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Abstract

This paper investigates machine covering problem on m > 3 parallel in-
dentical machines with nonsimultaneous machine available times. If the total
processing time of all jobs and the largest processing time of all jobs are both
known in advance, we can obtain an optimal algorithm with competitive ratio
m − 2.

Mathematics Subject Classification: 68M20, 90B35

Keywords: Scheduling; Semi-online; Design and analysis of algorithms; Com-
petitive ratio

1 Introduction

In this paper, we study the semi-online machine covering problem on m > 3 par-
allel identical machines. This problem was first proposed by Deuermeyer et. al.
[10] and has applications in the sequencing of maintenance actions for modular gas
turbine aircraft engines. The problem can also be described with the following stan-
dard scheduling terminology. Consider a machine set R of m identical machines
M1, M2, . . . , Mm, and a job set J of n independent jobs with positive processing
time p1, p2, . . . , pn. The jobs are available at time zero, but the machines may not
be available at time zero. We assume machine Mj is not available until rj ≥ 0.
Without loss of generality, we assume r1 ≥ r2 ≥ . . . ≥ rm ≥ 0. We are required
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scheduling the jobs irrevocably on the machines with no preemption. The goal is to
maximize the minimum machine load, where the load of a machine is the completion
time of the machine. We denote the problem by Pm, rj||Cmin.

A scheduling problem is called online if jobs arrive one by one, and we are re-
quired scheduling jobs irrevocably on machines as soon as they are given, without
any knowledge of the successive jobs. If we have full information of job sequence
before constructing a schedule, the problem is called offline. If some partial infor-
mation about the jobs is available before constructing a schedule, call it semi-online.
Different partial information gives rise to different semi-online problems. Algorithms
for online (semi-online) problems are called online (semi-online) algorithms.

The quality of the performance of an online (semi-online) algorithm is measured
by its competitive ratio. For an instance (R,J ) and an algorithm A, let CA(R,J )
(or shortly CA) be the objective value produced by A and let C∗(R,J ) (or shortly
C∗) be the optimal value in an offline version. Then the competitive ratio of A is
defined as the smallest number c such that for any (R,J ), C∗ ≤ cCA. An online
(semi-online) scheduling problem has a lower bound ρ if there is no online (semi-
online) algorithm with a competitive ratio smaller than ρ. An online (semi-online)
algorithm A is called optimal if its competitive ratio matches the lower bound of the
problem.

Scheduling on identical and uniformly machine was studied since 1966 when Gra-
ham introduced his greedy algorithm List Scheduling (LS) for identical machines
[1]. The competitive ratio of that algorithm is 2 − 1

m
. For the online version of

Pm||Cmin, Woeginger [7] showed that LS is the optimal algorithm with competitive
ratio m, where LS always assigns jobs to the machine with the smallest current
load. Semi-online scheduling problems have been widely studied in the last decade
[2, 3, 4]. Different kinds of partial information have been proposed. For example, the
total processing time of all jobs

∑n
j=1 pj is known in advance (denote by sum); the

largest processing time of all jobs pmax = max
j=1,···,n

pj is known in advance(denote by

max) etc. Combined semi-online problems also have been discussed [5, 6], where two
types of different partial information are known in advance at the same time. Thus
we can attain better competitive ratio than only one type of information known in
advance.

The problem Pm, rj||Cmin is a generalization of the machine covering problem
Pm||Cmin. Optimal algorithms for P2|sum|Cmin and P2|max|Cmin were given in
[8]. The optimal algorithm for P2|sum & max |Cmax with competitive ratio 6

5
was

given in [5], and the algorithm is also optimal for P2|sum & max |Cmin [9]. For
Pm|sum|Cmin and Pm|max|Cmin, (m ≥ 3), Tan and Wu [9] designed optimal
algorithms for both cases with competitive ratio m − 1. Optimal algorithms for
Pm|sum & max |Cmin with competitive ratio 3

2
when m = 3 and m− 2 when m ≥ 4

are also given in the same paper.
For the problem with non-simultaneous machine time available times, Lin et al.

