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Abstract

In this survey, we provide the most important computational meth-
ods to find the PageRank. This is a new comprehensive review of all
major issues which are associated with PageRank problem, covering the
basic topics, the iterative methods, lumping of nodes, the modification
of lumping the nodes, rank-one perturbation, rank-r perturbation, ad-
vanced numerical linear algebra methods, conditioning, a new method
by power series, and outlines for future studies.
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1 Introduction

With the eye-catching development of the Internet, web search engines have
become the most important Internet tools for retrieving information. Many
of today’s search engines use a two-step process to retrieve pages related to a
user’s query. In the first step, traditional text processing is done to find all
documents using the query terms, or related to the query terms by semantic
meaning. With the massive size of the web, this first step can result in thou-
sands of retrieved pages related to the query. To make this list manageable
for a user, many search engines sort this list by some ranking criterion (second
step). The name ”PageRank” is a trademark of Google, and the PageRank
process has been patented (U.S. Patent 6,285,999). Google assigns a numeric
weighting from 0-10 for each webpage on the Internet; this PageRank denotes

1Corresponding author. E-mail Address: fazl soley bsb@yahoo.com
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a site’s importance in the eyes of Google. The PageRank is derived from a
theoretical probability value on a logarithmic scale like the Richter Scale. The
PageRank of a particular page is roughly based upon the quantity of inbound
links as well as the PageRank of the pages providing the links.

Google founders Sergey Brin and Larry Page met in 1995 when Page visited
the computer science department of Stanford University during a recruitment
weekend. Brin, a second-year graduate student at the time, served as a guide
for potential recruits, and Page was part of his group. They discussed many
topics during their first meeting and disagreed on nearly every issue. Soon
after he began graduate study at Stanford, Page began working on a Web
project, initially called BackRub, which exploited the link structure of the
Web. Brin found Page’s work on BackRub interesting, so the two started
working together on a project that would permanently change Web search.
Brin and Page realized that they were creating a search engine that adapted
to the ever-increasing size of the Web, so they replaced the name BackRub
with Google (a common misspelling of goggol, the number 10100). Unable to
convince existing search engine companies to adopt the technology they had
developed but certain their technology was superior to any being used, Brin
and Page decided to start their own company. With the financial assistance
of a small group of initial investors, Brin and Page founded the Web search
engine company Google, Inc. in September 1998.

Among thousands of web search engines based on various algorithms that
have emerged in recent years, Google2 has become the most popular and suc-
cessful one. Google’s success should largely be attributed to its simple but
elegant algorithm: PageRank (founded by Brin and Page [31]). The core of
the PageRank algorithm involves computing the PageRank vector, which is
the stationary distribution of the so-called Google matrix and a measurement
of the importance of the web pages. The dimension of the Google matrices
exceeds 11.5 billion, so only a small set of algorithms for computing its sta-
tionary distribution can be applied.

The PageRank vector serves as only one of the many relevance features for
ranking web search results. Generic PageRank corresponds to a uniform tele-
portation. In principle, PageRanks with different teleportations can be used.
A nonuniform teleportation makes sense, since it leads to a topical or user-
specific personalized PageRank [17,31]. Computing many such PageRanks is
difficult, but in some cases it may be significantly optimized.

In this paper we do not want to mention and summarize all of the points
which had been under consideration in some articles in the past (For an exten-
sive exposition of the PageRank problem, see the old review papers [4,27] and
the book [28].) Here we provide a new survey of the most brand new important

2We mention that PageRank is just one of many measures employed by Google to return
relevant results to users.
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issues that have not been under any survey up to now, and play a significant
role for calculating the PageRank of the Google matrix [2,12,13,15,21,33]. To-
ward this end, we just name the old methods and try to focus on the new and
suitable methods [18,19,30].

PageRank (and more generally link analysis) is an interesting mathemati-
cal phenomenon that has inspired research in a number of fields, for instance,
even basic methods commonly used in numerical analysis for matrix computa-
tions become tricky to implement when the matrix is of order 100. Moreover
the matrix induced by a web graph [5,6], i.e.,The web graph is the directed
graph whose nodes are URLs and whose arcs correspond to hyperlinks, (it is
discussed more later) is significantly different from those commonly found in
physics or statistics, so many results that are common in those areas are not
applicable.

The Markov model of the Web, storage issues and solution methods for solv-
ing the PageRank problem are fully discussed in literature [11,14,27]. PageR-
ank is defined formally as the stationary distribution of a stochastic process
whose states are the nodes of the web graph. The process itself is obtained by
mixing the normalised adjacency matrix of the web graph (with some patches
for nodes without outlinks) with a trivial uniform process that is needed to
make the mixture irreducible and aperiodic, so that the stationary distribution
is well defined.

