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Abstract 
    
   The main purpose of this paper is to study and investigate some results concerning 
anon-zero generalized derivation with left  cancellation property on semiprime ring R,U 
a non-zero ideal of R ,when thenon-zero additive mapping acts as a left centralizer of R 
,we obtain R contains a non-zero central ideal. 
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1. Introduction  
 
      This research has been inspired by work of Argac,Nakajima and Albas[1]. 
Throughout R will represent an associative ring with the center Z(R),R is said to be 2- 
torsion free if 2x=o ,x∈ R implies x=o. Recall that R is prime if xRy=o implies x=o or 
y=o ,and R is semiprime if xRx=o implies x=o.An additive mapping d:R→R is called a 
derivation if d(xy)=d(x)y+xd(y) holds for all x,y ∈ R and d is called left centralizer if 
d(xy)=d(x)y for all x,y∈ R. In [5] ,Bresar defined the following notation ,an additive 
mapping D:R→R is said to be a generalized derivation if there exists a derivation 
d:R→R such that D(xy) =D(x)y+xd(y)for all x,y∈ R.Hence the concept of a 
generalized derivation covers both the concepts of a derivation and of a left multiplier 
(i.e.an additive map d satisfying d(xy) =d(x)y for all x,y ∈ R,[14] ).Other properties of 
generalized derivations were given by B.Hvala [6] ,T.K.Lee [8] and A.Nakajima ( [14] 
,[13] and[15] ) .We note that for a semiprime ring R,if D is a function from R to R and  



 

1378                                                                                                                 M. J. Atteya 
 
 
d:R→R is an additive mapping such  that D(xy)=D(x)y+xd(y) for all x,y∈ R . Then D 
uniquely determined by d and moreover d must be a derivation by [[5], Remark1] .We 
denote a generalized derivation D:R→R determined by a derivation d of R by (D,d) .We 
write [x,y]=xy-yx and note that important identity [xy,z]=x[y,z]+[x,z]y and 
[x,yz]=y[x,z]+[x,y]z. Two a dditive maps d,g:R→R are called orthogonal if d(x)Rg(y) 
=o=g(y)Rd(x) for all x,y ∈ R.And two generalized derivations (D,d) and (G,g) of R are 
called orthogonal if D(x)RG(y)=o=G(y)RD(x) for all x,y ∈ R.Bresar and Vukman[4] 
introduced the notation of orthogonality for a pair d,g of derivations on a semiprime 
ring ,and they gave several necessary and sufficient conditions for d and g to orthogonal 
.Argac ,Nakajima and Albas [1] introduced the notation of orthogonality generalized for 
a pair D,G of derivations on 2- torsion free semiprime ring,and extend the results of 
orthogonal derivations to orthogonal generalized derivations Mohammad A.,Asma A . 
and Shakir A.[11] proved , let R be a prime ring and U be a non-zero ideal of R . If R 
admits a generalized derivation D associated with a non-zero derivation d such that 
D(xy) - xy∈Z(R) for all x,y∈U , then R is commutative . Hvala [6]  initiated the 
algebraic study of generalized derivation and extended some results concerning 
derivation to generalized derivation . Nadeem[12] proved , let R be a prime ring and U a 
non-zero ideal of R . If R admits a generalized derivation D with  d such that D(xoy) = 
xoy holds for all x,y∈U , and if D = o or d≠o , then R is commutative , where d is 
derivation and  the symbol xoy stands for the anti- commutator xy + yx .Asharf [2] has 
investigates the commutativity of a prime ring R admitting a generalized derivation D 
with associated derivation d satisfying [d(x),D(y)] = o for all x,y∈U, where U is a non-
zero ideal of R.  .Recently  Majeed and Mehsin [9]proved ,Let R be a  2-torsion free 
semiprime ring ,(D,d) and (G,g) be generalized derivations of R,if R admists to satisfy 
[d(x),g(x)]=o for all x∈ R and d acts as a left centralizer (resp .g acts as a left 
centralizer ) .Then (D,d) and (G,g) are orthogonal generalized derivations of R. 
In this paper is to study and investigate some results concerning  a non –zero generalized 
derivation with left  cancellation property on semiprime ring R ,when the non-zero 
additive mapping acts as a left centralizer of R  
To achieve our purposes ,we mention the following result . 
 
