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Abstract

Solutions of second Painlevé equation is obtained in Chebishev series
by D.G Dastidar (1972) and by the method of analytic continuous ex-
tension by H.T Davis (1962). In this paper we employed the Homotopy
Perturbation Method (HPM) that is introduced by He[ 7-10 ]. This
method can be applied successfully to different types of ordinary and
partial differential equations. The solutions are compared with analytic
continuation extension and Chebishev series methods.
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1 Introduction

The solution of the second Painlevé equation

d2u

dx2
= 2u3 + xu + μ, (1.1)
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where μ is a parameter, is discussed by several mathematicians near the poles
and regular points.The solutions of this equation are called Painléve transcen-
dents. The purpose of this paper is to give an approximate polynomial for the
equation (1.1) with the initial conditions

u(0) = 1, u′(0) = 0. (1.2)

The problem (1.1)-(1.2) has been introduced by Davis [6] and D.G. Dastidar
[3]. The method of Analytic Continuation Extension (ACE) is used to find
numerical solutions for the problem (1.1)-(1.2) in neighborhoods of regular
points which was investigated by Davis [3]. In this method, u and u′ are
determined at the (n + 1)th mesh point keeping derivatives up to fourth order
for the equation (1.1) as
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From equations (1.3) and (1.4), it is clear that the values of un+1 and u′
n+1 at

(n + 1)th mesh point is calculated once only through these equations.
An other alternative method of solving equation (1.1) is based on Chebishev

series which is discussed by D.G. Dastidar and S.K. Majumdar [3]. Solving
an ordinary linear differential equation by Chebishev series was first proposed
by Lorenz [2] and Clenshaw [1]. In the Chebishev Series Method (CSM) a
differential equation in the form

u′′
i = F (xi, ui−1, u

′
i−1), (1.5)

with initial conditions

u(x0) = u0, u′(x0) = u′
0, (1.6)

is solved by a truncated Chebishev series of the form

F (x, ui−1, u
′
i−1) =

∑M

k=0
A′

kTk(x), (1.7)
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u′
i−1(x) =

A′
0

2
+

∑M

k=1
A′

kTk(x), (1.8)

ui−1(x) =
A0

2
+

∑M

k=1
AkTk(x), (1.9)

where Tk(x) denotes the Chebishev polynomials of degree k. The following
equations show the relations between Ak,A

′
k and A′′

k.

2kA′
k = A′′

k−1 − A′′
k+1, (1.10)

2kAk = A′
k−1 − A′

k+1, (1.11)

where the coefficients A′′
k can be found from the following relations.

A′′
k =

2

M

∑M

r=0
F (xr, uk−1(xr), u

′
k−1(xr)) cos

kπr

M
, (k = 0, 1, ..., M). (1.12)

Knowing A′′
k the coefficients A′

k and Ak can be calculated from the equations
(1.10) and (1.11) and the coefficients A′

0 and A0 are obtained from initial
conditions (1.5) and (1.6).

Our main claim of this paper is to apply an other method where is well
known as Homotopy Perturbation Method (HPM) to the problem (1.1)-(1.2).
HPM has been introduced by He [7-10] to approximate the solutions of dif-
ferential equations. In this paper we construct approximate polynomials to
approximate the solutions of the second Painléve equation. Numerical com-
parisons are made between ACE, CSM and HPM for the equation (1.1) with
the initial conditions (1.2).

2 He’s Homotopy Perturbation Method

To illustrate the homotopy perturbation method, we consider a general
equation of the type

A(u) − f(r) = 0, r ∈ Ω (2.1)

with the boundary conditions

B(u,
∂u

∂n
) = 0, r ∈ Γ (2.2)

where A is a general differential operator, B a boundary operator, Γ the bound-
ary of the domain Ω and f(r) is a known analytical function. Generally speak-
ing,the operator A can be divided into a linear part L and a nonlinear part N .
Now equation (2.1) can be rewritten as:

L(u) + N(u) − f(r) = 0. (2.3)
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By the homotopy perturbation method, we construct a homotopy as v(r, p) :
Ω × [0, 1] → R which satisfies

