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Abstract
In the present work, we give the new definition of weak** com-

muting in L-fuzzy metric space. Further, we prove the common fixed
point theorems under the some conditions in it. The results presented
in this paper extend and improve some well known results in the recent
literatures.
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1 Introduction

Fuzzy sets have been introduced and studied in 1965 by Zadeh [19]. Many
authors have introduced the concept of fuzzy metric space in different ways
[5, 9]. George and Veeramani [6, 7] modified the concept of fuzzy metric space
introduced by Kramosil and Michalek [12] and defined a Hausdorff topology
on this fuzzy metric space. In this research, at first we shall adopt the usual
terminology, notation and conventions of L-fuzzy metric spaces introduced
by Saadati et al. [16] which are a generalization of fuzzy metric spaces and
intuitionistic fuzzy metric spaces [13, 15] and proved a common fixed point
theorem for a pair of commuting mappings, with linear contractive condition.
On the other hand, the concept of weak commuting mappings in metric spaces
was introduced by Sessa [18]. In 2009, Jain et al. [10] introduced the concept
of weak** commuting for three self maps in fuzzy metric space.
In this paper, we can see an extension of weak** commuting on fuzzy metric
space in L-fuzzy metric spaces and using the idea of weak** commuting, we
prove a common fixed point theorems in complete L-fuzzy metric spaces. Our
results extend and improve the main theorem of [17].
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2 Preliminary Notes

In this section, we recall some definitions and known results that will be
used in the sequel.

Definition 2.1 [8] Let L = (L,≤L) be a complete lattice, and U a non-
empty set called a universe. An L-fuzzy set A on U is defined as a mapping
A : U −→ L. For each u in U , A(u) represents the degree(in L) to which u
satisfies A.

Lemma 2.2 [3, 4] Consider the set L∗ and the operation ≤L∗ defined by:

L∗ = {(x1, x2) : (x1, x2) ∈ [0, 1]2 and x1 + x2 ≤ 1},

(x1, x2) ≤L∗ (y1, y2) ⇐⇒ x1 ≤ y1 and x2 ≥ y2, for every (x1, x2), (y1, y2) ∈ L∗.
Then (L∗,≤L∗) is a complete lattice.

Definition 2.3 [2] An intuitionistic fuzzy set Aζ,η on a universe U is an
object Aζ,η = {(ζA(u), ηA(u)) : u ∈ U}, where, for all u ∈ U, ζA(u) ∈ [0, 1]
and ηA(u) ∈ [0, 1] are called the membership degree and the non-membership
degree, respectively, of u ∈ Aζ,η, and furthermore satisfy ζA(u) + ηA ≤ 1.

Classically, a triangular norm T on ([0, 1],≤) is defined as an increasing,
commutative, associative mapping T : [0, 1]2 → [0, 1] satisfying T (1, x) = x,
for all x ∈ [0, 1]. These definitions can be straightforwardly extended to any
lattice L = (L,≤L). Define first 0L = inf L and 1L = supL.

Definition 2.4 A triangular norm (t-norm) on L is a mapping T : L2 −→
L satisfying the following conditions:

(1) (∀x ∈ L)(T (x, 1L) = x), (boundary condition)
(2) (∀(x, y) ∈ L2)(T (x, y) = T (y, x)), (commutativity)
(3) (∀(x, y, z) ∈ L3)(T (x, T (y, z)) = T (T (x, y), z)), (associativity)
(4) (∀(x, x′, y, y′) ∈ L4)(x ≤L x′ and y ≤L y′ ⇒ T (x, y) ≤L T (x′, y′))

(monotonicity).
A t-norm can also be defined recursively as an (n + 1)-ary operation

(n ∈ N\{0}) by T 1 = T and

T n(x(1), · · · , x(n+1)) = T (T n−1(x(1), · · · , x(n)), x(n+1))

for n ≥ 2 and x(i) ∈ L, 1 ≤ i ≤ n + 1.