Lemma 1[10: Lemma 1] 
      Let R be a semiprime ring and let a∈ R .If a2=o then a∈ Z(R). 
 
Lemma 2[3:Lemma1] 
      The center of semiprime ring contains no non-zero nilpotent elements. 
 
Lemma 3[7:Main Theorem ]  
  Let R be a semiprime ring , d a non-zero derivation of R , and U a non-zero left ideal 
of R .If for some positive integers to,t1,… , tn and all x∈U , the identity 
[[…[[d(xto),xt1],xt2],…],xtn] = o holds , then either d(U) = o or else d(U) and d(R)U are 
contained in non-zero central ideal of R . In particular when R is a prime ring, R is 
commutative. 



 

Orthogonal generalized derivations                                                                           1379 
 
 
2. Main Results 
 
Theorem 2.1 
      Let R be a semiprime ring with left cancellation proprety,(D,d) and (G,g) be a non-
zero generalized derivations of R, U a non-zero ideal of R,if R admists to satisfy 
[d(x),g(x)]=o for all x∈ U and a non-zero d acts as a left centralizer (resp.a non-zero g 
acts as a left centralizer ) ,then R contains a non-zero central ideal. 
 
Proof:We have [d(x),g(x)]=o for all x∈ R.Replacing x by xy ,we obtain 
[d(x)y,g(xy)]+[xd(y),g(xy)]=o for all x,y∈ U. 
d(x)[y,g(xy)]+[d(x),g(xy)]y+x[d(y),g(xy)]+[x,g(xy)]d(y)=o for all x,y∈ R.Then 
d(x)[y,g(x)y]+d(x)[y,xg(y)]+[d(x),g(x)y]y+[d(x),xg(y)]y+x[d(y),g(x)y]+ 
x[d(y),xg(y)]+[x,g(x)y]d(y)+[x,xg(y)]d(y)=o for all x,y∈ U. 
d(x)[y,g(x)]y+d(x)x[y,g(y)]+d(x)[y,x]g(y)+g(x)[d(x),y]y+ 
[d(x),g(x)]y2+x[d(x),g(y)]y+[d(x),x]g(y)y+xg(x)[d(y),y]+ 
x[d(y),g(x)]y+x2[d(y),g(y)]+x[d(y),x]g(y)+g(x)[x,y]d(y)+[x,g(x)]yd(y)+x [x,g(y)]d(y)=o 
for all x,y∈ U. 
Replacing y by x and according to the relation[d(x),g(x)]=o,we obtain 
d(x)[x,g(x)]x+d(x)x[x,g(x)]+g(x)[d(x),x]x+[d(x),x]g(x)x+xg(x)] [d(x),x]+x[d(x),x]g(x)+ 
[x,g(x)]xd(x)+x[x,g(x)]d(x)=o for all x∈ U.Then 
 d(x)xg(x)x-d(x)g(x)x2+d(x)x2g(x)-d(x)xg(x)x+g(x)d(x)x2-g(x)xd(x)x+d(x)xg(x)x-
xd(x)g(x)x+xg(x)d(x)x-xg(x)xd(x)+xd(x)xg(x)-x2d(x)g(x)+xg(x)xd(x)-
g(x)x2d(x)+x2g(x)d(x)-xg(x)xd(x)=o for all x∈ U. Then 
 d(x)x2g(x)-g(x)xd(x)x+d(x)xg(x)x-xd(x)g(x)x+xg(x)d(x)x-xg(x)xd(x)+xd(x)xg(x)-
x2d(x)g(x)-g(x)x2d(x)+x2g(x)d(x)=o for all x∈ U.Since d(x)g(x)=g(x)d(x),then above 
equation become 
d(x)x2g(x)-g(x)xd(x)x+d(x)xg(x)x-xg(x)xd(x)+xd(x)xg(x)-g(x)x2d(x)=o  
for all x∈ U.                                                                                                 (1) 
 Since d is acts as a  left centralizer ,then 