H(v, p) = (1 − p) [ L(v) − L(u0) ] + p [ A(v) − f(r) ] = 0, (2.4)

where p ∈ [0, 1] is an embedding parameter and u0 is an initial approximation
of equation (2.1) which satisfies the boundary conditions. Considering equation
(2.4) we will have

H(v, 0) = L(v) − L(u0) = 0, (2.5)

H(v, 1) = A(v) − f(r) = 0. (2.6)

The changing process of p from zero to unity is just that of v(r, p) from
u0(r) to u(r). In topology this is called deformation and L(v) − L(u0) and
A(v) − f(r) are called homotopy. According to the homotopy perturbation
theory, we can first use the embedding parameter p as a small parameter and
assume that the solution of equation (2.4) can be written as a power series in
p :

v = v0 + pv1 + p2v2 + · · · (2.7)

setting p = 1 one have the approximation solution of equation (2.1) as the
following

u = lim
p→1

v = v0 + v1 + v2 + · · · (2.8)

The (2.8) is convergent for most cases. However, the convergent rate depends
on the nonlinear operator A(v).

3 HPM for Painlevé Equation

Consider the general form of the equation

F (u) = g(x), (3.1)

where F is a nonlinear operator, and expand it into the following equation

L(u) + N(u) = g(x), (3.2)

where the linear term is denoted by L(u) and L is a linear differential operator
and easily invertible. The nonlinear term is represented by N(u). Applying
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the operator L−1 which is defined as n-fold integration on the equation (3.2),
we have

L−1(L(u)) = L−1(g(x)) − L−1(N(u)). (3.3)

If L−1 =
∫ x

0

∫ x

0
[·]dxdx, it is clear that L−1(L(u)) = u−u(0)−xu′(0). Therefore,

from the equation (3.3), u can be obtained as follows

u = u(0) + xu′(0) + L−1(g(x)) − L−1(N(u)). (3.4)

Consequently, we can obtain u for the equation (1.1) as

u = u(0) + xu′(0) +

∫ x

0

∫ x

0

(2u3 + xu + μ) dxdx. (3.5)

With the initial conditions (1.2), we have

u = 1 +

∫ x

0

∫ x

0

(2u3 + xu + μ) dxdx. (3.6)

By the homotopy perturbation method we can made the following homotopy
for the problem (1.1)-(1.2). Using equation (2.4) yields
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Therefore, the series solution is u = u0 + u1 + u2 + u3 + · · · . Now, one
can obtained the approximate solutions for problem (1.1)-(1.2) by a truncated
series u ≈ ∑N

i=0 ui . We calculated the approximate solutions up to N = 17
and μ = 0, 2 and 5. The reason for choosing these particular values for μ is to
compare our results with those of obtained by Davis [6] and Dastidar [3]. Our
comparisons are tabulated in tables (1), (2) and (3). A graphical comparison
for μ = 5 is shown in figure 1.

Table 1 : comparisos between ACE, CSM and HPM for µ=0

x ACE CSM HPM Maple Numeric
-0.7 1.5771 1.5773 1.5772 1.5773
-0.6 1.3962 1.3963 1.3963 1.3963
-0.5 1.2622 1.2622 1.2622 1.2622
-0.4 1.1624 1.2624 1.1623 1.1623
-0.3 1.0895 1.0895 1.0895 1.0895
-0.2 1.0395 1.0395 1.0395 1.0395
-0.1 1.0099 1.0099 1.0099 1.0099
0.0 1.0000 1.0000 1.0000 1.000
0.1 1.0102 1.0102 1.0102 1.0102
0.2 1.0422 1.0422 1.0422 1.0422
0.3 1.0989 1.0990 1.0990 1.0990
0.4 1.1856 1.1860 1.1860 1.1860
0.5 1.3108 1.3115 1.3115 1.3116
0.6 1.4884 1.4895 1.4895 1.4895
0.7 1.7426 1.7441 1.7440 1.7441
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Table 2 : comparisons between ACE, CSM and HPM for µ=2

