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Abstract

This paper provides an extension of the problem of two-item inventory model with de-
teriorating items. In this study, we will optimizing the objective function which is formed
to calculate the net profit with respect to all possible losses using different types of demand
rates as a non-linear functions of inventory levels. Then we will formulate the mathematical
model under many restrictions and assumptions. So, we will find the steady state solu-
tion and the optimal supply which maximizes the net profit, will investigate the necessary
condition to make the steady state solution is optimal solution using Pontryagin Maximum
Principle (PMP) for different types of demand rates, will study the stability of the optimal
steady state solution, will explain the numerical examples and then getting some conclusions
that reflect the necessary condition for the optimality on two types of demand rates.

Keywords: Multi-item inventory system, Stability, Deteriorating items, Self-contact, Pon-
tryagin Maximum Principle, Necessary condition of the optimality

1 Introduction

Most of the classical inventory models deal with single-item. But in real world situation, a
single-item inventory seldom occurs. It is a common experience that: the presence of a second
item in an inventory favors the demand of the first and vice-versa. This is why the companies
and retailers deal with several items and stock them in their showrooms/warehouses. This leads
to the idea of a multi-item inventory. The purpose remains the same for single-item as well as
for multi-item inventory. It is either maximization of total average profit or minimization of
total average cost during a given cycle. Consequently, the analysis for a single-item inventory is
almost parallel to that of multi-item inventory. Also, the results obtained are almost identical in
single-item and in multi-item inventory. As the inventory of deteriorating items, so sooner they
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are sold out, better than stored. There are two types od deterioration: natural deterioration
and deterioration takes place due to self-contact.
The literature on multi-item dynamic inventory models is really sparse, since most of the classical
studies are concerned with a single-item inventory model. We cite some of the most recent ones:
El-Gohary and Essayed [3] produced the optimal control of multi-item dynamical inventory
model with deteriorating items. Bhattacharya [2] gave a new approach towards a two-item
inventory model for deteriorating items with a linear stock dependent rate, in this paper we will
extend this study for other angles using different types of demand rates and study the stability of
steady state solution. Bendaya and Raouf [1] presented the constraint multi-item single period
inventory problem. Kare and et al.[4] produced the inventory of multi deteriorating items sold
from two shops/countries under a a single management with floor/shelf space constraint. Lenard
and Roy [5] discussed multi-item inventory control: A multi-criteria view. Padmanbhan and Vrat
[6] produced analysis of multi-system under resource constraint: A non-linear goal programming
approach. Sulem [8] dealt with explicit solution of a two-dimensional deterministic inventory
Problem. Worel and Hall [9] produced the analysis of inventory control model using polynominal
geometric programming.
The present paper is organized as follows: Section (2) is devoted to formulate the mathematical
model of two-item inventory model and explain the steady state solution and get the necessary
condition which makes the optimal solution is optimal and discuss the stability of optimal steady
state solution. Section (3) explains the steady state solution by numerical examples for two types
of the demand rates. Finally, in section (4), we will make some comparisons and present some
conclusions.

2 Two-item Inventory Model

In this section, we will be concerned with mathematical formulation of two-item inventory model
for deteriorating items.

2.1 The Model Assumptions

1. Demand rates are functions of the inventory levels.

2. Shortage in the the inventory levels is not allow.

3. Inventory involves two items but one store.

4. Changing of the holding cost is function of the inventory levels.

Let us define the following parameters: We take i, j = 1, 2
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xi(t) : Inventory levels at time t,
ui(t) : Continuous supply rates at time t,
T : Planning period,
Di(x1, x2) : Demand rates as a functions of two inventory levels,
pi : Price per unit of xi,
Q : Ordering cost per cycle,
ci : Maintain supply cost coefficients,
qi : Holding cost coefficients,
aii : Deterioration coefficient due to self-contact of xi,
aij (i �= j) : Demand coefficient of xi due to presence of unit of xj,
θi : Natural deterioration rates of xi.

2.2 The Problem of

The main objective of this subsection is to obtain the mathematical description which is simple
to deal with two items and two types of deterioration.