Definition 2.5 [3] A t-norm T on L∗ is called t-representable if and only if
there exists a t-norm T and a t-conorm S on [0, 1] such that, for all x = (x1, x2)
and y = (y1, y2) ∈ L∗,

T (x, y) = (T (x1, y1), S(x2, y2)).
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Definition 2.6 A negation on L is any decreasing mapping N : L −→ L
satisfying N (0L) = 1L and N (1L) = 0L. If N (N (x)) = x, for all x ∈ L, then
N is called an involutive negation.

If, for all x ∈ [0, 1], Ns(x) = 1− x, we say that Ns is the standard negation
on ([0, 1],≤).

Definition 2.7 The 3-tuple (X,M, T ) is said to be an L-fuzzy metric space
if X is an arbitrary (non-empty) set, T is a continuous t-norm on L and M
is an L-fuzzy set on X2×]0,∞[ satisfying the following conditions for every
x, y, z ∈ X and t, s ∈]0,∞[:

(1) M(x, y, t) >L 0L,
(2) M(x, y, t) = 1L for all t > 0 if and only if x = y,
(3) M(x, y, t) = M(y, x, t),
(4) T (M(x, y, t),M(y, z, s)) ≤L M(x, z, t + s),
(5) M(x, y, ·) :]0,∞[−→ L is continuous.

Definition 2.8 Let (X,M, T ) be an L-fuzzy metric space, For t ∈]0,∞[,
the open ball B(x, r, t) with center x ∈ X and radius r ∈ L\{0L, 1L} is defined
by

B(x, r, t) = {y ∈ X : M(x, y, t) >L N (r)}.
A subset A ⊆ X is called open if for each x ∈ A, there exists t > 0 and
r ∈ L\{0L, 1L}, such that B(x, r, t) ⊆ A.

Lemma 2.9 [6] Let (X,M, T ) be an L-fuzzy metric space. Then, M(x, y, t)
is non-decreasing with respect to t, for all x, y in X.

Definition 2.10 Let (X,M, T ) be an L-fuzzy metric space and {xn} be a
sequence in X.

(1) {xn} is said to be convergent to a point x ∈ X (denoted by limn−→∞ xn =
x) if limn−→∞ M(x, xn, t) = 1L for all t > 0.

(2) {xn} is called a Cauchy sequence if for each ε ∈ L\{0L} and t > 0,
there exists n0 ∈ N, such that M(xn, xm, t) >L N (ε) for all m ≥ n ≥ n0,
(n ≥ m ≥ n0).

(3) A L-fuzzy metric in which every Cauchy sequence is convergent is
said to be complete.

Hence forth, we assume that T is a continuous t-norm on the lattice L, such
that for every μ ∈ L\{0L, 1L}, there is a λ ∈ L\{0L, 1L}, such that

T n−1(N (λ), . . . ,N (λ)︸ ︷︷ ︸
n

) ≥L N (μ).

For more information see [16].
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Definition 2.11 Let (X,M, T ) be an L-fuzzy metric space. M is said to
be continuous functions on X × X×]0,∞[ if

lim
n−→∞M(xn, yn, tn) = M(x, y, t),

whenever a sequence {(xn, yn, tn)} in X×X×]0,∞[ converges to a point (x, y, t) ∈
X × X×]0,∞[.

Lemma 2.12 Let (X,M, T ) be an L-fuzzy metric space. Then M is con-
tinuous functions on X × X×]0,∞[.

Proof. The proof is the same as that for fuzzy spaces (see Proposition 1 of
[14]).

Lemma 2.13 [1, 16] Let (X,M, T ) be an L-fuzzy metric space. If we
define Eλ,M : X2 −→ R+ ∪ {0} by

Eλ,M(x, y) = inf{t > 0 : M(x, y, t) >L N (λ)}

for all λ ∈ L\{0L, 1L} and x, y ∈ X, then
(1) For all μ ∈ L\{0L, 1L} there exists λ ∈ L\{0L, 1L}, such that

Eμ,M(x1, xn) ≤ Eλ,M(x1, x2) + Eλ,M(x2, x3) + · · · + Eλ,M(xn−1, xn)

for all x1, x2, · · · , xn ∈ X.
(2) The sequence {xn}n∈N is convergent to x w.r.t. L-fuzzy metric M if

and only if Eλ,M(xn, x) −→ 0.
Also the sequence {xn}n∈N is Cauchy w.r.t. L-fuzzy metric M if and only if
it is Cauchy with Eλ,M.