x ACE CSM HPM Maple Numeric
-0.7 2.3164 2.3120 2.3119 2.3119
-0.6 1.8648 1.8622 1.8621 1.8621
-0.5 1.5568 1.5553 1.5552 1.5552
-0.4 1.3388 1.3379 1.3378 1.3378
-0.3 1.1845 1.1840 1.1840 1.1840
-0.2 1.0805 1.0803 1.0830 1.0830
-0.1 1.0200 1.0199 1.0200 1.0200
0.0 1.0000 1.0000 1.0000 1.0000
0.1 1.0203 1.0203 1.0202 1.0202
0.2 1.0830 1.0830 1.0830 1.0830
0.3 1.1938 1.1938 1.1938 1.1938
0.4 1.3629 1.3629 1.3628 1.3628
0.5 1.6093 1.6093 1.6093 1.6093
0.6 1.9702 1.9702 1.9702 1.9702
0.7 2.5237 2.5237 2.5237 2.5237

Table 3 : comparisovs between ACE, CSM and HPM for µ=5

x ACE CSM HPM Maple Numeric
-0.7 3.6952 3.6890 3.6878 3.6887
-0.6 2.6385 2.6354 2.6352 2.6352
-0.5 2.0157 2.0141 2.0139 2.0139
-0.4 1.6062 1.6054 1.6053 1.6053
-0.3 1.3268 1.3264 1.3263 1.3263
-0.2 1.1418 1.1416 1.1416 1.1416
-0.1 1.0351 1.0350 1.0350 1.0350
0.0 1.0000 1.0000 1.0000 1.0000
0.1 1.0353 1.0353 1.0353 1.0353
0.2 1.1444 1.1444 1.1444 1.1444
0.3 1.3366 1.3366 1.3366 1.3366
0.4 1.6323 1.6323 1.6323 1.6323
0.5 2.0757 2.0756 2.0757 2.0757
0.6 2.7705 2.7704 2.7705 2.7706
0.7 4.0021 4.0019 4.0020 4.0022

4 Conclusion

In this Paper the HPM is used to find approximate polynomials for the sec-
ond Painlevé equation with initial conditions.The approximate solution for the
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Figure 1: comparisons between ACM (Analytic Continuation extension Method),
CSM, HPM and Maple numerical results for µ = 5.

problem (1.1)-(1.2) is well as those of obtained by analytical continuation and
Chebishev series methods. In the irregular points such as x = 0.94475757
and x = −0.96814964 for μ = 5 the numerical methods lose their accuracy.
However, in this paper we showed the use of HPM for a problem which has no
exact solutions and the polynomials approximate solutions better than ACE
and as well as CSM in the neighborhood of regular points.

All computations are made by MAPLE 12.0 .
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Mathematical Sciences. 3 (38) (2009): 1861-1871.

[6] H. T. Davis, Introduction to Non-linear Differential and Integral Equa-
tions, Inc.New York (1962).

[7] J. H. He, Homotopy Perturbation Technique, Comput Methods Appl Mech
Eng 178(3-4) (1999): 257-262.



Homotopy perturbation method 637

[8] J. H. He, A coupling method of a homotopy technique and a perturba-
tion technique for nonlinear problems, Int. J. Non-Linear. Mech 351(1)
(2000): 37-43.

[9] J. H. He, Homotopy perturbation method for solving boundary value
problems, Phys. Lett A350(1-2)(2006) : 87-88 .

[10] J. H. He, Recent developments of the homotopy perturbation method,
Top. Meth. Nonlin. Anzl 31(2008) : 205-209.

[11] M. A. Noor, S. T. Mohyud-Din, Homotopy perturbation method for non-
linear higher-order boundary value problems, Int. J. Nonlin. Sci. Num.
Simul9(4)(2008): 395-408 .

[12] M. Gorji, D. D. Ganji, S. Soleimani, New application of He’s homotopy
perturbation method, Int. J. Nonl. Sci. Num. Sim 8(3)(2007): 319-325.

Received: August, 2009


