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Abstract

In this work, we find some asymptotic formulas for the number N (¢)
of eigenvalues smaller than —e (¢ > 0) of a self adjoint operator L
which is formed by differential expression

(Ly) (@) = =(p(x)y (z)) = Qx)y ()

and with the boundary condition

y(0) =0
as € — 0,in the space L2(0,00; H )
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1 INTRODUCTION

Let H be a separable Hilbert space with infinite dimension and Q(z) be a
self adjoint operator from H to H for all = in [0, 00). Moreover, we consider
Q(z) as a continuous operator function in the interval [0, c0) with respect to
the norm on the space B(H). We suppose that there are positive constants
c1, ¢ such that

c <p(x) <co.

Let us denote the set of all functions y = y(x) € Ly(0,00; H) which satisfy
the following conditions by D(L) ;
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a) y(z) and y'(x) are absolutely continuous with respect to the norm on
the space H in every finite interval [0, a.

b) U(y) = =(p(2)y'(x)) — Q(x)y(x) € L2(0,00; H )

c) y(0)=0.
Let us consider that self adjoint operator L : D(L) — Ly(0,00; H) defined
by

(Ly)(z) = =(p(x)y' () — Q(z)y(z).

The operator L is formed by differential expression

ly) = =(p(x)y'(z)) = Qz)y(x) (1.1)

and the boundary condition

y(0) =0.

In this work, we have find some asymptotic formulas for the number N(g) of
eigenvalues smaller than —e (e > 0) of the operator L as ¢ — 0. In the
work [6], asymptotic behavior of the number of negative eigenvalues of a scalar
differential operator with high order has been investigated. In the work [1] and
work [5], the asymptotic formulas for the number of negative eigenvalues of
differential operators with unbounded operator coefficient have been found.

2 SOME INEQUALITIES FOR THE NUM-
BER OF NEGATIVE EIGENVALUES

In this part, we have find some inequalities for the number of negative eigen-
values of the operator L .
Let us suppose that following conditions are satisfied:

1) Q(z) : H — H is an absolutely continuous, self adjoint and positive
operator, for all z € [0, 00).

2) Q(x) is monotonous decreasing.

3) Q(x) is continuous with respect to the norm on the space B(H) and

lim Q)] =0

4) There are positive constants ¢; and ¢y such that ¢; < p(z) < ¢y .

5) The function p(x) has continuous and bounded derivative.

6) The function p(z) is not decreasing.
If the conditions 1), 3), 4) and 5) are satisfied the operator L is bounded from
below and negative part of the spectrum is discrete.
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Let aq(z) > ag(z) > --- > aj(x) > --- be eigenvalues of the operator
Q(x) : H — H. Since Q(z) > 0 for every x € [0,00), we have a;(z) >
0 (j=1,2,--+). Furthermore, since

ai(z) = sup (Q(z)f, f)
I1£l=1

[2] and

IR = sup |(@Q()f. )] = sup Q). ).
If11=1 If11=1

[4], we have aq(x) = ||Q(z)||. Since Q(z) is continuous, the function oy (x)
is continuous in the interval [0, 00). Since @Q(x) is monotonous decreasing, it
can be shown that the functions o (z), as(x), -+, a;(x), - are monotonous
decreasing. On the other hand

lim a;(z) =0

Tr—00

so, the imagine set of the function «; is the interval (0, a;(0)]. Therefore, the
function a; has an inverse function which is continuous in (0, a;1(0)]. Let us
denote this inverse function by ;. Let us consider following operators where
€ c (0,0&1(0))2

1) Let Ly and Ly be operators which are formed by expression (1.1) and
with the boundary conditions

y(0) = y(¢n(e)) =0

y'(0) =y (th(e)) =0

respectively, in the space Ly(0,v4(e); H).
2) Let L1y, and Ls); be operators which are formed by expression (1.1)
and with the boundary conditions

y(wi1) = y(w;) =0

y/(%‘fl) = y/(xz) =0
respectively, in the space Lo(x;_1, 2z H).

Divide the interval [0,1);(¢)] into the intervals at the length

B 1 (e)
P TEO T (21)
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Here k is a constant which belongs to the interval (0,1) and ¢ is any positive
number which satisfies the inequality ¥(g) > 2. Let the partition points of
the interval [0,;(g)] be

O=zg < <To<---<xp =1U(e).

Let us take

Y;(e) =sup{z € [0,00) : oj(x) > €}. (2.2)
Let N(e), Ni(e), Na(e), ni) and ng) be number of the eigenvalues smaller
than —e (¢ > 0) of the operators L, Ly, Ly, Ly and Log) respectively.
When the conditions 1)-6) are satisfied, it can be shown that

Ni(e) < N(e) < Nq(e), (2.3)
. ©i,j(€) @) -
Ny > Z [— / %dm — 1}, (2.4)
aj(ay)>e '
N2y < / & ;x()w dx + 1 (25)
(arz 1)>¢€

Here, ¢; () = min{x;y1,¢;(e)} (1=1,2,---,M —1).

Theorem 2.1 If the conditions 1)-6) are satisfied then we have

w] (e)

N(e) > Y 525 dx — const. l \/ x)dx — const.l . ()
.7 1 0

for small values of ¢.