We shall need the following lemma for proof of our main theorem:

Lemma 2.14 Let (X,M, T ) be a L-fuzzy metric space. If

M(xn, xn+1, t) ≥L M(x0, x1, k
nt)

for some k > 1 and for every n ∈ N. Then sequence {xn} is a Cauchy
sequence.

Proof. For every λ ∈ L\{0L, 1L} and xn, xn+1 ∈ X, we have

Eλ,M(xn, xn+1) = inf{t > 0 : M(xn, xn+1, t) >L N (λ)}
≤ inf{t > 0 : M(x0, x1, k

nt) >L N (λ)}

= inf{ t

kn
> 0 : M(x0, x1, t) >L N (λ)}

=
1

kn
inf{t > 0 : M(x0, x1, t) >L N (λ)}

=
1

kn
Eλ,M(x0, x1).
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By Lemma 2.13, for every μ ∈ L\{0L, 1L} there exists λ ∈ L\{0L, 1L}, such
that

Eμ,M(xn, xm) ≤ Eλ,M(xn, xn+1) + Eλ,M(xn+1, xn+2) + · · ·+ Eλ,M(xm−1, xm)

≤ 1

kn
Eλ,M(x0, x1) +

1

kn+1
Eλ,M(x0, x1) + · · · + 1

km−1
Eλ,M(x0, x1)

= Eλ,M(x0, x1)
m−1∑
j=n

1

kj
−→ 0.

Hence, sequence {xn} is a Cauchy sequence. This completes the proof.

In 2009, Jain et al. [10] introduced the concept of weak** commutative in
fuzzy metric space. Now, we present the following definition:

Definition 2.15 Two self mappings A and S of L-fuzzy metric space (X,M, T )
is called weak** commutative if A(X) ⊂ S(X) and for any x ∈ X,
M(A2S2x, S2A2x, t) ≥L M(A2Sx, S2Ax, t) ≥L M(AS2x, SA2x, t) ≥L M(ASx, SAx, t)
≥L M(A2x, S2x, t).

Remark 2.16 If A and S are idempotent maps i.e. A2 = A and S2 = S,
then weak** commutative reduces to weak commuting pair of (A, S).

3 Main Results

In this section, by using new conditions we can prove the theorems in L-
fuzzy metric space.
Aclassof implicit relation:
Let Φ be the set of all continuous functions φ : L −→ L, such that φ(t) >L t
for every t ∈ L \ {0L, 1L}.

Theorem 3.1 Let (X,M, T ) be a complete L-fuzzy metric space, if A, B
and S be self mappings of X with the following properties:

(i) A(X) ⊂ S(X) and B(X) ⊂ S(X).
(ii) The pairs (A, S) and (B, S) are weak** commutative.
(iii) S(X) is complete.
(iv) M(x, B2x, t) ≥L M(x, A2x, t) for all x ∈ X and t > 0.
(v) There exists a constant k > 1, such that

M(A2x,B2y, t) ≥L φ

(
min

(
M(A2x, S2y, kt),M(B2y, S2y, kt),

max{M(S2x, S2y, kt),M(A2x, S2x, kt)}

))

for all x, y ∈ X, t > 0 and φ ∈ Φ.
Then A, B and S have a unique common fixed point in X.
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Proof. Let x0 be an arbitrary point of X. By (i), there exists x1, x2 ∈ X, such
that A2x0 = S2x1 = y1 and B2x1 = S2x2 = y2.
Inductively, we can construct sequences {xn} and {yn} in X, such that
A2x2n = S2x2n+1 = y2n+1 and B2x2n+1 = S2x2n+2 = y2n+2 for n = 0, 1, 2, · · ·.
Now, we prove {yn} is a Cauchy sequence in X. For simplicity, if we sets

dm(t) = M(ym, ym+1, t)

for all t > 0, then we prove that {dm(t)} is increasing with respect to m.
Setting m = 2n + 1, x = x2n and y = x2n+1 in the inequality (v), we obtain

d2n+1(t) = M(y2n+1, y2n+2, t)