d(x3)g(x)-g(x)xd(x2)+d(x2)g(x)x-xg(x)xd(x)+xd(x2)g(x)-g(x)x2d(x)=o for all x∈U. Then  
d(x)x2g(x)+xd(x2)g(x)-g(x)xd(x)x-g(x)x2d(x) 
+d(x)xg(x)x+xd(x)g(x)x-xg(x)xd(x)+xd(x)xg(x)+x2d(x)g(x) 
-g(x)x2d(x)=o for all x∈U. According to (5) , we obtain  
xd(x2)g(x)-g(x)x2d(x)+xd(x)g(x)x+x2d(x)g(x)=o 
 for all x∈U  .                                                                                                (2) 
then xd(x)xg(x)+2x2d(x)g(x)-g(x)x2d(x)+xd(x)g(x)x=o  
for all x∈U.                                                                                                  (3) 
Since d(x)g(x)=g(x)d(x), above equation become  
xd(x)xg(x)+2x2g(x)d(x)-g(x)x2d(x)+xg(x)d(x)x=o  
 for all x∈U.                                                                               (4) 
Since d acts as a left centralizer , (4) become  
xd(x2)g(x)+2x2g(x)d(x)-g(x)x2d(x)+xg(x)d(x2)=o for all x∈R. Then 
xd(x)xg(x)+x2d(x)g(x)+2x2g(x)d(x)-g(x)x2d(x)+xg(x)d(x)x+ 
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xg(x)xd(x)=o for all x∈U.                                                           (5) 
According to (4) the equation (5) become  
x2g(x)d(x)+xg(x)xd(x)=o for all x∈U.                                       (6) 
Since g(x)d(x)=d(x)g(x), we obtain 
x2d(x)g(x)+xg(x)xd(x)=o for all x∈U.                                        (7) 
Since d acts as a left centralizer , (7) become  
x2d(xg(x))+xg(x)xd(x)=o for all x∈U. Then  
x2d(x)g(x)+x3d(g(x))+xg(x)xd(x)=o for all x∈U.                      (8) 
According to (7), the equation (8) reduce to  
x3d(g(x))=ofor all x∈U.                                                             (9) 
Right- multiplying (9) by r and since d acts as a left centralizer , we get 
x3d(g(x))r+x3g(x)d(r)=o forall x,r∈U. According to (9) , we obtain 
x3g(x)d(r)=o for all  x ∈U, r∈R.By using left cancellation property of x3g(x)this relation 
reduces to 
d( r )=0 r∈R.Left –mulitplying by x,we obtain 
xd( r) = 0  x∈U., r∈R .Again right –multiplyingthe same relation by x,we get 
d(r)x = 0  x∈U, r∈R .Subtracting these relations with replacing r by x and  using Lemma 
3,we obtain R contains a non-zero central ideal. 
 
Theorem 2.2 
      Let R be a semiprime ring with left cancellation proprety,(D,d) and (G,g) be a non-
zero generalized derivations of R, U a non-zero ideal of R, if R a dmits to satisfy 
[D(x),G(x)]=o for all x ∈ U and a non-zero d acts as a left centralizer (resp. a non-zero  
g acts as a left centralizer), then R contains a non-zero central ideal. 
 