J(xi, ui, t) = −Q+
∫ T

0

2∑
i=1

[
piDi + piui − ciui

xi
− piaiix

2
i − qix

2
i

]
dt, (2.1)

subject to
ẋ1 = −x1

(
θ1 + a12x2 + a11x1

)
− D1 + u1,

ẋ2 = −x2

(
θ2 + a21x1 + a22x2

)
− D2 + u2,

(2.2)

Where ui > 0 , xi > 0 , i = 1, 2

The objective function (2.1) represents the total profits of two-item inventory model. Since
(piDi) is the profit out of demand Di at the inventory level xi, (piui) is the profit due to the
continuous supply ui of inventory, -(

ciui

xi
) the profit due to maintain supply to inventory xi,

-(qix
2
i ) is the profit corresponding to the hold cost and lastly -(piaiix

2
i ) is the profit out self-

contact of xi. The losses for natural deterioration θi are neglected because we will choose it
very small values. The economic interpretation of the objective function (2.1) is that we want to
obtain all possible profits during the period [0,T] and then decrease these profits by the ordering
cost Q ( maximum of −Q is minimum of Q ).
To obtain the optimal steady state solution (x∗, u∗) , we can define the this variable Li(x) such
that

Li(x) = ẋi − ui =
d

dt
xi − ui = −xi

(
θi + aijxj + aiixi

)
− Di, (2.3)

Also, we can define the variable Yi = Yi(xi) such that:

Yi(xi(0)) = 0 and (
d

dt
)[Yi(xi)] = [pi − ci

xi
](

dxi

dt
) and from the equation (2.3) we can get the

variable
ui = ẋi − Li(x) =

d

dt
xi − Li(x), (2.4)
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From (2.3) and (2.4) and substituting in (2.1) we have,

J(x, u, t) = −Q +
∫ T

0

2∑
i=1

[
piDi − (pi − ci

xi
)Li(x)− (piaii + qi)x2

i

]
dt +

∫ T

0

2∑
i=1

d

dt
[yi(xi)]dt, (2.5)

So, from (2.5) we can get

J(x, u, t) = −Q +
∫ T

0

2∑
i=1

[
piDi − (pi − ci

xi
)Li(x) − (piaii + qi)x2

i

]
dt +

2∑
i=1

[
Yi(xi(T ))

]
, (2.6)

Then, we can write (2.6) as

J(x, u, t) =
∫ T

0
ẋ0 dt +

2∑
i=1

[
Yi(xi(T ))

]
, (2.7)

Then, the net profit function is become

ẋ0 = −Q

T
+

2∑
i=1

[
piDi − (pi − ci

xi
)Li(x) − (piaii + qi)x2

i

]
, (2.8)

Now, by using Pontryagin maximum principle, we can introduce the co-state variables λ0 , λ1

and λ2 corresponding to the state variables x0 , x1 and x2 respectively.
We can write the Hamiltonian function

H = λ0ẋ0 + λ1ẋ1 + λ2ẋ2, (2.9)

In (2.9) from (2.2) and (2.8) we have

H = λ0[−Q

T
+

2∑
i=1

[
piDi − (pi − ci

xi
)Li(x) − (piaii + qi)x2

i

]
] (2.10)

−λ1[x1

(
θ1 + a12x2 + a11x1

)
− D1 + u1] − λ2[x2

(
θ2 + a21x1 + a22x2

)
− D2 + u2]

We can easily obtained the co-state equations

λ̇0(t) = −∂H

∂x0
= 0, λ̇1(t) = −∂H

∂x1
, λ̇2(t) = −∂H

∂x2
, (2.11)

The first equation of the system (2.11) shows that the co-state variable λ0(t) is constant and
the Pontryagin maximum principle requires that this constant should be equal (1), so (2.10) has
become

H = −Q

T
+

2∑
i=1

[
piDi − (pi − ci

xi
)Li(x) − (piaii + qi)x2

i

]
(2.12)

−λ1[x1

(
θ1 + a12x2 + a11x1

)
− D1 + u1] − λ2[x2

(
θ2 + a21x1 + a22x2

)
− D2 + u2]
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To obtain the control variables ui(t) we will be differentiate the Hamiltonian function (2.12)
with respect to ui(i = 1, 2) and putting

∂H

∂ui
= 0, i = 1, 2 (2.13)

From (2.13) we get [λi = 0, i = 1, 2], since ui occurs linearly in Hamiltonian.