A number of numerical methods have been studied for computing the PageR-
ank vector. In spite of its low efficiency, the simple power method stands out
for its stable and reliable performances [32]. To remedy the slow convergence
of the power method, some acceleration techniques have been proposed, which
include extrapolation [8,16,23], aggregation/disaggregation [20,26], lumping
[29,30], adaptive methods [22]. Moreover, an Arnoldi-type method has been
considered [15]. The Jordan canonical form of the Google matrix has been
investigated in [38,39].

The original model for PageRank uses the hyperlink structure of the web
to build a Markov chain with a primitive transition probability matrix A. The
irreducibility of the chain guarantees that the long-run stationary vector (π),
known as the PageRank vector, exists. It is well-known that the power method
applied to a primitive matrix will converge to this stationary vector. In other
word, PageRank is a ranking technique used by today’s search engines. It is
query independent and content independent, it can be computed offline using
only the web graph.

The Power Iteration Method is one of the basic tools for finding the dom-
inant eigenvalue and dominant eigenvector of a given matrix. It is based on
normalization in each step and multiplication of this nonzero and normalized
vector by the matrix. This method converges linearly with the rate of con-
vergence |λ2|

|λ1| , where σ(A) = λ1, λ2, · · · , λn is the spectrum of the n × n real
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matrix A and |λ1| > |λ2| ≥ · · · ≥ |λn| .

Power iteration algorithm:
Choose the nonzero vector x0.
For j = 1, 2, 3, · · ·
1. Normalization of the vector: uj−1 =

xj−1

‖xj−1‖

2. Approximation of the maximal eigenvector: xj = Auj−1

3. Approximation of the maximal eigenvector: λj = uT
j−1Auj−1

Due to slow convergence of this algorithm the revised form of it, so-called
power-Arnoldi-algorithm had been proposed in [37].

Now we define the Google matrix, generalized Google matrix and paramet-
ric Google matrix.

The Google matrix is a positive matrix obtained by a special rank-one per-
turbation of a stochastic matrix which represents the hyperlink structure of
the webpages. More technically, if e = (1, 1, · · · , 1)T and v is the probability
vector, then the Google matrix is defined as follows:

G(α) = αS + (1 − α)evT ,

where α, i.e., the damping factor, is in the real open interval (0, 1), S is a
stochastic matrix (basically we consider it as a row stochastic, but for il-
lustrating and showing the similarity of this subject more, S is considered
column-stochastic in section (4)).

The n−dimensional probability vector v, also called personalization or
stochastic vector, is a positive vector which its 1−norm is equal to 1. That is,
‖v‖1 = 1. Consequently v is a personalization vector when it satisfies in the
following relation:

v1 + v2 + · · · + vn = 1, ∀i vi ≥ 0.

The row-stochastic matrix S (also called transition matrix) is a non-negative
matrix that satisfy in Se = e. Similarly, when eT S = eT , we call S as a column-
stochastic matrix. Two immediate results of this definition could be obtained:

1. For each row-stochastic matrix, the sum of each row is equal to 1.

2. The maximal eigenvalue of each transition matrix is 1.

A generalized Google matrix is defined as follows:

G̃(c, c1, · · · , cr) = cA +
r∑

i=1

(ciλi)xi(vi)
T , c +

r∑
i=1

ci = 1,
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where c, ci ∈ C, 1 ≤ i ≤ r, λ1, λ2, · · · , λr be the eigenvalues of the complex
(or real) matrix A and x1, x2, · · · , xr are linearly independent right eigenvec-
tors of A corresponding to the eigenvalues λ1, λ2, · · · , λr , respectively.

It is seen that the Google matrix G(α) is a special rank-1 updated matrix
and generalized Google matrix G̃(c, c1, · · · , cr) is a special rank-r updated ma-
trix. The eigenvalue problem of the (generalized) Google matrix is mentioned
in section (5).

The general parametric Google matrix is defined as below:

G(α) = αG + (1 − α)λxvT .

Specifically, if A is a row stochastic matrix, 0 < α < 1, λ = 1, x is a vector
of all ones and v is a vector whose elements are nonnegative and sum to 1, (it
implies that v is a personalization vector) then the general parametric Google
matrix reduces to the Google matrix, see section (6).

One of the other methods to calculate the PageRank vector π is the following
algorithm in which a major iteration has O(n) computational complexity.

Poor man’s PageRank algorithm:
For the stochastic matrix A, a teleportation (probability) vector v and the
coefficient c

• Initialize π0 = v, k = 0.
• Repeat

πk+1 = cAT πk

γ =
∥∥∥πk

∥∥∥− ∥∥∥πk+1
∥∥∥

πk+1 = πk+1 + γv
δ =

∥∥∥πk+1 − πk
∥∥∥

k = k + 1
• Until δ < ε

After providing the fundamental issues and two major algorithms, it is
time to keep discussing with the most important and newest computational
methods.