Proof:We have [D(x),G(x)]=o for all x∈ R. Replacing x by xy ,we obtain 
[D(x)y,G(xy)]+[xd(y),G(xy)]=o for all x,y∈ U. Then D(x)[y,G(xy)]+[D(x),G 
(xy)]y+x[d(y),G(xy)]+[x,G(xy)]d(y)=o for all x,y∈ U. 
D(x)[y,G(x)y]+D(x)[y,xg(y)]+[D(x),G(x)y]y+[D(x),xg(y)]y+x 
[d (y),G(x)y]+x[d(y),xg(y)]+[x,G(x)y]d(y)+[x,xg(y)]d(y)=o for all x,y∈ U. Then  
D(x)[y,G(x)]y+D(x)x[y,g(y)]+D(x)[y,x]g(y)+G(x)[D(x),y]y+x    
[D(x),g(y)]y+[D(x),x]g(y)y+xG(x)[d(y),y]+x[d(y),G(x)]y+x2[d(y),g(y)]+x[d(y),x]g(y)+G(
x)[x,y]d(y)+[x,G(x)]yd(y)+x[x,g(y)]d(y)=o for all x,y∈ U. 
Replacing y by x ,we obtain 
D(x)[x,G(x)]x+D(x)x[x,g(x)]+G(x)[D(x),x]x+x[D(x),g(x)]x+[D(x),x]g(x)x+xG(x)[d(x),x]
+x[d(x),G(x)]x+x2[d(x),g(x)]+x[d(x),x] g(x)+[x,G(x)]xd(x)+x[x,g(x)]d(x)=o for all 
x∈ U. 
x([D(x),g(x)]x+G(x)[d(x),x]+[d(x),G(x)]x+x[d(x),g(x)]+[d(x),x]  
g(x)+[x,g(x)]d(x))+D(x)[x,G(x)]x+D(x)x[x,g(x)]+G(x)[D(x),x]x+ 
[D(x),x]g(x)x+[x,G(x)]xd(x)=o for all x∈ U. Then  
x(D(x)g(x)x-g(x)D(x)x+G(x)d(x)x-G(x)xd(x)+d(x)G(x)x-G(x)d(x)x+xd(x)g(x)-
xg(x)d(x)+d(x)xg(x)-xd(x)g(x)+xg(x)d(x)-g(x)xd(x))+D(x)xG(x)-D(x)G(x)x+D(x)x2g(x)-
D(x)xg(x)x+G(x)D(x)x2-G(x)xD(x)x+D(x)xg(x)x-xD(x)g(x)x+xG(x)xd(x)-G(x)x2d(x)=o  
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for all x∈ U. Then 
-xg(x)D(x)x+xd(x)G(x)x+xd(x)xg(x)-xg(x)xd(x)+D(x)xG(x)x+D(x)x2g(x)-G(x)xD(x)x-
G(x)x2d(x)=o for all x∈ U.  
Since d acts as a left centralizer ,then  
-xg(x)D(x)x+xd(x)G(x)x+xd(x2)g(x)-xg(x)xd(x)+D(x)xG(x)x+ 
D(x)x2g(x)-G(x)xD(x)x-G(x)x2d(x)=o for all x∈ U.                  (10) 
-xg(x)D(x)x+xd(x)G(x)x+xd(x)xg(x)+x2d(x)g(x)-xg(x)xd(x)+D(x)x 
G(x)x+D(x)x2g(x)-G(x)xD(x)x-G(x)x2d(x)=o for all x∈ U.      (11) 
Since d acts as a left centralizer (11) reduces  to 
-xg(x)D(x)x+xd(x)G(x)x+xd(x2)g(x)+x2d(x)g(x)-xg(x)xd(x)+D(x)x G(x)x+D(x)x2g(x)-
G(x)xD(x)x-G(x)x2d(x)=o for all x∈ U. According to (10) ,we obtain x2d(x)g(x)=o for 
all x∈ U. By using left cancellation property of x2d(x)this relation reduces to g(x)=o for 
all x∈ U.By same method in Theorem 2.1,we completes our proof. 
  
Theorem 2.3 
      Let R be a semiprime ring with left cancellation proprety ,(D,d)and (G,g)be a non-
zero generalized derivations of R, U a non-zero ideal of R,   if R admits to satisfy 
[D(x),G(x)]=[d(x),g(x)] for all x∈ U and a non-zero d acts as a left centralizer( resp. a 
non-zero  g acts as a left centralizer) ,then R contains a non-zero central ideal. 
 
