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Abstract

The purpose of this paper is to determine the graphs Γ1(V1, E1),
Γ2(V2, E2),Γ3(V3, E3),. . . ,Γn(Vn, En) obtained from semigroup presen-
tation S = 〈x, y, z | x = y, y = z, x = z〉. The graphs will be system-
atically selected using lifting method of graph according to the length
words. Also the general polynomials of vertices, close triangle paths,
edges, relations, and degree of every vertex in the semigroup presenta-
tion S = 〈x, y, z | x = y, y = z, x = z〉 will be computed.
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1 Introduction

In this section we explain briefly about semigroup presentation and diagram
groups which are useful for our purpose.
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Let X be set of alphabet. A semigroup presentation S is a pair 〈X | R〉, where
R ⊆ X+ × X+. An element x ∈ X is called generating symbol, while an
element (u, v) ∈ R is called defining relation, and is usually written as u = v.

The semigroup defined by presentation 〈X | R〉 is X+
/≈, where ≈ is smallest

congruence on X+ containing R in every semigroup presentation S = 〈X | R〉
satisfies the following property, if (u, v) ∈ R, then (v, u) /∈ R.

In particular, R does not contain pairs of the form(u, u).If R has relations
of the form (u, 1) ∈ R or (1, v) ∈ R then S = 〈X | R〉 is called a monoid
presentation. In order to define a semigroup associated of S we introduce the
elementary operation on positive word on Xas follows:

If w contains a sub wordRε, where ε = ±1, R+1 = R−1 then replace it by R−ε

( i.e Rε = Rε).

Let S = 〈X | R〉 be a semigroup presentation, where X is a finite set of
generators, and the set R consists of finite set any of relations of the form
{ri = si i = 1, 2, 3, ...} where ui and vi are non empty words in the free
semigroup X+.

Each diagram group is determined by some alphabet X containing all possible
labels of edges, a set of relations R={ri = si i = 1, 2, 3, ...} defining all possible
label of cells, and word w over X, that is the label of top and bottom path
of diagram. Diagram groups may be regards as two-dimensional words, and
diagram group as two-dimensional analogue of free groups.

Let S = 〈X | R〉 be a semigroup presentation, then we may construct the
diagram group D(S, w) where w is a positive word on X, as described for
example in Guba and Sapir [1] and Kilibarda [2] and Pride [3], and Abd Ghafur
Ahmad[4].

As a complex, we may obtain the fundamental group π1(K(S), w) which is
isomorphic to D(S, w). First note that π1(K(S), w) ∼=π1(K(S), w) if and only
if length(u)=length (v)(refer to[4]).

In this paper we will consider the fundamental group π1(K(S), w) constructed
from semigroup presentation S = 〈x, y, z | x = y, y = z, x = z〉. Guba and
Sapir [1] have shown that π1(K(S), x) is infinite cyclic.

As a group, it is sufficient to determine its generators. The generators of this
group can be determined from the complex K(S) by identifying the spanning
tree. Then the edges which are not in the spanning tree will be the generators.

The aim of this paper we will compute the general polynomials for vertices,
edges, degree of vertices, close triangle paths, and relations, for semigroup
presentation S = 〈x, y, z | x = y, y = z, x = z〉(refer to section 3).

In section 2 we will give some definitions about graphs, close paths, and deter-
mines Γ1(V1, E1),Γ2(V2, E2),Γ3(V3, E3),. . . ,Γn(Vn, En).In section 3 we will com-
pute the general polynomial of vertices, close triangle paths, edges, relations,
and degree of every vertex.
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2 Basic definition

Definition 2.1 Let Γ = (V, E, ι, τ,−1) be a graph, V, E are disjoint set
(V set of vertices and E set of edges) with maps
ι : E → V
τ : E → V
−1 : E → V = E
Let S = 〈X | R〉 be a semigroup presentation. Then S can be viewed as a graph
as follows: the vertices are all words in X∗ and the positive edges are triple
(u, l → r, v) and the negative edges are triple (u, l → r, v) where u, v ∈ X∗

and (l = r) ∈ R. If e = (u, s → t, v) is an edges of K(S) then e−1 = (u, t →
s, v),ι(e) = usv, τ(e) = utv.

Definition 2.2 A path α in the graph Γ is a sequence of edges e1, e2, e3, ..., en

where τ(ei) = ι(ei+1)i = 1, 2, 3, ..., n (ei ∈ E). Then ι(α) = ι(e1) and
τ(α) = τ(en)(see figure 1).

Figure 1: Path of α

We define α to be closed path if τ(α) = ι(α).

Example 2.3 In Figure 2, (1, x → z, 1)−1(1, x → y, 1) is a path and (1, x →
z, 1)−1(1, x → y, 1)(1, y → z, 1) is a closed path.
Example 2.4 Let S = 〈x, y, z | x = y, y = z, x = z〉. Note that the graph
obtained from S is collections of subgraphs, and the graph Γ obtained from S
is just a union of Γnconnecting all vertices of length n and respective edges.
For example Γ1(V1, E1), where V1 = X = {x, y, z} and E1 = {A1i

; A1i
=

{(1, ri → li, 1), i = 1, 2, 3}} and ι(A1i
) = ri, τ(A1i

) = li, A11 = (1, x → y, 1),
A12 = (1, y → z, 1),A13 = (1, x → z, 1) then α1 = A11A12A

−1
13

is a closed path
in Γ1(V1, E1), α1 = (1, x → y, 1)(1, y → z, 1)(1, x → z, 1)−1(figure 2).