We get [
d

dt
λi = −∂H

∂xi
= −∂ẋ0

∂xi
=

d

dt
(
∂H

∂ui
) = 0]. If this is happened, then the model has a

unique solution x∗ = (x∗
1, x

∗
2), and by the assumption it should be steady state solution. So, the

optimal control (u∗
1, u

∗
2) is obtained from Li(x∗) + u∗ = 0

As x∗ is an optimal solution, it should satisfy the Generalized Legendre Condition

∂

∂uj
(

d2

dt2
(
∂H

∂ui
)) = −

[ ∂2ẋ0

∂xi∂xj

]
i�=j=1,2

must be positive semi definite.

So, the necessary condition for optimality is that the matrix
∂2ẋ0

∂xi∂xj
must be negative semi definite.

In other words, the net profit function (ẋ0) has a local maximum at x∗ = (x∗
1, x

∗
2).

So, Det. of

⎛
⎜⎜⎜⎜⎜⎝

∂2ẋ0

∂x2
1

∂2ẋ0

∂x1∂x2

∂2ẋ0

∂x2∂x1

∂2ẋ0

∂x2
2

⎞
⎟⎟⎟⎟⎟⎠

= (
∂2ẋ0

∂x2
1

)(
∂2ẋ0

∂x2
2

) − (
∂2ẋ0

∂x1∂x2
)(

∂2ẋ0

∂x2∂x1
) ≥ 0 (2.14)

Now, (2.8) is becoming

ẋ0 = −Q

T
+ 2p1D1 + 2p2D2 − (p1a11 + q1)x2

1 − (p2a22 + q2)x2
2 (2.15)

−(
c1D1

x1
+

c2D2

x2
) − c1(θ1 + a12x2 + a11x1) − c2(θ2 + a21x1 + a22x2)

+p1x1(θ1 + a12x2 + a11x1) + p2x2(θ2 + a21x1 + a22x2)

Next, we will apply the previous results for different types of demand rates. In these sections
we will obtain the necessary condition which make the steady state state solution is optimal,
the optimal inventory levels, the optimal continuous supply rate, the maximum value of the net
profit and finally we will study the stability of this optimal solution.

To study the stability of steady state solution, we apply the linear stability method such as
∣∣∣∣∣∣∣∣∣∣

∂ẋ1

∂x1
− λ

∂ẋ2

∂x1

∂ẋ1

∂x2

∂ẋ2

∂x2
− λ

∣∣∣∣∣∣∣∣∣∣
= λ2 − λ(

∂ẋ1

∂x1
+

∂ẋ2

∂x2
) + (

∂ẋ1

∂x1

∂ẋ2

∂x2
− ∂ẋ1

∂x2

∂ẋ2

∂x1
) = 0, (2.16)

To determine whether the optimal steady state solution is stable or not, we will obtain the
eigenvalues of the formula (2.16) at optimal solution (x∗

1, x
∗
2) such as: λi = −B±√

B2−4AC
2A (i = 1, 2)
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where [A = 1, B = −(
∂ẋ1

∂x1
+

∂ẋ2

∂x2
) and C =

∂ẋ1

∂x1

∂ẋ2

∂x2
− ∂ẋ1

∂x2

∂ẋ2

∂x1
].

If the discriminant B2 − 4AC > 0 (real roots) and B > 0, C > 0 the solution is stable and
unstable if B < 0, C < 0.
Also, If the discriminant B2 − 4AC < 0 (complex roots) and B > 0, C > 0 the solution is stable
and unstable if B < 0, C < 0.
In the next section we will apply the numerical examples to explain the solution.

3 Numerical examples

In this section we will choose some values of parameters model as shown in table(1) as following:

parameter d1 p1 c1 a11 a12 q1 θ1 β1 Q

value 1 2 10 0.01 0.3 1 0.001 2 5

parameter d2 p2 c2 a22 a21 q2 θ2 β2 T

value 2 3 20 0.02 0.4 2 0.002 3 10

Table (1)

Next, we will apply these examples for two types of the demand rates.