Proof: We have [D(x),G(x)]=[d(x),g(x)] for all x∈ U. Then D(x)G(x)-
G(x)D(x)=d(x)g(x)-g(x)d(x) for all x∈ U. Since d acts as a left centralizer ,we obtain 
D(x)G(x)-G(x)D(x)=d(xg(x))-g(x)d(x) for all x∈ U. Then                                                                     
 [D(x),G(x)]=d(x)g(x)-xd(g(x))-g(x)d(x) for all x∈ R. According to the relation 
[D(x),G(x)]=[d(x),g(x)] ,we get  
-xd(g(x))=o for all x∈ U.                                                                           (12)    
Right –multiplying (12)by y and since d acts as a left centralizer, we obtain –xd(g(x)y)=o 
for all x,y∈U. Then  
-xd(g(x))y-xg(x)d(y)=o for all x,y∈U. According to (12),we obtain xg(x)d(y)=o for all 
x,y∈U. By using left cancellation property of xg(x)this relation reduces to d(y)=o for all 
x ∈U..By same method in Theorem 2.1,we completes our proof. 
                                                       
Theorem 2.4 
      Let R be a semiprime ring with left cancellation proprety,(D,d)and (G,g) be a non-
zero generalized derivations of R, U a non-zero ideal of R, if R admits to satisfy 
[D(x),G(x)]=[d(x),g(x)] for all x,y ∈U and D acts as a left centralizer (resp. G acts as a 
left centralizer) ,then R contains a non-zero central ideal. 
 
Proof: We have [D(x),G(x)]=[d(x),g(x)] for all x∈U. 
Replacing x by xy ,we obtain D(xy)G(xy)-G(xy)D(xy)=[d(xy),g(xy)] for all x,y∈U. Then  
D(xy)G(x)y +D(xy)xg(y)- G(x)yD(xy)-xg(y)D(xy)=[d(xy),g(xy)] for all x,y∈R. 
Since D acts as a left centralizer, then D(x)yG(x)y+D(x)yxg(y)-G(x)yD(x)y-
xg(y)D(x)y=[d(xy),g(xy)]for all x,y∈U. Then 
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[D(x)y,G(x)y]+D(x)yxg(y)-xg(y)D(x)y=[d(xy),g(xy)] for all x,y∈U. 
G(x)[D(x)y,y]+[D(x)y,G(x)]y+D(x)yxg(y)-xg(y)D(x)y=[d(xy),g(xy)] for all x,y∈U Then  
G(x)D(x)y2-G(x)yD(x)y+D(x)yG(x)y-G(x)D(x)y2+D(x)yxg(y)-xg(y)D(x)y=[d(xy),g(xy)] 
for all x,y∈U.  Then 
 D(x)yG(x)y-G(x)yD(x)y+D(x)yxg(y)-xg(y)D(x)y= 
[d(xy),g(xy)] for all x,y ∈U.                                                    (15) 
 Since D acts as a  left centralizer ,we get  
D(xy)G(x)y-G(x)yD(xy)+D(xyx)g(y)-xg(y)D(xy)=[d(xy),g(xy)] for all x,y ∈U. Then  
D(x)yG(x)y-G(x)yD(x)y+D(xy)xg(y)-xg(y)D(x)y=[d(xy),g(xy)] for all x,y∈U. 
D(x)yG(x)y-G(x)yD(x)y+D(x)yxg(y)+xd(y)xg(y)-xg(y)D(x)y= 
[d(xy),g(xy)] for all x,y∈U.  According to (15),we obtain xd(y)xg(y)=o for all x,y∈U. By 
using left cancellation property of xd(y)x this relation reduces to g(y)=o for all x ∈U..By 
same method in Theorem 2.1,we completes our proof. 
 
Theorem 2.5 
      Let R be a semiprime ring with cancellation proprety,(D,d)and (G,g) be generalized 
derivations of R, U a non-zero ideal of R, if R admits to satisfy [D(x),G(x)]=[d(x),g(x)] 
for all x∈U. D and a non-zero g acts as a left centralizers (resp. G and a non-zero d acts as 
a left centralizers), then R contains a non-zero central ideal. 
 