2 Lumping of nodes

On the basis of the hyperlink structure of the web, the web can be viewed as
a direct graph, in which each of the n pages is a node and there is an edge for
node i to node j if there is a link from node i to node j. Note that, the nodes
are divided into two categories: the dangling nodes (Dangling nodes exist in
many forms, for example, a page of data, a page with a postscript graph, a
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page with JPEG pictures, a PDF document, a page that has been fetched by
a crawler but not yet explored)3 and nondangling nodes.

The elements of the n × n hyperlink matrix P are defined as follows:

Pij ≡
{

1
|Oi| if page i links to page j,

0 otherwise,

where the scalar |Oi| is the number of outlinks from page i. Thus, each of the
nonzero rows of P sums to 1. So P is a row stochastic matrix.

These pages, which have no outlinks to other pages, are called dangling
nodes. And similarly nondangling node is a node that has at least one out-
going edge to one of the other nodes of the direct graph. Let k be the number
of nondangling nodes. If the rows and columns of P are permuted (i.e., the
indices are reordered) so that the rows corresponding to dangling nodes are at
the bottom of the hyperlink matrix P , then P is of the following form:

P =

[
P11 P12

0 0

]
,

where the k×k matrix P11 represents the links among the nondangling nodes,
and P12 represents the links from nondangling to dangling nodes. The n − k
zero rows in P are associated with the n − k dangling nodes.

To make P a transition probability matrix (stochastic matrix), it is modified
as

P̂ ≡ P + dwT ,

where w is an n-dimensional stochastic vector and dT =
[
0T , eT

]
. Here, the

zero vector is k- dimensional and eT = [1, 1, . . . , 1]. In [29], the vector w is
called the dangling node vector. Note that the transition probability matrix
P̂ is usually reducible, and therefore its stationary distribution is not unique.
To remedy this, and thereby guarantee the existence and uniqueness of the
stationary distribution vector, a further modification of P̂ is made as follows:

G = αP̂ + (1 − α)evT ,

where α ∈ (0, 1) and v, which is called a personalization vector. The stochastic
matrix G is usually called the Google matrix. The PageRank vector π is the
stationary distribution vector of G, i.e., πT = πT G, π ≥ 0 and ‖π‖ = 1. Here
and in the sequel, ‖.‖denotes the 1-norm.

After partitioning w and v as wT =
[
wT

1 , wT
2

]
and vT =

[
vT
1 , vT

2

]
with w1, v1

3As the research community moves more and more material online in the form of PDF and
postscript files of preprints, talks, slides, and technical reports, the proportion of dangling
nodes is growing. In fact, for some subsets of the web, dangling nodes make up 80 percent
of the collection’s pages.
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being k × 1 and w2, v2 being (n − k) × 1, the Google matrix has the following
block structure:

G =

[
G11 G12

euT
1 euT

2

]
,

where

G11 ≡ αP11 + (1 − α)evT
1 , G12 ≡ αP12 + (1 − α)evT

2 ,

u ≡ αw + (1 − α)v =

[
u1

u2

]
=

[
αw1 + (1 − α)v1

αw2 + (1 − α)v2

]
,

Note that u1 = v1 and u2 = v2 if the dangling vector equals the personal-
ization vector.

It has shown that all of the dangling nodes can be lumped into a single
node and the PageRank of the nondangling nodes can be computed separately
from that of the dangling nodes. A simple algorithm, which applies the power
method to the smaller lumped matrix and has the same convergence rate as
that of the power method applied to the full matrix G, for computing the
PageRank vector π. Let

X ≡
[

Ik 0
0 L

]
,

where L ≡ In−k − 1
n−k

êeT and ê = e − e1 = [0, 1, 1, . . . , 1]T . Then

XGX−1 =

[
G(1) ∗
0 0

]
,

where

G(1) =

[
G11 G12e
uT

1 uT
2 e

]
,

The matrix G(1) is stochastic of order k+1 with the same nonzero eigenvalues
as G. Now the PageRank vector can be easily found by the following theorem.
Let

σT G(1) = σT

[
G11 G12e
uT

1 uT
2 e

]
= σT , σ ≥ 0, ‖σ‖ = 1,

and partition σT =
[
σT

1:k, σk+1

]
, where σk+1 is a scalar. Then the PageRank

vector π equals

π =

[
σT

1:k σT

(
G12

uT
2

)]
,

Now we consider another reduction of nodes. The nondangling nodes can be
broken into two classes of nodes, strongly nondangling nodes and the weakly
nondangling nodes i.e., nodes that have at least one edge to one dangling nodes.
The further reduced matrix is stochastic with the same nonzero eigenvalues
as the Google matrix G. Moreover, the full PageRank vector π can be easily
recovered from the stationary distribution of the further reduced matrix.
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3 The modification of lumping method

