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Abstract

In this paper, we enumerate numbers of left-right paths of of 8 · 8 · 4
and 3 ·6 ·3 ·6 lattices with free or periodic boundary condition using un-
signed graphical Reidemeister moves, which correspond to Reidemeister
moves of link diagrams in knot theory.
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1 Introduction

Left-right paths were introduced by H. Shank in [1]. Suppose G is a finite,
connected plane graph. A left-right path through G is obtained by walking
on edges of G, alternately selecting as next edge the leftmost edge and the
rightmost edge. An example is shown in Fig. 1(a). Left-right paths are
sometimes called Petrie circuits, for example in [2].

We take the following two conventions to generalize left-right paths to any
plane graph.

1. The left-right path of a trivial graph i.e. an isolated vertex is a closed
simple curve surrounding the vertex.

2. The left-right paths of a non-connected plane graph are the disjoint union
of left-right paths of its connected components.

Left-right paths of plane graphs are closely related to medial graphs and link
diagrams in knot theory. In fact, left-right paths of a plane graph correspond
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to straight-ahead walks of its medial graph [1]. See Fig. 1(b). Furthermore,
left-right paths of a plane graph also correspond to components of the link
obtained from the medial graph by converting vertices to crossings. See Fig.
1(c).

Fig 1: (a) A plane graph G and its two left-right paths; (b) The medial graph
M(G) of G; (c) A diagram U(G) of an unlink obtained from M(G).

Left-right paths play an important role in the design of CMOS VLSI cir-
cuits, see references cited in [2]. Determining the number of left-right paths of
graphs or component numbers of the corresponding link is also meaningful. For
example, it can provide examples for further analyze the structure of graphs
with fixed number of left-right paths and some works has been done, see [6],
[7]. In addition, it is also helpful to obtain component numbers of polyhedral
links constructed in mathematical chemistry, see [8].

In the paper, we are only interested in the enumeration of the number of
left-right paths of a plane graph. Let G be a plane graph, we shall denote by
µ(G) the number of left-right paths of G. Let q(G) and k(G) be the numbers of
edges and connected components of G. Let TG(x, y) be the Tutte polynomial
of G. A result on µ(G) is [3][4]

TG(−1,−1) = (−1)q(G)(−2)µ(G)−k(G), (1)

which implies that the number of left-right paths is the same for any embedding
of a planar G in the plane. For the information of the Tutte polynomial, see
[5].

However, there are very few results on TG(−1,−1). By now, as far as we
know, the number of left-right paths have been obtained for some graph fam-
ilies. For example, wheel graphs (i.e. pyramids) [9][10], ladders (i.e. prisms)
[10][11], square, triangular and honeycomb lattices with free or periodic con-
ditions [12] [13]. These results are obtained mainly because of the regularity
and symmetry of graphs. One can find related works in the literature [15] [16]
[17] [6].

In this paper, we enumerate numbers of left-right paths of 8 · 8 · 4 and
3 · 6 · 3 · 6 lattices with free or periodic boundary condition using unsigned
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graphical Reidemeister moves, which correspond to Reidemeister moves of link
diagrams in knot theory.

2 A general approach

We first recall the unsigned graphical Reidemeister moves. They are the un-
signed version of the signed graphical Reidemeister moves, which correspond
to Reidemeister moves of link diagrams in knot theory. There are five unsigned
graphical Reidemeister moves as follows. See Fig. 2.

I(a) Delete a loop, or its inverse;

I(b) Delete a vertex of degree one, or its inverse;

II(a) Delete a parallel pair, or its inverse;

II(b) Contract a series pair which is not a parallel pair, or its inverse;

III ΔY -exchange.

Fig 2: Unsigned graphical Reidemeister moves.

Two graphs G and H are called Reidemeister equivalent if it is possible to
transform G to an isomorphic copy of H by some finite sequence of unsigned
graphical Reidemeister moves. Let Ok be the empty i.e. edgeless graph with
k vertices. Furthermore, we have

Theorem 2.1 [12] Let G be a plane graph. Then µ(G) = k if and only if the
graph G is Reidemeister equivalent to Ok.

Theorem 2.1 provides (at least, theoretically) an approach to calculating
the number of left-right paths of a plane graph. That is, if a plane graph can be
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transformed to an empty graph by applying unsigned graphical Reidemeister
moves, then the number of vertices of the empty graph is exactly the number
of left-right paths of the plane graph.