Proof: We have [D(x),G(x)]=[d(x),g(x)] for all x∈U. 
Replacing x by xy and  since D and g acts as a left centralizers we obtain  
[D(x)y,G(xy)]=[d(xy)],g(xy)] for all x,y∈U. Then  
D(x)[y,G(xy)]+[D(x),G(xy)]y=g(x)[d(xy),y]+[d(xy),g(x)]y for all x,y∈U. 
D(x)[y,G(x)y]+D(x)[y,xg(y)]+[D(x),G(x)y]y+[D(x),xg(y)]y=g(x) 
[d(x)y,y]+g(x)[xd(y),y]+[d(x)y,g(x)]y+[xd(y),g(x)]y for all x,y∈U. Then 
D(x)[y,G(x)]y+D(x)x[y,g(y)]+D(x)[y,x]g(y)+G(x)[D(x),y]y+ 
[D(x),G(x)]y2+x[D(x),g(y)]y+[D(x),x]g(y)y=g(x)[d(x),y]y+g(x)x[d(y),y] 
+g(x)[x,y]d(y)+d(x)[y,g(x)]y+[d(x),g(x)]y2+x[d(y),g(x)]y+ 
[x,g (x)]d(y)y for all x,y∈U. 
Replacing y by x and according to [D(x),G(x)]=[d(x),g(x)], we obtain  
D(x)[x,G(x)]x+D(x)x[x,g(x)]+G(x)[D(x),x]x+x[D(x),g(x)]x+[D(x),x]g(x)x=g(x)[d(x),x]x
+g(x)x[d(x),x]+d(x)[x,g(x)]x+x[d(x),g(x)]x+[x,g(x)]d(x)x for all x∈U. Then  
D(x)xG(x)x-D(x)G(x)x2+D(x)x2g(x)-D(x)xg(x)x+G(x)D(x)(x2)-G(x)xD(x)x+xD(x)g(x)x-
xg(x)D(x)x+D(x)xg(x)x-xD(x)g(x)x=g(x)d(x)x2-g(x)xd(x)x+g(x)xd(x)x-
g(x)x2d(x)+d(x)xg(x)x-d(x)g(x)x2+xd(x)g(x)x-xg(x)d(x)x+xg(x)d(x)x-g(x)xd(x)x for all 
x∈U. According to [D(x),G(x)]=[d(x),g(x)] ,we obtain  
D(x)xG(x)x+D(x)x2g(x)-G(x)xD(x)x-xg(x)D(x)x=-g(x)x2d(x)+d(x)x 
g(x)x+xd(x)g(x)x-g(x)xd(x)x for all x∈U. Then 
D(x)xG(x2)-G(x2)D(x)x=d(x)xg(x)x-g(x)x2d(x)+xd(x)g(x)x-g(x)xd 
(x) x for all x∈U.                                                                                (27) 
Since D and g acts as left centralizers , we obtain  
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D(x2)G(x2)-G(x2)D(x2)=d(x)xg(x2)-g(x3)d(x)+xd(x)g(x2)-g(x2)d(x)x  
for all x∈U. Since D acts as left centralizer , then  
D(x)xG(x2)-G(x2)D(x)x=d(x)xg(x2)-g(x3)d(x)+xd(x)g(x2)-g(x2)d(x)x  
for all x∈U.                                                                                         (28) 
Since g acts as left centralizer , (28) become  
D(x)xG(x2)-G(x2)D(x)x=d(x)xg(x)x-g(x2)xd(x)+xd(x)g(x)x-g(x)xd(x)x 
 for all x∈U.                                                                                            (29) 
Substituting (27)in (29), we obtain  
-g(x)x2d(x)=-g(x2)xd(x) for all x∈U. Then xg(x)xd(x)=o for all x∈U.                                          
By using left cancellation property of xg(x)xthis relation reduces to d(x)=o for all 
x ∈U..By same method in Theorem 2.1,we completes our proof. 
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