As we mentioned, here we lump the weakly nondangling nodes into a single
node and reduce the reduced Google matrix G1 to a more reduced Google
matrix G2, the PageRank of the nondangling nodes can be computed separately
and therefore a large amount of operations are saved for computing the full
PageRank. Let k1 be the number of the strongly nondangling nodes and k2

the number of the weakly nondangling nodes. Then k = k1 + k2.
If the rows and columns of

[
P11 P12

]
are permuted (i.e., the indices of

nondangling nodes are reordered) so that the rows corresponding to weakly

nondangling nodes are at the bottom of
[

P11 P12

]
, then

[
P11 P12

]
is of

the following form:

[
P11 P12

]
=

⎡⎣ P
(11)
11 P

(12)
11 P

(1)
12

0 0 P
(2)
12

⎤⎦ ,

where the k1×k1 matrix P
(11)
11 represents the links among strongly nondangling

nodes, the k1 × k2 matrix P
(12)
11 represents the links from strongly nondangling

to weakly nondangling nodes, the k1 × (n− k) matrix P
(1)
12 represents the links

from strongly nondangling nodes to dangling nodes, and the k2×(n−k)matrix

P
(2)
12 represents the links from weakly nondangling to dangling nodes. Note that

P
(2)
12 e = e, which we use in the following analysis of the PageRank.

Partitioning wT
1 =

[
(w

(1)
1 )

T
, (w

(2)
1 )

T
]

and vT
1 =

[
(v

(1)
1 )

T
, (v

(2)
1 )

T
]

with w
(1)
1 , v

(1)
1

being k1 × 1 and w
(2)
1 , v

(2)
1 being k2 × 1 the Google matrix has the following

3 × 3 block structure:

G =

⎡⎢⎢⎢⎣
G

(11)
11 G

(12)
11 G

(1)
12

(1 − α) e
(
v

(1)
1

)T
(1 − α) e

(
v

(2)
1

)T
G

(2)
12

e
(
u

(1)
1

)T
e
(
u

(2)
1

)T
euT

2

⎤⎥⎥⎥⎦ ,

where

G
(11)
11 = αP

(11)
11 + (1 − α) e

(
v

(1)
1

)T
, G

(12)
11 = αP

(12)
11 + (1 − α) e

(
v

(2)
1

)T
,

G
(1)
12 = αP

(1)
12 + (1 − α) evT

2 , G
(2)
12 = αP

(2)
12 + (1 − α) evT

2 ,

u ≡ αw + (1 − α) v =

⎡⎢⎢⎣ u
(1)
1

u
(2)
1

u2

⎤⎥⎥⎦ =

⎡⎢⎢⎣ αw
(1)
1 + (1 − α) v

(1)
1

αw
(2)
1 + (1 − α) v

(2)
1

αw2 + (1 − α) v2

⎤⎥⎥⎦ .



PageRank problem, survey and future research directions 945

At this moment, uT
1 ≡

[
(u

(1)
1 )

T
, (u

(2)
1 )

T
]

and the matrices G11 and G12 are

given by

G11 ≡
⎡⎣ G

(11)
11 G

(12)
11

(1 − α) e
(
v

(1)
1

)T
(1 − α) e

(
v

(2)
1

)T

⎤⎦ , G12 ≡
[

G
(1)
12

G
(2)
12

]
.

Defining G(2) by

G(2) =

⎡⎢⎢⎢⎣
G

(11)
11 G

(1)
12 e G

(12)
11 e(

u
(1)
1

)T
uT

2 e
(
u

(2)
1

)T
e

(1 − α)
(
v

(1)
1

)T
α + (1 − α) vT

2 e (1 − α)
(
v

(2)
1

)T
e

⎤⎥⎥⎥⎦ ,

then G(2) is stochastic of order k1 + 2 with the same nonzero eigenvalues as
the full Google matrix G. Let

σ̂T = σ̂T G(2), σ̂ ≥ 0, ‖σ̂‖ = 1,

partition σ̂T = [σ̂T
1:K1

, σ̂k1+1, σ̂k2+1] where σ̂k1+1 are σ̂k2+1 are two scalars, and
define the vector σ by

σT =

⎡⎢⎢⎣ σ̂T
1:k1

σ̂T

⎛⎜⎜⎝
G

(12)
11

(u
(2)
1 )T

(1 − α)(v
(2)
1 )T

⎞⎟⎟⎠ σ̂k1+1

⎤⎥⎥⎦ ,

then the PageRank vector π is given by

πT =

[
σT

1:k σT

(
G12

uT
2

) ]
,

Revised Lumping method algorithm:

1. Choose an initial vector σ̂T = [σ̂T
1:K1

, σ̂k1+1, σ̂k1+2] with σ̂ ≥ 0,‖σ̂‖ = 1.