≥L φ

(
min

(
M(y2n+1, y2n+1, kt),M(y2n+2, y2n+1, kt),

max{M(y2n, y2n+1, kt),M(y2n+1, y2n, kt)}

))

= φ
(
min

(
1L, d2n+1(kt), max{d2n(kt), d2n(kt)}

))
.

We claim that for every n ∈ N, d2n+1(kt) ≥L d2n(kt).
Suppose d2n+1(kt) <L d2n(kt), for some n ∈ N, then in the above inequality,
we see that

d2n+1(t) ≥L φ(d2n+1(kt)) >L d2n+1(kt).

By Lemma 2.9, is a contradiction. Therefore

d2n+1(t) ≥L d2n(kt).

That is
M(y2n+1, y2n+2, t) ≥L M(y2n, y2n+1, kt).

It thus follows that

M(yn, yn+1, t) ≥L M(yn−1, yn, kt) ≥L . . . ≥L M(y0, y1, k
nt),

for all n ∈ N and t > 0.
Therefore, by Lemma 2.14, {yn} is a Cauchy sequence. Since X is complete,
then there exists a point z ∈ X, such that {yn} −→ z as n −→ ∞, and so
{Ax2n}, {Bx2n+1} and {Sx2n+1} also converges to z. On the other hand from
(iii), there exists u ∈ X, such that

S2u = z. (1)

Now, we show that A2u = z. Indeed, if A2u = z, by taking x = u and y = x2n+1

in the inequality (v), we obtain

M(A2u,B2x2n+1, t) ≥L φ

(
min

(
M(A2u, S2x2n+1, kt),M(B2x2n+1, S

2x2n+1, kt),
max{M(S2u, S2x2n+1, kt),M(A2u, S2u, kt)}

))
.
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So by taking the limit as n → ∞ and using (1), we conclude that

M(A2u, z, t) ≥L φ(min(M(A2u, z, kt), 1L, max{1L,M(A2u, z, kt)}))
>L M(A2u, z, kt),

which is a contradiction. Therefore A2u = z. So

A2u = S2u = z. (2)

Since (A, S) is weak** commutative, therefore

M(A2S2u, S2A2u, t) ≥L M(A2u, S2u, t).

Hence from (2), we get

M(A2S2u, S2A2u, t) ≥L 1L,

this implies that A2S2u = S2A2u. This yields

A2z = S2z. (3)

We claim that A2z = z. Indeed, if A2z = z, by taking x = z and y = x2n+1 in
the inequality (v), we obtain

M(A2z,B2x2n+1, t) ≥L φ

(
min

(
M(A2z, S2x2n+1, kt),M(B2x2n+1, S

2x2n+1, kt),
max{M(S2z, S2x2n+1, kt),M(A2z, S2z, kt)}

))
.

So by taking the limit as n → ∞ and with using (3), we conclude that

M(A2z, z, t) ≥L φ(min(M(A2z, z, kt), 1L, max{M(A2z, z, kt), 1L}))
>L M(A2z, z, kt),

which is a contradiction. Therefore

A2z = z. (4)

From (3) and (4), we see that

A2z = S2z = z. (5)

From (iv) and using (4), we get

M(z, B2z, t) ≥L M(z, A2z, t) = 1L,

for all t > 0, this implies that
B2z = z. (6)
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By combining all results, we have

A2z = B2z = S2z = z. (7)

Since (A, S) is weak** commutative, this yields

A2Az = Az and S2Az = Az. (8)

Now, we show that Az = z. Indeed, if Az = z, by taking x = Az and y = z in
the inequality (v), we obtain

