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Abstract 
 

We generalize two known results of R.E. Smithson [Fixed points in partially 
ordered sets, Pacific J. Math. 45 (1) (1973) 363-367] for commutative 
multifunctions in posets. The main result proves the existence of the minimum 
common fixed point under suitable conditions. 
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1 Preliminaries 
 
We start to recall some definitions from [2]. Let (X,≤) be a poset, i. e. a nonempty 
set with a partial order “≤”, and F: X 2X be a multifunction. We say that F 
satisfies property (I) if x1 ≤ x2, x1,x2∈X, and if y1∈F(x1), then there is a y2∈F(x2) 
such that y1 ≤ y2. Now let G : X 2X be another multifunction and we put F◦G(x) 
= F(G(x)) = { })(:)( xGyyF ∈∪ . A family F  of multifunctions on X  is said 
commutative if F(G(x)) = G(F(x)) for all F,G∈F and x∈X and we say that F has a 
fixed point w if w is a common fixed point, that is w∈F(w) for all F∈ F. In [2, 
Prop. 2.2 and Theorem 2.3], the following results were established: 
 
Theorem 1. Let F be a commutative family of multifunctions on (X,≤) such that  
 
(i) there exists supF(x) and supF(x)∈F(x) for all F∈F and x∈X, 
(ii) each F∈F satisfies property (I). 
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   Let F1 be the family of selfmaps f of X defined by f(x) = sup F(x) for all F∈F  
and x∈X. Then F 1 is a commutative family of functions on X and each f∈F 1 is 
increasing. 
 
   For reasons of symbology which shall be clear in the sequel, we prefer to use 
the symbol F1 and not the symbol F0 which appears in the statement of [2, Prop. 
2.2]. 
 
Theorem 2. Let F be a commutative family of multifunctions on (X,≤) such that 
properties (i) and (ii) hold. Furthermore, let e∈X and suppose that 
 
(iii) for all F∈F, there exists y∈F(e) with e≤y, 
(iv) each chain of X containing e has supremum in X. 
. 
  Then there exists a fixed point w of F. 
 
  In [1, Theorem 3] the following result is presented: 
 
Theorem 3. Let F  be a commutative family of increasing functions on (X,≤) 
satisfying the following properties: 
 
(v) there exists e∈X such that e≤f(e) for all f∈F, 
(vi) if C is a chain of X containing e and not having supremum, then there exists 
g∈F such that g(C) has supremum in X. 
 
  Then there exists a minimum fixed point w of F greater than e, that is there 
exists a w∈X such that w = min{x∈X: e≤x and x=f(x) for all f∈F }. 
 
  Let N be the set of natural numbers and F be a multifunction on (X,≤) and we 
put F1= F , Fn+1(x)=Fn(F(x)) for all n∈N and x∈X. Let F be a commutative family 
of multifunctions on (X,≤) and we define the following set:  
 
   A(F)={n∈N: supFn(x) exists and supFn(x)∈Fn(x) for all F∈F and x∈X}. 
 
   We shall prove two results which generalize Theorems 1 and 2 
 
 
2  Results 
 
Following the same proof of [2, Prop. 2.2], now we prove the following result: 
 
Theorem 4. Let F  be a commutative family of multifunctions on (X,≤) and A(F) 
≠∅ . Moreover assume that there exists a m∈A(F) such that Fm satisfies the 
property (I) for all F∈F and define the family Fm of functions f: X X by setting  
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f(x)=supFm(x) for all F∈F and x∈X. Then Fm is a commutative family of 
functions and each member of Fm  is increasing.  
 
Proof. For sake of completeness, we give the proof. Let f,g∈Fm being f(x) = 
supFm(x) ∈ Fm(x) and g(x) = supGm(x) ∈ Gm(x) for all x ∈ X, then 
f(g(x))=supFm(g(x))∈Fm(Gm(x)) = Gm(Fm(x)) for all x∈X by commutativity of F. 
Thus there exists yx∈Fm(x) such that f(g(x))∈Gm(yx) and yx≤f(x) = supFm(x) for 
all x∈X. Since Gm satisfies property (I), then there exists a zx∈Gm(f(x)) such that 
f(g(x)) ≤ zx  ≤ supGm(f(x)) = g(f(x)) for all x∈X. Similarly we can prove the 
converse inequality g(f(x)) ≤ f(g(x)) for all x∈X and then f(g(x))=g(f(x)) for all 
x∈X. Thus Fm is a commutative family of functions. Moreover, if g∈Fm  and x1 

≤ x2 with  g(x1) = supGm(x1)∈Gm(x1), we have g(x1) ≤ z ≤ supGm(x2) = g(x2) for 
some z∈Gm(x2) since Gm satisfies property (I), then g is increasing.                            
 
Remark 1. Theorem 1 is a consequence of Theorem 4 because the properties (i) 
and (ii) imply that A(F) = N, that is fn(x)=supFn(x)∈Fn(x) for all F∈F, x∈X and 
n∈N. Indeed the thesis is true for n=1 by property (i). By induction, assume that 
fn-1(x)=supFn-1(x)∈Fn-1(x) with n≥2 and take z∈Fn(x)= { })(:)( 1 xFyyF n−∈∪ . 
Hence there exists y∈Fn-1(x) with y≤supFn-1(x) such that z∈F(y). By property (ii), 
then there exists w∈ F(supFn-1(x))) such that z ≤ w ≤ supF(supFn-1(x)) = 
f(supFn-1(x)) = f(fn-1(x)) = fn(x), that is supFn(x) ≤ fn(x). On the other hand, we also 
have F(fn-1(x))⊆ Fn(x) and hence fn(x) = f(fn-1(x)) = f(supFn-1(x)) ≤ supFn(x) from 
which the thesis follows.                     
 