2. While not converged,

• wT
1:k1

= ασ̂T
1:k1

P
(11)
11 + (1 − α)(v

(1)
1 )T + ασ̂k1+1(w

(1)
1 )T ,

• wk1+1 = α
[
σ̂T

1:k1
P

(1)
12 e + σ̂k1+1w

T
2 e + σ̂k1+2

]
+ (1 − α)vT

2 e,

• wk1+2 = ασ̂T
1:k1

P
(12)
11 e + (1 − α)(v

(2)
1 )T e + ασ̂k1+1(w

(2)
1 )T e,

• set σ̂T =
[
wT

1:k1
, wk1+1, wk1+2

]
.

End while.

3. Compute xT = ασ̂T
1:k1

P
(12)
11 + (1 − α)(v

(2)
1 )T + ασ̂k1+1(w

(2)
1 )T .

4. Compute yT = α
[
σ̂T

1:k1
P

(1)
12 + xT P

(2)
12 + σ̂k1+1w

T
2

]
+ (1 − α)vT

2 .

5. Obtain the PageRank vector πT =
[
σ̂T

1:k1
, xT , yT

]
.
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4 Special rank-one perturbation

Now we simply apply a classic determinant equality to the spectral analysis
and then we are able to find the explicit expression of the characteristic poly-
nomial of the rank-one perturbed matrix. All the eigenvalues of the matrix
are immediately available. consequently, as a consequence, the eigenvalues of
the Google matrix can be obtained easily.

If A is an invertible n × n matrix, and u and v are two n−dimensional
column vectors, then

det(A + uvT ) = (1 + vT A−1u) detA.

At this very moment, Let u and v be two n−dimensional column vectors
such that u is an eigenvector of A associated with eigenvalue λ1. Then, the
eigenvalues of A + uvTare

{λ1 + vTu, λ2, . . . , λn},
counting algebraic multiplicity. Let A be an n×n matrix with the eigenvalues
λ1, λ2, . . . , λn, let u and v be n−dimensional column vectors such that either u
is an eigenvector of A or v is a left eigenvector of A, associated with eigenvalue
λ1, and let α ∈ (0, 1). Then the eigenvalues of the matrix

αA + (1 − α)uvT ,

are αλ1 + (1 − α)vT u, αλ2, . . . , αλn, counting algebraic multiplicity. This new
relation can be used to find the eigenvalues of the Google matrix.

Let S be a column-stochastic matrix with eigenvalue 1, λ2, . . . , λn, counting
algebraic multiplicity, let u be an n-dimensional probability vector, and let
α ∈ (0, 1). Then the eigenvalues of the Google matrix G = αS + (1 − α)ueT

are 1, αλ2, . . . , αλn, counting algebraic multiplicity.

5 Special rank-r perturbation

In this section we mention the generalization form of the previous section.
Let A is an n × n (complex or real) matrix with eigenvalues λ1, λ2, . . . , λn

counting algebraic multiplicities, U = (u1, u2, · · · , ur) is a rank-r matrix such
that u1, u2, · · · , ur are right eigenvectors of A corresponding to λ1, λ2, . . . , λr

respectively, and V = (v1, v2, · · · , vr) ∈ Cn×r is an arbitrary matrix. By apply-
ing Leverrier’s algorithm for n−D system, we can give the explicit expression
of characteristic polynomial of the specially structured rank-r updated matrix
A + UV T . And then find the eigenvalues of the (generalized) Google matrix.

Assume A ∈ Cn×n be a nonsingular matrix and U, V ∈ Cn×r. Then

det(A + UV T ) = det(A) det(I + V T A−1U).
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Hence, when U = (u1, u2, · · · , ur) ∈ Cn×r be a full column rank matrix
such that Aui = λiui, i = 1, 2, · · · , r and V = (v1, v2, · · · , vr) ∈ Cn×r be an
arbitrary matrix. Then the eigenvalues of A + UV T are

{δ1, δ2, · · · , δr, λr+1, · · · , λn},
counting algebraic multiplicity, where δi, 1 ≤ i ≤ r are the solutions of the
following equation:

1∑
i1=0

1∑
i2=0

· · ·
1∑

ir=0

si1,i2,···,ir(x − λ1)
1−i1(x − λ2)

1−i2 · · · (x − λr)
1−ir = 0.