M(A2Az,B2z, t) ≥L φ

(
min

(
M(A2Az,S2z, kt),M(B2z, S2z, kt),

max{M(S2Az,S2z, kt),M(A2Az,S2Az, kt)}

))
,

with using (7) and (8), we conclude that

M(Az, z, t) ≥L φ(min(M(Az, z, kt), 1L, max{M(Az, z, kt), 1L}))
>L M(Az, z, kt),

which is a contradiction. Therefore Az = z.
Similarly, we can show that Bz = z, Sz = z. Thus A, B and S have a common
fixed point z in X.
Finally, in order to prove the uniqueness of z, suppose that z and w, z = w,
are common fixed point in A, B and S.
Then taking x = z and y = w in the inequality (v), we obtain

M(A2z, B2w, t) ≥L φ

(
min

(
M(A2z, S2w, kt),M(B2w, S2w, kt),

max{M(S2z, S2w, kt),M(A2z, S2z, kt)}

))
,

that is

M(z,w, t) ≥L φ (min (M(z,w, kt),M(w,w, kt),max{M(z,w, kt),M(z, z, kt)}))
= φ(min(M(z,w, kt), 1L,max{M(z,w, kt), 1L}))
>L M(z,w, kt),

which is a contradiction. Hence, we have z = w. This completes the proof.

Theorem 3.2 Let (X,M, T ) be a complete L-fuzzy metric space, if A, B
and S be self mappings of X with the following properties:

(i) A(X) ⊂ S(X) and B(X) ⊂ S(X).
(ii) The pairs (A, S) and (B, S) are weak** commutative.
(iii) S(X) is complete.
(iv) There exists a constant k > 1, such that

M(A2x,B2y, t) ≥L φ

(
min

(
M(A2x, S2y, kt),M(B2y, S2y, kt),

max{M(S2x, S2y, kt),M(A2x, S2x, kt)}

))

for all x, y ∈ X, t > 0 and φ ∈ Φ.
Then A, B and S have a unique common fixed point in X.
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Proof. As in Theorem 3.1, we can find a Cauchy sequence {yn} in X, such
that
A2x2n = S2x2n+1 = y2n+1 and B2x2n+1 = S2x2n+2 = y2n+2 for n = 0, 1, 2, · · ·.
Since X is complete, then there exists a point z ∈ X, such that {yn} −→ z as
n −→ ∞, and so {Ax2n}, {Bx2n+1} and {Sx2n+1} also converges to z. On the
other hand from (iii), there exists u ∈ X, such that

S2u = z. (9)

Now, we show that B2u = z. Indeed, if B2u = z, by taking x = x2n and y = u
in the inequality (iv), we obtain

M(A2x2n, B2u, t) ≥L φ

(
min

(
M(A2x2n, S2u, kt),M(B2u, S2u, kt),

max{M(S2x2n, S2u, kt),M(A2x2n, S2x2n, kt)}

))
.

So by taking the limit as n → ∞ and using(9), we conclude that

M(z, B2u, t) ≥L φ(min(1L,M(B2u, z, kt), max{1L, 1L}))
>L M(B2u, z, kt),

which is a contradiction. It thus follows that B2u = z. So

B2u = S2u = z. (10)

Since (B, S) is weak** commutative, therefore

M(B2S2u, S2B2u, t) ≥L M(B2u, S2u, t).

Hence from (10), we have

M(B2S2u, S2B2u, t) ≥L 1L,

this implies that B2S2u = S2B2u. This yields

B2z = S2z. (11)

Next, we show that B2z = z. Indeed, if B2z = z, by taking x = x2n and y = z
in the inequality (iv), we obtain

M(A2x2n, B2z, t) ≥L φ

(
min

(
M(A2x2n, S2z, kt),M(B2z, S2z, kt),

max{M(S2x2n, S2z, kt),M(A2x2n, S2x2n, kt)}

))
.