  We borrow the following example from [2] in which Theorem 1 is not 
applicable but Theorem 4 holds. 
 
Example 1. Let X=[0,1] with the natural order “≤”. Define F = {F,G} where F(x) 
= X if 0≤ x <1 and F(1) = 0, G(x) = X for all x∈X. It is easily seen that 
F(G(x))=G(F(x))=X, f(x)∈F(x) and g(x)∈G(x) for all x∈X, but F does not satisfy 
property (I) if we choose x1∈[0,1) and x2 = 1. Hence Theorem 1 is not applicable. 
Indeed all the assumptions of Theorem 4 are satisfied since F2(x) = G2(x) = X for 
all x∈X, 2∈A(F) and f(x) = g(x) = 1 for all x∈X, that is F2 = {f}. 
 
  Now we prove the main result, which is an extension of Theorem 2. 
 
Theorem 5. Let F  be a commutative family of multifunctions on (X,≤) and A(F) 
≠∅ . Moreover assume that there exists a m∈A(F) such that satisfies the property 
(I) for all F∈F. Furthermore, let Fm = {Fm : F∈ F }and e∈X such that 
 
(vii) for all F∈F, there exists y∈Fm(e) with e≤y; 

(viii) if C is a chain of X containing e and not having supremum, then there exists 
G∈F such that the set {supGm(x): x∈C} has supremum in X. 
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  Then there exists a minimum fixed point of Fm greater than e, there is an w∈X 
such that w=min{x∈X: e≤x and x∈Fm(x) for all F∈F}. 
 
Proof. Let Fm be defined as in the statement of Theorem 4. The same theorem 
implies that Fm is commutative and every member f∈Fm is increasing. For every 
f∈Fm, there exists y∈Fm(e) such that e≤y≤supFm(e)=f(e) by property (vii). If C is 
a chain of X containing e and not having supremum, then there exists G∈F  and 
hence a g∈Fm such that supg(C) =sup{g(x): x∈C} = sup{supGm(x): x∈C} exists 
in X by property (viii). By Theorem 3 applied to the family Fm, then there exists a 
minimum fixed point w of Fm greater than e, that is w = min{x∈X: e≤x and x=f(x) 
for all f∈Fm}. Such point is also minimum fixed point of Fm greater than e, that is 
w = min{x∈X: e≤x and x∈Fm(x) for all F∈F}.                                             
 
Remark 2. Theorem 2 is a consequence of Theorem 5. Indeed the hypothesis (i) 
and (ii) assure that A(F) = N (cfr. Remark 1), hence it suffices to observe that 
property (iii) becomes (vii) if m=1 and obviously property (viii) holds since it is 
satisfied vacuosly.  
 
  Theorem 2 is not applicable in the following example but Theorem 5 holds. 
 
Example 2.  Let X=[0,1]-{ ½}with the natural order “≤” and define F = {F,G} 
where F(0)={0}, F(x)={1} for all x∈X-{0}, G(0) = {0}, G(x) = [x+½,1] if x∈(0, 
½), G(x)={1} if x∈(½,1]. We have that F(G(0))=G(F(0))=0, G(F(x))=F(G(x))={1} 
for all x∈X-{0}, thus F and G commute and it is easily seen that F and G satisfy 
property (I), moreover property (iv) holds if we assume e=0. Theorem 2 is not 
applicable because property (iii) fails: it suffices to consider, for example, the 
chain C ={0, ½-xn: xn∈(0, ½), n∈N} which has supremum ½ which does not 
belong to X. Since we have G2(0) = F2(0) = {0}, G2(x) = F2(x) = {1} for all 
x∈X-{0}, we assume m=2 and F2 = {F2}, F2 ={f} where f is defined from 
f(0)=supF2(0)=0, f(x) = supF2(x) =1 for all x∈X-{0}. Of course we assume e=0 
and we have that supf(C)=1∈X for any chain C in X containing e and not having 
supremum in X. Then Theorem 5 holds because properties (vii) and (viii) are 
satisfied and moreover 0 = min{0,1}= min{x∈X: 0≤x and x=f(x)∈F2(x)}. 
 
   Condition (viii) is necessary in Theorem 5 otherwise the thesis can fail even if 
F is singleton as it is proved in the following example (cfr. Example 2 of [1]): 
 
Example 3. Let X=[0,1]–{½} with its natural ordering “≤” and define F={F} 
where F: X 2X is defined as F(x) = {1} if x∈ [0, ½ ) and F(x)=[0,(x+1)/3] if 
x∈(½,1]. Take e = 0, then e ≤ 1 = F(e). By setting cn = (n – 2)/2n with n≥2, we 
consider the chain C = {cn : n = 2,3,…}⊆ [0, ½) which contains e = 0  and 
moreover sup C = ½∉X. It is easily seen that F1= F and F1={f} where f:X X is 
defined as f(x)=supF(x)=1 if x∈ [0,½) and f(x)=supF(x)= (x+1)/3 if x∈(½,1], 
thus we have that supf(C) = sup{(3n – 2)/6n: n = 2,3,…} = ½∉X. Then all the  
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assumptions of Theorem 5 hold with m=1 except condition (viii) and F has not a 
fixed point. 
 
 
References 
 
[1]  M. L. Diviccaro and S. Sessa, Common fixed points of increasing operators    
    in posets and related semilattice properties, Internat. Mathematical Forum, 43        
    (3) (2008), 2123-2128. 
 
[2]  R.E. Smithson, Fixed points in partially ordered sets, Pacific J. Math., 45 (1)  
    (1973), 363-367. 
 
 
Received: September, 2009 
 
 