The coefficients si1,i2,···,ir in the above equation can be determined sequen-
tially by

s0,0,...,0 = 1, s1,0,...,0 = −vT
1 u1, s0,1,0,...,0 = −vT

2 u2, · · · , s0,0,...,01 = −vT
r ur

si1,i2,···,ir = − 1

i1 + i2 + · · ·+ ir
tr(V T UTi1,i2,···,ir),

ik = 0, 1, k = 1, 2, · · · , r,
r∑

k=1

ik 	= 0,

T0,...,0 =

⎛⎜⎜⎝
0 · · · 0
...

. . .
...

0 · · · 0

⎞⎟⎟⎠ ,

T1,0,...,0 =

⎛⎜⎜⎜⎜⎝
1 0 · · · 0
0
...

0 · · ·
...

. . .

0
...

0 0 . . . 0

⎞⎟⎟⎟⎟⎠ ,

...

T0,...,0,1 =

⎛⎜⎜⎜⎜⎝
0 . . . 0 0
...
0

. . .
...

· · · 0

...
0

0 · · · 0 1

⎞⎟⎟⎟⎟⎠ ,

Ti1,i2,···,ir = T1,0,...,0

(
V T UTi1−1,i2,···,ir + si1−1,i2,···,irI

)
+ · · ·+ T0,...,0,1

(
V T UTi1,i2,···,ir−1 + si1,i2,···,ir−1I

)
,

ik = 0, 1, k = 1, 2, · · · , r
where Ti1,i2,···,ir is a zero matrix and si1,i2,···,ir is zero if one of i1, i2, · · · , ir equals
−1.
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6 General parametric Google’s PageRank

By the definition of general parametric Google’s PageRank in section 1,
Horn and Serra-Capizzano [18], showed that the eigenvalues and PageRank of
this type of Google matrix can be easily found as follows:

Let A be an n × n complex matrix. Let λ be an eigenvalue of A, let x
and v be nonzero complex vectors such that Ax = λx and , and let G (α) =
αA + (1 − α)xλvT . Let λ, λ2, · · · , λn be the eigenvalues of A. then for any
complex number c, the eigenvalues of G (α) are {λ, αλ2, · · · , αλn}.

7 Advanced numerical linear algebra methods

An interest in applying modern numerical linear algebra methods to PageR-
ank has emerged recently. Except the power iteration method and poor man’s
PageRank algorithms, there are several other methods to approximate the
PageRank vector. Now we discuss some of them briefly.

The Gaussian elimination method (without pivoting or with pivoting) can
be applied to find the LU decomposition of any kind of Google matrix, and
this method carries out O(n3

3
) computational difficulties for a n × n Google

matrix. As well as the Google matrix is mostly sparse, so this method (or sim-
ilar methods, such as QR decomposition by Householder matrices or Givens
matrices) takes this sparse matrix to a full matrix and cause a lot of error by
making the zero entries of Google matrix to a non-zero entry.

To remedy this, one can often use Conjugate Gradient methods with O(n3)
computational difficulties and keeps the structure of sparse matrices. But the
computational cost of this method is much high and it can be applied on the
symmetric positive definite matrices. In contrast the Google matrix is not al-
ways symmetric positive definite and this cause failure in usage of this method
as well.

In graph theory an indexation that enumerates nodes within strongly con-
nected components (SCCs) contiguously and SCCs themselves in increasing
“flow” order is known under the term topological sort. (A different, but re-
lated, block structure of the web is induced by general graph factorization, [24].
Consider blocks equal to (disjoint) strongly connected components (SCC) of a
full graph W (G, L). Since strong connectivity is an equivalence relationship,
we can factorize G into some number q of super-nodes, each representing one
SCC block.

The super-nodes form a directed acyclic graph (DAG). The DAG structure
effectively defines a partial “flow” order on a super-graph. The largest central
SCC contains Yahoo!, MSN, and similar common sites.) For insights on out-
of-core memory DFS, see [25,34]. Under such enumeration (corresponding to
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a permutation of the original P), we get a block upper triangle representation

p =

⎛⎜⎜⎜⎝
p11 p12 · · · p1q

p22 · · · p2q

· · · · · ·
pqq

⎞⎟⎟⎟⎠ .

It establishes a relation between strong connectivity and irreducibility: ma-
trix P is irreducible if and only if there is a single SCC (q = 1).

Two simple splitting methods are the successive overrelaxation method
(SOR), which depends on a parameter ω, and the similar symmetric successive
overrelaxation method (SSOR), both known to be faster than Gauss-Seidel.
For a detailed description of their application to finite Markov chains. For
general information, see [35]. One important practical observation that is more
about art than about science is that performance of these methods depends
on the enumeration order. The feasibility of SOR for a small ω is numerically
proven, since a good ω of the form 1+? can be found. Existence of a good ω
for large web graphs with more than five to ten million nodes is questionable.