So by taking the limit as n → ∞ and using (11), we conclude that

M(z, B2z, B2z, t) ≥L φ(min(M(z, B2z, kt), 1L, max{M(z, B2z, kt), 1L}))
>L M(z, B2z, kt),
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which is a contradiction. Therefore

B2z = z. (12)

From (11) and (12), we see that

B2z = S2z = z. (13)

Since B(X) ⊂ S(X), there exists v ∈ X, such that

B2z = S2v = z. (14)

We claim that A2v = z. Indeed, if A2v = z, by taking x = v and y = z in the
inequality (iv), we obtain

M(A2v, B2z, t) ≥L φ

(
min

(
M(A2v, S2z, kt),M(B2z, S2z, kt),

max{M(S2v, S2z, kt),M(A2v, S2v, kt)}

))
.

Now, with using (13) and (14), we conclude that

M(A2v, z, t) ≥L φ(min(M(A2v, z, kt), 1L, max{1L,M(A2v, z, kt)}))
>L M(A2v, z, kt),

which is a contradiction. Hence

A2v = z. (15)

Since (A, S) is weak** commutative, therefore

M(A2S2v, S2A2v, t) ≥L M(A2v, S2v, t).

Hence from (14) and (15), we have

M(A2S2v, S2A2v, t) ≥L 1L,

this implies that A2S2v = S2A2v. This yields

A2z = S2z. (16)

By combining all results, we have

A2z = B2z = S2z = z. (17)

Since (A, S) is weak** commutative, therefore

A2Az = Az and S2Az = Az. (18)
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We claim that Az = z. Indeed, if Az = z, by taking x = Az and y = z in the
inequality (iv), we obtain

M(A2Az,B2z, t) ≥L φ

(
min

(
M(A2Az,S2z, kt),M(B2z, S2z, kt),

max{M(S2Az,S2z, kt),M(A2Az,S2Az, kt)}

))
,

with using (17) and (18), we conclude that

M(Az, z, t) ≥L φ(min(M(Az, z, kt), 1L, max{M(Az, z, kt), 1L}))
>L M(Az, z, kt),

which is a contradiction. It thus follows that Az = z.
Similarly, we can show that Bz = z, Sz = z. Thus A, B and S have a common
fixed point z in X.
Uniqueness of the common fixed point follows easily. This completes the proof.

Corollary 3.3 Let (X,M, T ) be a complete L-fuzzy metric space, if A, B
and S be self mappings of X satisfying (i)-(iv) of Theorem 3.1 and there exists
a constant k > 1, such that

M(A2x,B2y, t) ≥L φ

(
min

(
M(A2x, S2y, kt),M(B2y, S2y, kt),
M(S2x, S2y, kt),M(A2x, S2x, kt)

))

for all x, y ∈ X, t > 0 and φ ∈ Φ.
Then A, B and S have a unique common fixed point in X.

Proof. It is easy to verify from Theorem 3.1.

Corollary 3.4 Let (X,M, T ) be a complete L-fuzzy metric space, if A, B
and S be self mappings of X satisfying (i)-(iii) of Theorem 3.2 and there exists
a constant k > 1, such that

M(A2x,B2y, t) ≥L φ

(
min

(
M(A2x, S2y, kt),M(B2y, S2y, kt),
M(S2x, S2y, kt),M(A2x, S2x, kt)

))

for all x, y ∈ X, t > 0 and φ ∈ Φ.
Then A, B and S have a unique common fixed point in X.

Proof. It is easy to verify from Theorem 3.2.

Corollary 3.5 Let (X,M, T ) be a complete L-fuzzy metric space, if A and
S be self mappings of X with the following properties:

(i) A(X) ⊂ S(X).
(ii) The pair (A, S) is weak** commutative.
(iii) S(X) is complete.
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(iv) There exists a constant k > 1, such that

M(A2x,A2y, t) ≥L φ

(
min

(
M(A2x, S2y, kt),M(A2y, S2y, kt),

max{M(S2x, S2y, kt),M(A2x, S2x, kt)}

))

for all x, y ∈ X, t > 0 and φ ∈ Φ.
Then A and S have a unique common fixed point in X.

Proof. If we take A = B in Theorem 3.1, then it is easy to check that A and
S have a unique common fixed point in X.
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