H), let Y X be the set

of all strong H-fuzzy mappings from X to Y. We define a mapping R:

Y X × Y X → H as follows: ∀f, g ∈ Y X ,
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R(f, g) =

⎧⎨
⎩

1, if D(f,g)=∅ ,∧
(x,x′)∈ D(f,g)

(f × g)−1(RY )(x, x′), otherwise,

where D(f, g) = {(x, x′) ∈ X×X : RX(x, x′) > (f×g)−1(RY )(x, x′)}. Then, by

the definition of R, R is an H-fuzzy reflexive relation on Y X . Let YX= (Y X , R).

We define a mapping eX,Y : (X × Y X) × Y → H by

eX,Y ((x, f), y) = f(x, y) ∀(x, f) ∈ X × Y X , ∀y ∈ Y.

And also we define a mapping EX×Y X : (X×Y X)× (X ×Y X) → H as follows:

For any (x, f), (x′, g) ∈ X × Y X ,

EX×Y X ((x, f), (x′, g)) = (
∧
y∈Y

f(x′, y)∧
∧

y′∈Y

g(x, y′))∧EX(x, x′)∧E ′
X(x, x′),

where f : X → Y and g : X → Y are strong H-fuzzy mappings w.r.t. EX ∈
EH(X), EY ∈ EH(Y ), and E ′

X ∈ EH(X), E ′
Y ∈ EH(Y ), respectively. Then,

by the process of the proof of Theorem 3.15 in [10], eX,Y : X × Y X → Y is a

strong H-fuzzy mapping w.r.t. EX×Y X ∈ EH(X × Y X) and E = EY × E ′
Y ∈

EH(Y ). Let (x, f), (x′, g) ∈ X × Y X . Suppose D(f, g) 	= ∅. Then

eX,Y −2(RY )((x, f), (x′, g))

=
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ eX,Y ((x, f), y) ∧ eX,Y ((x′, g), y′)]

=
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ f(x, y) ∧ g(x′, y′)]

=
∨

(y,y′)∈Y ×Y

(f × g)−1(RY )(x, x′)

≥ RX(x, x′)

= RX(x, x′) ∧ R(f, g) [ Since R(f, g) = 1 ]

= (RX × R)((x, f), (x′, g′)).

Thus, (RX × R)((x, f), (x′g)) ≤ eX,Y
−2(RY )((x, f), (x′, g)).

Suppose D(f, g) 	= ∅. Then

(RX × R) ((x, f), (x′, g))

= RX(x, x′) ∧ R(f, g)

= RX(x, x′) ∧ [
∧

(a,b)∈D(f,g)

(f × g)−1(RY )(a, b)]

= RX(x, x′) ∧ [
∧

(a,b)∈D(f,g)

(
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ f(a, y) ∧ g(b, y′)])]

≤ ∨
(y,y′)∈Y ×Y [RY (y, y′) ∧ f(x, y) ∧ g(x′, y′)]

= eX,Y
−2(RY )((x, f), (x′, g)).
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Thus (RX × R)((x, f), (x′, g)) ≤ eX,Y
−2((x, f), (x′, g′)). So, in either cases,

RX × R ⊂ eX,Y
−2(RY ). Hence eX,Y : X ×YX → Y is a VRel(H)-mapping,

For any Z = (Z, RZ) ∈ VRel(H), let h : X × Z → Y be a VRelR(H)-

mapping w.r.t. EX×Z = EX × EZ ∈ EH(X × Z) and EY ∈ EH(Y ). We define

a mapping h : Z × (X × Y ) → H as follows : ∀z ∈ Z, ∀x ∈ X, ∀y ∈ Y,

h(z)(x, y) = h((x, z), y), where h(z)(x, y) = h(z, (x, y)).

Let c ∈ Z and let a, b ∈ X. Then

h(c)−2(RY )(a, b) =
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ h(c)(a, y) ∧ h(c)(b, y′)]

=
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ h((a, c), y) ∧ h((b, c), y′)]

= h−2(RY )((a, c), (b, c))

≥ RX(a, b) ∧ RZ(c, c) [Since h : X × Z → Y is a

VRel(H)-mapping]

= RX(a, b). [Since RZ is reflexive]

Thus h(c) : X → Y is a VRelR(H)-mapping. Since h is strong, it is clear

that h(z) is strong. So h(c) ∈ YX. Moreover, h : Z → Y X is a strong H-fuzzy

mapping. Now let c, c′ ∈ Z.

Suppose D(h(c), h(c′)) 	= 0. Then, by the definition of R,

h −2(R)(c, c′)

=
∧

(a,b)∈D(h(c),h(c′))

(h(c) × h(c′))−1(RY )(a, b)

=
∧

(a,b)∈D(h(c),h(c′))

(
∨

(y,y′)∈Y ×Y ′
[RY (y, y′) ∧ h(c)(a, y) ∧ h(c′)(b, y′)])

=
∧

(a,b)∈D(h(c),h(c′))

(
∨

(y,y′)∈Y ×Y ′
[RY (y, y′) ∧ h((a, c), y) ∧ h((b, c′), y′)])

=
∧

(a,b)∈D(h(c),h(c′))

h−2(RY )((a, c), (b, c′))

=
∧

(a,b)∈D(h(c),h(c′))

(RX × RZ)((a, c), (b, c′))

[Since h : X × Z → Y is a VRel(H)-mapping]

=
∧

(a,b)∈D(h(c),h(c′))

[RX(a, b) ∧ RZ(c, c′)].