3 The 8 · 8 · 4 and 3 · 6 · 3 · 6 lattices

Definition 3.1

1. The 8 · 8 · 4 lattice with free boundary condition, denoted by G(m, n),
is illustrated in Fig. 3(a). It is a finite subgraph of 8-8-4 tiling in the
Euclidean plane, having m rows and n columns of diamonds.

2. The 8·8·4 lattice with periodic boundary condition, denoted by GP (m, n)
is obtained from the G(m, n) by adding m extra parallel edges (ui, vi)
for i = 1, 2, · · · , m joining each pair of opposite vertices of its both sides.

Definition 3.2

1. The 3 · 6 · 3 · 6 lattice with free boundary condition (also called kagomé
lattice), denoted by H(m, n), is illustrated in Fig. 3(b). It is a finite sub-
graph of 3-6 tiling in the Euclidean plane, having m horizontal straight
lines and n skew straight lines in the NE-SW direction.

2. The 3 · 6 · 3 · 6 lattice with periodic boundary condition, denoted by
HP (m, n) is obtained from H(m, n) by identifying ui and vi for i =
1, 2, · · · , m.

Fig 3: (a) The 8.8.4 lattice G(m, n); (b) The 3 · 6 · 3 · 6 lattice H(m, n).

The two families of lattices are well-known in statistical mechanics and
enumerative combinatorics. For example, closed-packed dimers of 8 · 8 · 4 and
3 · 6 · 3 · 6 lattices are enumerated in [18] and [19], respectively. In the next
section, we shall use Theorem 2.1 to obtain numbers of left-right paths of the
two families of lattices with free or periodic boundary condition.
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4 Numbers of left-right paths of two lattices

Theorem 4.1 Let m and n be two positive integers. Then

(1) µ(G(m, n)) = m + n.

(2)

µ(GP (m, n)) =

{
m + n n is odd
2m + n n is even

Proof. (1) We shall prove Theorem 4.1(1) by induction on m. When m = 1,
G(1, n) is Reidemeister equivalent to On+1 as shown in Fig. 4. By Theorem

Fig 4: Transformations of G(1, n) to On+1.

2.1, Theorem 4.1(1) holds. Now we suppose that Theorem 4.1(1) holds for
m = k − 1 and now consider m = k (k ≥ 2). As shown in Fig. 5, G(k, n)
is Reidemeister equivalent to the disjoint union of O1 and G(k − 1, n). By

Fig 5: Transformations of G(k, n) to the disjoint union of O1 and G(k − 1, n).
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Theorem 2.1 and induction hypothesis, we have

µ(G(k, n)) = µ(O1) + µ(G(k − 1, n))

= 1 + (k − 1) + n

= k + n.

(2) The proof of Theorem 4.1(2) is similar to that of Theorem 4.1(1). The
difference is that GP (1, n) is Reidemeister equivalent to the disjoint union of
On and the n-cycle Cn, and GP (k, n) is Reidemeister equivalent to the disjoint
union of Cn and GP (k − 1, n). Note that µ(Cn) = 1 when n is odd and
µ(Cn) = 2 when n is even. We can prove Theorem 4.1(2) by induction on m.
�

Now we consider the kagomé lattice with free or periodic boundary con-
dition. When m = 2, H(2, n) and HP (2, n) are both Reidemeister equivalent
to On. Hence, µ(H(2, n)) = µ(HP (2, n)) = n. We provide transformations of
H(2, n) to On in Fig. 6 and leave transformations of HP (2, n) to On to the
readers.

Fig 6: Transformations of H(2, n) to On.

Theorem 4.2 Let m ≥ 3 be a positive integer. Then

(1) µ(H(m, n)) = (m − 3)(n − 1) + 1.

(2) µ(HP (m, n)) = n(m − 3) + 2.

Proof. When m ≥ 3, we can transform H(m, n) (resp. HP (m, n)) to O(m−3)(n−1)+1

(resp.On(m−3)+2) by applying unsigned graphical Reidemeister moves as shown
in Fig. 7 (resp. Fig. 8). Note that in Fig. 8, each pair of opposite vertices
lying in both sides of the first three graphs should be identified. �

5 Concluding remark

Except the two families of lattices, the method in this paper may apply to other
lattices or graph families. However, in general it is not always easy to transform
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Fig 7: Transformations of H(m, n) to O(m−3)(n−1)+1.
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Fig 8: Transformations of HP (m, n) to On(m−3)+2.

plane graphs to empty graphs. For example, in [12], the authors proposed the
problem of transforming the square lattice with periodic boundary condition
to some empty graph.
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