Experiments with an application of other methods: GMRES and BiCG to
linear system PageRank can be found in [35]. In many cases these methods
outperform the power method and the Jacobi method by 50%, even though
their convergence is not stationary, meaning that between iterations the errors
behave erratically.

The big advantage of these methods is that they are parallelizable. Parallel
versions have been benchmarked on several web graphs.

8 Sensitivity analysis of α

As we know from section (1), PageRank is defined as the stationary state
of a Markov chain. The chain is obtained by perturbing the transition matrix
induced by a web graph with a damping factor α that spreads uniformly part
of the rank. The choice of α is eminently empirical, and in most cases the
original suggestion α = 0.85 by Brin and Page is still used. In particular, it
can be shown that, contrarily to popular belief, for real-world graphs values of
α close to 1 do not give a more meaningful ranking.

It is natural to wonder what the best value of the damping factor is, if such
a thing exists. In a way, when α gets close to 1 the Markov process is closer
to the ”ideal” one, which would somehow suggest that α should be chosen as
close to 1 as possible. This observation is not new, but there is some naivety
in it.

When α is 0, the web-graph part of the process is annihilated, resulting in
the trivial uniform process. As α gets closer to 1, the web part becomes more
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and more important. The problem of choosing α was curiously overlooked in
the first papers about PageRank: yet, not only PageRank changes significantly
when α is modified [3,9,36], but also the relative ordering of nodes determined
by PageRank can be radically different [1]. The original value suggested by
Brin and Page α = 0.85 is the most common choice.

Intuitively, 1−α is the fraction of ranking that we agree to spread uniformly
on all pages. This amount will be then funneled through the outlinks. A com-
mon form of link spamming creates a large set of pages that funnel carefully
all their rank towards a single page: even if the set is made of irrelevant pages,
they will receive their share of uniformly spread rank, and in the end the page
pointed by the set will be given a preposterously great importance.

PageRank starts, when α = 0, from a uninformative uniform distribution
and ends, when α → 1, into a counterintuitive distribution concentrated mostly
in irrelevant nodes. As a result, both for choosing the correct damping fac-
tor and for detecting link spamming, being able to describe the behavior of
PageRank when α changes is essential.

Note that The most surprising consequence, easily derived from our formu-
lae, is that the vectors computed during the PageRank computation for any
α ∈ (0, 1) can be used to approximate PageRank for every other α ∈ (0, 1). Of
course, the same coefficients can be used to approximate the derivatives, and
we provide some simple bound to the precision of the approximation. These
observations makes it possible to study easily the behaviour of PageRank for
any node when α changes storing a minimal amount of data.

The choice of the PageRank damping factor is not evident. The old motiva-
tion for the value α = 0.85 was a compromise between the true reflection of the
Web structure and numerical efficiency. However, the Markov random walk on
the Web Graph does not reflect the importance of the pages because it absorbs
in dead ends. Thus, the damping factor is needed not only for speeding up the
computations but also for establishing a fair ranking of pages.

9 A method by using of power series

We start this section by one definition and carry it on with some important
information about the relevance of power series and PageRank vector compu-
tation.

Given a graph G, the row-normalized matrix of G is the matrix G such that
Gij is one over the out-degree of i if there is an arc from i to j in G, zero
otherwise.

If no dangling nodes are present, G is stochastic and it is the transition
matrix of the natural random walk on G. Otherwise, rows corresponding to
dangling nodes will be entirely made of zeroes and will have to be patched
somehow, for instance substituting them with uniform distributions. However,
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more generally we might substitute rows of zeroes in G with a given fixed dis-
tribution, and we shall see that this change has significant consequences on
our analysis.

Let us define d as the characteristic vector of dangling nodes (i.e., the vec-
tor with 1 in positions corresponding to nodes without outgoing arcs and 0
elsewhere). Let v and u be two distributions, which we will call the preference
and the dangling-node distribution, respectively.

PageRank rv,u(α) is defined (up to a scalar) by the eigenvector equation

rv,u (α)
(
α
(
G + dT u

)
+ (1 − α) 1Tv

)
= rv,u (α) ,

that is, as the stationary state of the Markov chain α
(
G + dT u

)
+(1 − α) 1Tv:

such chain is indeed unichain [7], so the previous definition is well given.
The following formula

ru,v (α) = v + v
∞∑

k=1

αk
(
pk − pk−1

)
.

suggests a way to study PageRank as a power series of α. If we want to follow
this route, we must overcome two difficulties: first of all, we must compute
explicitly the coefficients of the power series; and then, we must discuss how
good the approximation is obtained by truncating the series at a given step.
Both problems will be solved by a surprisingly simple relationship between the
power series and the Power Method that will be proved in this section.