[11] showed that the competitive ratio of LPT algorithm is 2m−1
3m−2

. Zhang and Bai
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[12] gave optimal algorithms with competitive ratio 2
3

and b+1
2b+1

for P2, ri|max|Cmin

and Q2, ri|sum|Cmin. And optimal algorithms with competitive ratio m − 1 for
problems Pm, ri|sum|Cmin and Pm, ri|max|Cmin were shown in [13] for m ≥ 3.
Huang and Wu gave an optimal algorithm for the problem P3, ri|sum & max |Cmin

with competitive ratio 3
2

in [14].
In this paper, we will consider the semi-online version of Pm||Cmin with non-

simultaneous machine available times on m > 3 machines. We assume the total
processing time of all jobs and the largest processing time of all jobs are both known
in advance. An optimal algorithm with competitive ratio m − 2 is designed.

When analyzing a semi-online algorithm A, denote by lti the current load of Mi

right before the assignment of pt, and Li be the load of Mi after all the jobs have been
assigned, i = 1, · · · , m. Thus CA = min

1≤i≤m
(ri+Li). Let T be the total processing time

of all jobs and total available times of all machines, i.e. T =
∑n

j=1 pj +
∑m

i=1 ri =∑m
i=1(ri + Li).

2 Optimal algorithm for Pm, ri|sum & max |Cmin

Lemma 2.1 If algorithm A has competitive ratio at most c for the problem Pm, r
′
i|sum & max

|Cmin, where r
′
i = ri−rm, then A also has competitive ratio at most c for the problem

Pm, ri|sum & max|Cmin (m > 3).

Proof. Let C
′A(CA) be the objective value produced by A and C

′∗(C∗) be the opti-
mal value in an offline version for Pm, r

′
i|sum&max|Cmin(Pm, ri|sum&max|Cmin),

respectively. Thus, we can make sure the optimal schedule for two problems are the

same since r
′
i = ri − rm thus C∗ = C

′∗ + rm. And C∗
CA = C

′∗+rm

C′A+rm
≤ C

′∗
C′A ≤ c. �

According to Lemma 2.1, we can always assume that machines Mi is not available
until time ri, 1 ≤ i ≤ m and r1 ≥ r2 ≥ . . . ≥ rm = 0. And we will use this
assumption throughout the paper. Next, we will design the algorithm according to
the ratio of T/pmax. When T/pmax is large enough, the LS rule works. Otherwise,
we assume that pA is the first job of the sequence with processing time pmax and
assign it to Mm solely. To assign the remaining jobs in J ′ = J \{pA} to machine
set R′ =R\{Mm}, we use algorithm B2 as a procedure, since (R′,J ′) is an instance
of Pm′, ri|sum|Cmin with m′ = m − 1 and known total processing time T ′ = T −
pmax. Note that, algorithm B2 is optimal for Pm, ri|sum|Cmin[13]. By revealing the
relations between CB2(R,J ) and CB1(R′,J ′), C∗(R,J ) and C∗(R′,J ′), we can
reach the final result.

Algorithm B1 for Pm, ri|sum & max |Cmin

1. For 0 < pmax ≤ (m−3)T
(m−1)(m−2)

, assign all jobs by LS rule.

2. For (m−3)T
(m−1)(m−2)

< pmax ≤ T
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2.1 Assign pA to Mm whenever it arrives

2.2 Assign J ′ to R′ by algorithm B2.

Algorithm B2 for Pm, ri|sum|Cmin

1. Let R1 = {M1, M2, · · · , Mm−1}, s = 1

2. Always assign current job to one machine in Rs by LS rule until there exists
a job phs, such that assigning phs to any machine will result the load of this
machine being at least T

2m
, i.e. lhs

i +ri < T
2m

and lhs
i +ri +phs ≥ T

2m
, ∀Mi ∈ Rs.