3.1 The demand rates are Di(x1, x2) = dix
2
i , di are constants

To obtain the necessary condition for steady state solution in this case we apply Di(x1, x2) = dix
2
i

in (2.15) and use that in the necessary condition (2.14), we get

ẋ0 = −Q

T
+ 2p1d1x

2
1 + 2p2d2x

2
2 − (p1a11 + q1)x2

1 − (p2a22 + q2)x2
2 (3.17)

−c1(θ1 + a12x2 + a11x1 + d1x1) − c2(θ2 + a21x1 + a22x2 + d2x2)

+p1x1(θ1 + a12x2 + a11x1) + p2x2(θ2 + a21x1 + a22x2)

∂ẋ0

∂x1
= 4p1d1x1 − 2(p1a11 + q1)x1 + p1(θ1 + a12x2) + 2p1a11x1 (3.18)

+a21p2x2 − c1a11 − c1d1 − c2a21

∂ẋ0

∂x2
= 4p2d2x2 − 2(p2a22 + q2)x2 + p2(θ2 + a21x1) + 2p2a22x2 (3.19)

+a12p1x1 − c2a22 − c2d2 − c1a12

So,
∂2ẋ0

∂x2
1

= 2(2p1d1 − q1)

∂2ẋ0

∂x2
2

= 2(2p2d2 − q2)

∂2ẋ0

∂x1∂x2
=

∂2ẋ0

∂x2∂x1
= p1a12 + p2a21

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (3.20)
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Then, the necessary condition is

4(2p1d1 − q1)(2p2d2 − q2) − (p1a12 + p2a21)2 ≥ 0 (3.21)

Hence the necessary condition of optimal steady state solution is obtained, then we will apply
the numeric example using values in table (1).
First, we should be sure of the necessary condition (3.21), we have found that this condition is
true for these values [ 4(2p1d1 − q1)(2p2d2 − q2) − (p1a12 + p2a21)2 = 116.76 > 0].
To determine (x∗

1, x
∗
2), we will solve the equation (3.18)= 0 and equation (3.19)= 0 together,

this gives (6.00x1 − 18.098 + 1.8x2 = 0) and (20.00x2 − 43.394 + 1.8x1 = 0) and by solving the
previous equations we get x∗ = (x∗

1, x
∗
2) = (2.4,1.95). To get (u∗

1, u
∗
2) we will solve L1(x∗)+u∗

1 =
L2(x∗)+u∗

2 = 0 and we have (−7.4+u1 = 0) and (−9.6+u2 = 0) then, u∗ = (u∗
1, u

∗
2) = (7.4,9.6).

To obtain the maximum value of the net profit J∗ corresponding to values of x∗ and u∗, we have
J∗(x∗, u∗, t) = 1054.
To study the stability of the solution, we will substitute in (2.16) by the optimal solution (x∗, u∗)
using values in table (1), we have (λ2 + 14.35λ + 48.11 = 0) we get two real roots (λ = −5.335)
and (λ = −9.02). Hence (B = 14.35 > 0) and (C = 48.11 > 0).

Let us change the value of the coefficient of holding cost (q1 = 10) and the reset parameters
remain as it, in table(1) , we have the necessary condition [4(2p1d1 − q1)(2p2d2 − q2)− (p1a12 +
p2a21)2 = −243.24 < 0] , and the optimal steady state solution x∗ = (−1.17,2.27) , u∗ =
(0.58,9.39) , the maximum value of the net profit (J∗ = 573) and the roots of (λ2+7.05λ−14.29 =
0) is (λ = 1.64) , (λ = −8.69), hence (B = 7.05 > 0) and (C = −14.29 < 0).

3.2 The demand rates are Di(x1, x2) = xi(di + βixi), di, βi are constants

To obtain the necessary condition for steady state solution in this case we apply Di(x1, x2) = dix
2
i

in (2.15) and use that in the necessary condition (2.14), we get

ẋ0 = −Q

T
+ 2p1(d1x1 + β1x

2
1) + 2p2(d2x2 + β1x

2
1) − (p1a11 + q1)x2

1 (3.22)

−(p2a22 + q2)x2
2 − c1(θ1 + a12x2 + a11x1 + d1 + β1x1) − c2(θ2 + a21x1 + a22x2 + d2 + β2x2)

+p1x1(θ1 + a12x2 + a11x1) + p2x2(θ2 + a21x1 + a22x2)

∂ẋ0

∂x1
= 2p1(d1 + 2β1x1) − 2(p1a11 + q1)x1 + p1(θ1 + a12x2 + a11x1) (3.23)