(1, x → y, 1)(1, x → y, 1)(1, y → z, 1)(1, y → z, 1)(1, x → z, 1)(1, x → z, 1)

and Γ2(V2, E2), where V2 = V1a; a ∈ X and E2 = {A2i
; A2i

= A2i
a

⋃
aA2i

, i =
1, 2, 3, a ∈ X}, then α2 = A21A22A

−1
23

is a closed path in Γ2(V2, E2) (figure 3).

(1, x → y, y)(1, x → y, y)(x, x → y, 1)(x, x → y, 1)(y, y → z, , 1)(y, y → z, , 1)
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Figure 2: Graph Γ1

Figure 3: Graph Γ2

Similarly we may obtain the graph for Γ3(V3, E3), Γ4(V4, E4), ..., Γn(Vn, En).
For Γn+1(Vn+1, En+1), where Vn+1 = Vna; a ∈ X and En+1 = {A(n+1)i

; A(n+1)i
=

Ani
a

⋃
aAni

, i = 1, 2, 3}, a ∈ X}, then αn+1 = A(n+1)1A(n+1)2A
−1
(n+1)3

is a closed

path in Γn+1(Vn+1, En+1) or αn+1 = {(u, x → y, v)(u, y → z, v)(u, x → z, v)−1,
where length (uv) = n}.
Note that Γ2 is three copies of and each vertex in each copy are joined together,
respectively. Similarly, with three copies of Γ2, we may obtain Γ3. Repeat
similar procedures for Γ4 and so on.

3 General polynomials of vertices, edges, close

triangle paths, relations, every degree of ver-

tices, and theorems

Lemma 3.1 Let S = 〈x, y, z | x = y, y = z, x = z〉 be the presentation. If
u and v are two positive words on {x, y, z}, then π1(K(S), u)= π1(K(S), v) if
and only if length(u)= length(v).

Proof: See proof in [4].

Theorem 3.2 The general polynomial of the number of vertices in Γn is
vn = 3n, where vi is the number of vertices in Γi(i = 1, 2, 3, . . .).
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Proof: By induction, for k = 1the number of all vertices in Γ1 is 3, then
v1 = 3 (Figure 1). Now letvk = 3k be the number of all vertices in Γk. We
will prove that the number of all vertices in Γk+1 is vk+1 = 3k+1. By definition
Γk+1 is three copies ofΓk, then the vertices of Γk+1 is vk+1 = 3.3k = 3k+1.

Theorem 3.3 The general polynomial of degree of every vertex in Γn is
an = 2n, where ai is a degree of every vertex in Γi(i = 1, 2, 3, . . .) .

Proof: By induction, for k = 1 the degree of every vertex in Γ1 is 2, then
a1 = 2 (Figure 1). Now let ak = 2k be the general polynomial of degree
of every vertices in Γk. We will prove that the general polynomial of degree
of every vertex in Γk+1 is ak+1 = 2(k + 1). By theorem 3.2, Figure (4) and
figure (5), we can see the degree of every vertices in Γk+1 is 2k + 2. Then
ak+1 = 2(k + 1).

Figure 4: Graph Γk

Figure 5: Graph Γk+1

Theorem 3.4 The general polynomial of all edges in Γn is en = 3en−1 +3n,
where ei is the number of all edges in Γi(i = 1, 2, 3, . . .) .
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Proof: By definition Γn is three copies of Γn−1. Thus if there is en−1 edges in
Γn−1 , then the number of edges in Γn is 3en−1 plus all edges between triangles
in Γn, which is 3n−1. Thus the number of all edges in Γn is en = 3en−1 +3.3n−1.

Theorem 3.5 The number of all edges in Γn is en = 3nn, where ei is the
number of all edges in Γi(i = 1, 2, 3, . . .) .

Proof: By induction, the number of all edges in Γ1 is 3 thene1 = 3. Now let
ek = 3kk be the number of all edges in Γk, We will prove that the number of
all edges in Γk+1, is ek+1 = 3k+1(k + 1). By theorem 3.4, ek+1 = 3ek + 3k+1 =
3(3kk) + 3k+1 = 3k+1(k + 1) .

Theorem 3.6 The general polynomial of the number of close triangle paths
in Γn is Γn = 3n−1n , where Γi = (u, x → y, v)(u, y → z, v)(u, x → z, v)−1,
length(uv) = n − 1 is the number of all paths in Γi(i = 1, 2, 3, . . .).

Proof: By theorem 3.5, there are 3nn edges in Γn. Since a close triangle
paths consist of three edges, then the number of close triangle paths in Γn is
3n.n

3
.
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