On the other hand, let (a, b) ∈ D(h(c), h(c′)). Then

RX(a, b) > D(h(c) × h(c′))−1(RY )(a, b)

=
∨

(y,y′)∈Y ×Y

[RY (y, y′) ∧ h(c)(a, y) ∧ h(c′)(b, y)]
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= h−2(RY )((a, c), (b, c′))

≥ RX(a, b) ∧ RZ(c, c′)

[Since h : X × Z → Y is a VRel(H)-mapping]

Thus RX(a, b) > RZ(c, c′). So h
−2

(R)(c, c′) ≥ RZ(c, c′). In either cases, RZ ⊂
h
−2

(R). Hence h : Z → YX is a VRelR(H)-mapping. Moreover, h is unique

and eX,Y ◦ (IX × h) = h. This completes the proof.

Remark 3.10. (a) We can see that the exponential objects in VRelR(H) are

quite different from those VRel(H) constructed in Theorem 3.15 in [10].

(b) The category VRelR(H) has no subject classifier.

Example 3.10. Let H = {0, 1} be the two points chain and X = {a, b}. Let

R1 and R2 be the H-fuzzy reflexive relations on X given by

μR1(a, a) = μR1(b, b) = 1, μR1(a, b) = μR1(b, a) = 0,

μR2(a, a) = μR2(b, b) = 1, μR2(a, b) = μR2(b, a) = 0.

Let IX : (X, R1) → (X, R2) be the identity H-fuzzy mapping. Then clearly,

IX is both monomorphism and epimorphism in VRelR(H). However, IX is

not an isomorphism in VRelR(H). Hence VRelR(H) has no subobject clas-

sifier(cf.[2]).

4. Subcategories of VRelR(H)

We introduce some subcategories of VRelR(H) which are topological uni-

verses over Set.

Definition 4.1[7]. Let R be an H-fuzzy relation on a set X.

(1) R is symmetric if and only if R(x, y) = R(y, x) for all x, y ∈ X.

(2) R is perfectly antisymmetric if and only if (x, y) ∈ x×X with x 	= y, if

R(x, y) > 0 then R(y, x) = 0.

(3) R is (sup-min) transitive if and only if R ◦ R ⊂ R, where

R ◦ R(x, y) =
∨
z∈X

[R(x, z) ∧ R(z, y)] for all (x, y) ∈ X × X.

(4) R is an H-fuzzy proximity relation if and only if R is reflexive and

symmetric.
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(5) R is an H-fuzzy preorder relation if and only if R is reflexive and tran-

sitive.

(6) R is an H-fuzzy similarity relation if and only if R is reflexive and

symmetric and transitive.

(7) R is an H-fuzzy perfect order relation if and only if R is reflexive,

transitive and perfectly antisymmetirc.

Notation (1) VRelS(H) denotes the full subcategory of VRel(H) determined

by all H-fuzzy symmetric relational spaces.

(2) VRelT (H) denotes the full subcategory of VRel(H) determined by all

H-fuzzy max-min transitive relational spaces.

(3) VRelPR(H)=VRelR(H)∩VRelS(H) denotes the full subcategory of

VRelR(H) determined by all objects (X, R), where R is an H-fuzzy proximity

relation on X.

(4) VRelP (H)=VRelR(H)∩VRelT (H) denotes the full subcategory of

VRelR(H) determined by all objects (X, R), where R is an H-fuzzy preorder

relation on X.

(5) VRelE(H)=VRelR(H)∩VRelS(H)∩ VRelT (H)denotes the full sub-

category of VRelR(H) determined by all objects (X, R), where R is an H-fuzzy

perfect order relation on X.

(6) VRelPO(H) denotes the full subcategory of VRelR(H) determined by

all objects (X, R), where R is an H-fuzzy perfect order relation on X.

It is easy to show that the following results hold.

Lemma 4.2. The category VRelPR(H)[resp. VRelP (H) and VRelE(H),

and VRelPO(H)] is properly fibred over Set.

Lemma 4.3. The category VRelPR(H)[resp. VRelP (H), and VRelE(H)] is

closed under the formation of initial sources in VRelR(H).

Proof. Let (fα : (X, R) → (Xα, Rα))Γ be an initial source in VRelR(H) such

that each (Xα, Rα) belongs to VRelPR(H)[resp. VRelP (H)] and VRelE(H).