+a21p2x2 + p1a11x1 − c1a11 − c1β1 − c2a21

∂ẋ0

∂x2
= 2p2(d2 + 2β2x2) − 2(p2a22 + q2)x2 + p2(θ2 + a21x1 + a22x2) (3.24)

+a12p1x1 + p2a22x2 − c2a22 − c2β2 − c1a12



96 Abdulhakim A. Al-babtain

So,
∂2ẋ0

∂x2
1

= 2(2p1β1 − q1)

∂2ẋ0

∂x2
2

= 2(2p2β2 − q2)

∂2ẋ0

∂x1∂x2
=

∂2ẋ0

∂x2∂x1
= p1a12 + p2a21

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (3.25)

Then, the necessary condition is

4(2p1β1 − q1)(2p2β2 − q2) − (p1a12 + p2a21)2 ≥ 0 (3.26)

Hence the necessary condition of optimal steady state solution is obtained, then we will apply the
numeric example using values in table (1). First, we should be sure of the necessary condition
(3.26), we have found that this condition is true for these values [ 4(2p1β1 − q1)(2p2β2 − q2) −
(p1a12 + p2a21)2 = 444.76 > 0 ].
To determine (x∗

1, x
∗
2), the equation (3.23)= 0 and equation (3.24)= 0 together, this gives (14x1+

1.8x2 − 24.098 = 0) and (32.00x2 − 51.394 + 1.8x1 = 0) and by solving the previous equations
we get x∗ = (x∗

1, x
∗
2) = (1.53,1.52). To get (u∗

1, u
∗
2) we will solve L1(x∗) + u∗

1 = L2(x∗) + u∗
2 = 0

and we have (−6.90 + u1 = 0) and (−10.95 + u2 = 0) then, u∗ = (u∗
1, u

∗
2) = (6.9,10.95). To

obtain the maximum value of the net profit J∗ corresponding to values of x∗ and u∗, we have
J∗(x∗, u∗, t) = 1773.
To study the stability of the solution, we will substitute in (2.16) by the optimal solution (x∗, u∗)
using values in table (1), we have (λ2 + 19.38λ + 89.25 = 0) we get two real roots (λ = −7.5)
and (λ = −11.86). Hence (B = 19.38 > 0) and (C = 89.25 > 0).

Let us change the value of the coefficient of holding cost (q1 = 10) and the reset parameters
remain as it,in table(1), we have the necessary condition [4(2p1β1 − q1)(2p2β2 − q2) − (p1a12 +
p2a21)2 = −131.24 < 0], and the optimal steady state solution x∗ = (−5.17,2.1.9), u∗ =
(10.74,45.62) , the maximum value of the net profit (J∗ = −2339) and the roots of (λ2−7.82λ−
217.72 = 0) is (λ = 19.18) , (λ = −11.35), hence (B = −7.82 < 0) and (C = −217.72 < 0).
Note: all results are approximated.

4 Conclusions

Let summary the results of two cases in table (2)

The demand rates x∗
1 x∗

2 u∗
1 u∗

2 J∗ N. condition Stability

Di(x1, x2) = dix
2
i 2.4 1.95 7.4 9.6 1054 116.76 stable

Di(x1, x2) = xi(di + βixi) 1.53 1.52 6.9 10.95 1773 444.76 stable
Table (2)
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Next, we summary the results of two cases, when we change the coefficient of holding cost
(q1 = 10) we have:

The demand rates x∗
1 x∗

2 u∗
1 u∗

2 J∗ N. condition Stability

Di(x1, x2) = dix
2
i −1.17 2.27 0.58 9.39 573 −243.24 unstable

Di(x1, x2) = xi(di + βixi) −5.17 1.9 10.74 45.62 −2339 −131.24 unstable
Table (3)

From table (2) we have: the two cases of the demand rates have the optimal steady state solution,
the necessary condition for the optimality is confirmed, the optimal steady state solutions are
stable and get the maximum values of the net profit in two cases.
From table (3) when we change the coefficient of the holding cost the results are changed: the
necessary condition for the optimality is not confirmed, the optimal inventory level for the first
item is negative (not be allowed), the optimal steady state solutions are unstable and finally the
maximum value of the net profit is changed to losses in the second case.
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