Let Mis be the machine with the smallest current load in Rs right before the
assignment of phs , i.e. lhs

is
= min

Mi∈Ms

lhs
i .

2.1 If ris + lhs
is

+ phs > T
m

, assign phs to Mm. Then assign all remaining job
to Rs by LS rule , stop.

2.2 If ris + lhs
is

+ phs ≤ T
m

, assign job phs to Mis and go to step 3.

3. If s < m − 1, let Rs+1=Rs\{Mis}, s = s + 1, and go to step 2. Otherwise,
assign all remaining jobs to Mm, stop.

Lemma 2.2 Algorithm B2 is an optimal algorithm with competitive ratio m−1 for
the problem Pm, ri|sum|Cmin, m > 3. ( [13])

Theorem 2.3 The competitive ratio of algorithm B1 for the problem Pm, ri|sum & max|Cmin,
m > 3 is at most m − 2.

Proof. For 0 < pmax ≤ (m−3)T
(m−1)(m−2)

, because all jobs are assigned to the machines by
LS rule, we have

|ri + Li − (rk + Lk)| ≤ pmax, 1 ≤ i, k ≤ m,

C∗ ≤ T

m
=

∑m
i=1(ri + Li)

m
≤ (m − 1)(CB1 + pmax) + CB1

m
= CB1 +

(m − 1)pmax

m
,

C∗

CB1
≤ CB1 + m−1

m
pmax

CB1
≤ 1 +

m−1
m

pmax

T
m
− m−1

m
pmax

≤ 1 +

m−1
m

· m−3
(m−1)(m−2)T

T
m
− m−1

m
· m−3

(m−1)(m−2)
T

= m− 2.

For m−3
(m−1)(m−2)

T < pmax ≤ T , if CB1 = rm + Lm = 0 + Pmax > m−3
(m−1)(m−2)

T , we
get

C∗ =≤ T

m
<

1

m
· (m − 1)(m − 2)

m − 3
pmax ≤ (m − 2)pmax = (m − 2)CB1,

where the above inequality is valid when m ≥ 4.
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If CB1 = min
1≤i≤m−1

(ri+Li) < Lm, then CB1(R,J ) = CB2(R′
,J ′

), and we also have

C∗(R,J ) ≤ C∗(R′
,J ′

). Consider any optimal schedule S∗ of (R,J ). Without loss
of generality, we assume pA is assigned to Mm in S∗ together with jobs in J0 ⊆ J \pA.
Construct a feasible schedule S ′ of (R′,J ′) from S∗ by moving job in J0 from Mm

to Mm−1. Obviously, ri + L
′
i ≥ ri + L∗

i , 1 ≤ i ≤ m − 1, where L
′
i and L∗

i are the
loads of Mi(1 ≤ i ≤ m − 1) in S ′ and S∗, respectively. Thus,

C∗(R′,J ′) ≥ min
1≤i≤m−1

(ri + L′
i) ≥ min

1≤i≤m−1
(ri + L∗

i ) ≥ min
1≤i≤m

(ri + L∗
i ) = C∗(R,J ).

Therefore, by Lemma 2.2, we have

C∗(R,J )

CB1(R,J )
≤ C∗(R′

,J ′
)

CB2(R′ ,J ′)
≤ m

′ − 1 = m − 2.

Thus the competitive ratio of B1 is at most m − 2. �
Note that if we have r1 = r2 = · · · = rm, then the problem Pm, ri|sum & max|Cmin

is equivalent to the problem Pm|sum & max|Cmin. Since the lower bound of
Pm|sum & max|Cmin is m − 2[9], the lower bound of Pm, ri|sum & max|Cmin

is also at least m − 2. According to theorem 2.3, we have the following result.

Theorem 2.4 The algorithm B1 is an optimal algorithm for the problem Pm, ri|sum &
max |Cmin(m > 3) with competitive ratio m − 2.
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