Then clearly, by the definition of R, R is reflexive and symmetric and thus it

is enough to show that R is transitive. Take any x, y ∈ X. Then
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(R ◦ R)(x, y)

=
∨
z∈X

[R(x, z) ∧ R(z, y)]

=
∨
z∈X

[
⋂
α∈Γ

f−2
α (Rα)(x, z)∧

⋂
α∈Γ

f−2
α (Rα)(z, y)] [Since R is an initial struc-

ture]

=
∨
z∈X

{
∧
α∈Γ

(
∨

(a,b)∈Xα×Xα

[Rα(a, b) ∧ fα(x, a) ∧ fα(z, b)]) ∧
∧
α∈Γ

(
∨

(b,c)∈Xα×Xα

[Rα(b, c) ∧ fα(z, b) ∧ fα(y, c)])}
≤

∧
α∈Γ

∨
(a,c)∈Xα×Xα

[(Rα ◦ (Rα)(a, c) ∧ fα(x, a) ∧ fα(y, c)]

≤
∧
α∈Γ

∨
(a,c)∈Xα×Xα

[(Rα(a, c) ∧ fα(x, a) ∧ fα(y, c)] [Since Rα is transitive]

=
∧
α∈Γ

f−2
α (Rα)(x, y)

= [
⋂
α∈Γ

f−2
α (Rα)](x, y)

= R(x, y).

This completes the proof.

Hence, by Result 2.B and Lemma 4.3, we obtain the following result.

Theorem 4.4. VRelPR(H), VRelP (H), and VRelE(H) are bireflexive sub-

categories of VRelR(H) and hence topological categories over Set.

Theorem 4.5. VRelPR(H), VRelP (H), and VRelE(H) are closed under

the formation of final structures in VRelR(H) and hence all of them are bi-

coreflective subcategories of VRelR(H).

Proof. Let (fα : (Xα, Rα) → (X, R))Γ be any final sink in VRelR(H) such

that each (Xα, Rα) belongs to VRelPR(H) (resp. VRelP (H), and VRelE(H)).

Then clearly, by the definition of R, R is reflexive and symmetric and thus it

is enough to show that R is transitive. Take any x, y ∈ X. Then, from the

proof of Theorem 3.5,

(R ◦ R)(x, y)

=
∨
z∈X

[R(x, z) ∧ R(z, y)]
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=
∨
z∈X

{[
⋃
α∈Γ

fα(Rα)](x, z)∧[
⋃
α∈Γ

fα(Rα)(z, y)]} [Since R is a final structure]

=
∨
z∈X

{
∨
α∈Γ

(
∨

(a,b)∈Xα×Xα

[Rα(a, b)∧fα(a, x)∧fα(b, z)])∧
∨
α∈Γ

(
∨

(b,c)∈Xα×Xα

[Rα(b, c)

∧fα(b, z) ∧ fα(c, y)])}
≤

∨
α∈Γ

(
∨

(a,c)∈Xα×Xα

[(Rα ◦ (Rα)(a, c) ∧ fα(a, x) ∧ fα(c, y)])

≤
∨
α∈Γ

(
∨

(a,c)∈Xα×Xα

[(Rα(a, c)∧ fα(a, x) ∧ fα(c, y)]) [Since Rα is transitive]

=
∨
α∈Γ

fα(Rα)(x, y)

= [
⋃
α∈Γ

fα(Rα)](x, y)

= R(x, y).

Hence R is an H-fuzzy transitive relation on X. This completes the proof.

Theorem 4.6. Final episinks in VRelPR(H) [resp. VRelP (H) and VRelE(H)]

are preserved by pullbacks.

Proof. It is obvious, by Lemma 3.13 in [10] and Theorem 4.5, and from the

fact that VRel(H), by Result 2.A.

Hence, by Theorem 4.4 and 4.6, we obtain the following result.

Theorem 4.7. The category VRelPR(H) [resp. VRelP (H) and VRelE(H)]

is a topological universe over Set. Hence, each category is a concrete quasitopos

in the sense of E.J. Dubuc [3].

Theorem 4.8. The VRelPO(H) is closed under the formation of initial

monosource in VRelR(H) and hence it is an epireflective subcategory of VRelR(H)

by Result 2.A.

Proof. Let (f : (X, R) → (Xα, Rα))Γ be initial monosource in VRelR(H),

where (Xα, Rα) ∈Ob(VRelPO(H)) for each α ∈ Γ. In Lemma 4.3, reflexivity

and transitivity are proved. For any (x, y) ∈ X × X with x 	= y, suppose

R(x, y) > 0. Then [
⋂
α∈Γ

f−2
α (Rα)](x, y) > 0. Since (fα : (X, R) → (Xα, Rα))Γ is

a monosource, there exists a set ∅ 	= Γ′ ⊂ Γ such that fα(x, y) 	= fβ(x, y) for all
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β ∈ Γ′. Thus, for each β ∈ Γ′, [f−2
β (Rβ)](y, x) = 0. So [

⋂
α∈Γ

f−2
α (Rα)](y, x) = 0.

Hence R is perfectly antisymmetric. This completes the proof.
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