The approximation of PageRank computed at the n − th iteration of the
Power Method with damping factor α and starting vector v coincides with the
n − th degree truncation of the power series of PageRank evaluated in α. In
other words,

vMn
v,u = v + v

n∑
k=1

αk
(
pk

u − pk−1
u

)
,

where
Pu = G + dTu,

Mv,u (α) = αPu + (1 − α) 1T v,

The difference between the k − th and the (k − 1) − th approximation
of PageRank (when computed by the Power Method with starting vector v),
divided by αk, is the k − th coefficient of the power series of PageRank.

It could be distinguished clearly between strongly preferential PageRank, in
which the preference and dangling-node distributions are identical (i.e., u = v)
and that corresponds to a topic or personalization bias, and weakly preferential
PageRank, in which the preference and the dangling node distributions are not
identical, and, in principle, uncorrelated. The distinction is not irrelevant, as
the concordance between weakly and strongly preferential PageRank can be
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quite low.
A rather obvious question rising from the view of PageRank as an operator

on preference vectors is the behavior of PageRank iteration. What happens
if we apply again PageRank to a PageRank vector? We start by approaching
the question using weakly preferential PageRank, as the linear dependence on
v makes the analysis much easier. To avoid cluttering too much the notation,
let us denote with r[0]

v,u (α) the k−th iteration of weakly preferential PageRank,
that is,

r[0]
v,u (α) = v,

r[k]
v,u (α) = r

r
[k−1]
v,u (α),u

(α) .

Clearly,

r[k]
v,u(α) = (1 − α)kv(I − αpu)

−k = (1 − α)kv
∞∑

n=0

(
n + k − 1

k − 1

)
αnpn

u.

Note that, this shows that iterating PageRank is equivalent to choosing a
different damping function in the sense of [3].

10 Conclusion and future outlines

Approximately 94 million American adults use the Internet on a typical
day. Search engine use is next in line and continues to increase in popularity.
In fact, survey findings indicate that nearly 60 million American adults use
search engines on a given day. Even though there are many Internet search
engines, Google, Yahoo!, and MSN receive over 81% of all search requests.
Despite claims that the quality of search provided by Yahoo! and MSN now
equals that of Google, Google continues to thrive as the search engine of choice,
receiving over 46% of all search requests, nearly double the volume of Yahoo!
and over four times that of MSN.

Surfers on the Internet frequently use search engines to find pages satisfying
their query. However, there are typically hundreds or thousands of relevant
pages available on the Web. We recall that the page is called dangling if it
does not have outgoing links. In order to make the hyperlink graph connected,
it is assumed that at each step, with some probability, a random surfer goes
to an arbitrary Web page sampled from the uniform distribution. Thus, the
PageRank is defined as a stationary distribution of a Markov chain whose state
space is the set of all Web pages.

One suggestive way to describe the idea behind PageRank is as follows:
consider a random surfer that starts from a random page, and at every time
chooses the next page by clicking on one of the links in the current page
(selected uniformly at random among the links present in the page). As a
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first approximation, we could define the rank of a page as the fraction of time
that the surfer spent on that page. Clearly, important pages (i.e., pages that
happen to be linked by many other pages or by few important ones) will be
visited more often, which justifies the definition.

The damping factor α is a crucial parameter in the PageRank definition. It
regulates the level of the uniform noise introduced to the system. Based on
the publicly available information Google originally used α = 0.85. The value
α = 1/2 was used in [10] to find gems in scientific citations. This choice was
justified intuitively by stating that researchers may check references in cited
papers but on average they hardly go deeper than two levels, which results in
probability 1/2 of ‘giving up’. Nowadays, when search engines work really fast,
this argument also applies to Web search. Indeed, it is easier for the user to
refine a query and receive a proper page in fraction of seconds than to look for
this page by clicking on hyperlinks. Therefore, we may assume that a surfer
searching for a page, on average, does not go deeper than two clicks.

The effect of special structure can be studied more. For instance, when the
G(α) is k−convex preserving. Note that it could be studied when the row
(column) stochastic matrix S is k−convex preserving, i.e., the multiplication
of S to any k−dimensional convex vector ends in a new k−dimensional convex
vector.

Another idea is to find the coefficients of the characteristic polynomial (of
any Google matrix) in terms of the eigenvalues and the elements of the Google
matrix. It seems to look for a relation between all sets of eigenvalues and
cofactor of the Google matrix.

We have presented a number of results and ways which outline an analytic
and computational study of PageRank with respect to its many parameters.
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