Here,

l- = 1.

a;j(0)>e

Proof: From the variation principles of R. Courant [3], we have

M
) > Z n(1);
i=1
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By using this inequality and the inequality (2.4), we obtain

M-1 M-1 1 #iri () o (x) — ¢
MiE) = Y ni> > > |- ! dz 1], (2.6)
i=1 i=1 T p()
aj(arz)>5 T
Here, the sum
M1 wi,j(€)
1 () —
3 [— / de—l] (2.7)
i=1 T p(2)
aj(z,bv)>a T4

is the sum of expressions

i,j(€)
aj(z) —¢

1
— —————dr —1 L, =1,2, ...
- pel (=12

p(x

for natural numbers ¢ > 1 and j > 1 satisfying the condition o;(x;) > «.
If we consider monotonous decreasing functions o;(z) (5 =1,2,...), we can
write

i>1
a]-(xi)>5 T aj(x1)>8 a]-(xi)>5

©ij(€)
aj(z) —¢ .
S\ d 1] (2.8)

for the sum (2.7). By using the expression

(Pi,j(g) = min{xiﬂ, @Dj(é)} (Z = ]_, 2, ceey M — 1)

we obtain
vi,;(€) T2
X e X e
j i>1 p(I) J p(I)
aj(@))>e aj(z)>e i aj(z)>e Tl

z3 ¥j(e)
aj(zr) —e¢ aj(z) —¢
*Z mb‘“*“+J p(x) 4



496 E. ADIGUZELOV and S. Sengiil KARAYEL

Q;(T) — ¢ (z) —
Z o0 (2.9)

(961)>E 1

Here, iy is a natural number satisfying the condition

Tiy < j(e) < Tigya

From (2.2), we obtain

wj (€) > X
for j € N satisfying the condition a;(x1) > . It can be easily shown that
a;j(zg) > ¢ for every wg € [0,%;(¢)). Therefore, we have

aj(zy) > ¢

for j € N satisfying the condition v;(¢) > x;. Hence, from (2.9), we find

vi,j(€)
DU TS w) e,
p(z) p(z)
(x1)>s a; (Zm>§>5 z; (e >CL“1 x
- a(x) —e () —
Yile)zzr plz ¥;(e)zz1 p(z)
le wy(s
_ Z aj(z) — ¢, aj(z) —
=1 5 p(l’) U}g(i <z, 0 p(fl}

—~

1
B / a;(z) — € dn
%(6)2961 0 p(I)

L ¥ 0,5 (€)
e a;(z) — e . aj(zr) —e¢ N
} ;0/\/ EERY / pa)
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v

p(z) >5 0 p)

. 7” @ @)=
Z O[jl'—é a1 \T

O]
> Z / 04](:1:) _ dx —const/ \Va — edx Z 1
= p(z) a;j(0)>e
I ¥;(e) ¢
— Z / %))_gdx — constl, / Vo (z) — ede. (2.10)
, b
J=1 79 0

We have
Z 1 = max{i : a;(z;) > ¢}
i>1

aj(;i)>s

for a fixed number j > 1 satisfying the condition a;(z1) > €.
Let us take max{i : a;(x;) > €} = m(j,¢). Since (T, je)) > € from (2.2),
we obtain

Tm(je) < Pj(€).
On the other hand, since

. . l‘m(j,s)
m(]a 8) - 5
we have
m(je) <
1)
or

¥;(e)
2 1=

i>1
a]-(xi)>5

By using the last inequality, we find

Zzl<z¢] Z¢J

i>1 0
aj (m1)>5 a](z )>e ozj(a:l)>s a]( )>E
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< Még) ;> 1=0""(e)l. (2.11)

From (2.6), (2.8), (2.10) and (2.11), we obtain

o Yie) )
Ni(e) > %Zl / %dm — const.le/ Vai(z) —edx
J=L o 0
i (e)le. (2.12)

From the relations (2.1), (2.3) and (2.12), we find

N() > %

¥;i(e) )
Z / de - const.la/\/al(x)dx
0 0

— const.l.YF(e).0

Theorem 2.2 If the conditions 1)-6) are satisfied then we have

I 7pj(‘g)
N(e) <nap+7") / %dl’ +1:07 "1 (e)
j:l 0

for small values of ¢ .

Proof: From the variation principles of R. Courant [3], we have

M
Na(e) <) neayi (2.13)
i=1

From (2.13) and (2.5), we obtain

Ny(g) < nay +§; Z H 7, / %dm + 1}. (2.14)

aj(zi,1)>6

The sum
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L/‘ aﬁ@ﬂ dx-+1 (2.15)

(Tz 1)>¢€

is the sum of the expressions

1
1 () —
—/ﬁ @) =,y (i=2,3,.:7=1,2.)
p(z)
for the natural numbers ¢ > 2 and 7 > 1 satisfying the condition
aj(zi_1) > €.

If we consider the functions o;(x) (j = 1,2, ...) monotonous decreasing, then
we obtain

/ %f& dx+1 m / aj(x) da:+1

aj a:Z 1) j(zl)>5 O‘g(zz 1)

- e e

1 aj(z) —e ,
— —————d 2.16
+”/h p(z) x+4 (210)

for the sum (2.15). Here, i( is a natural number satisfying the conditions

a;(Tip) > &, a;(Tig1) < e

From (2.2), we find

Lig < ¢j (€>

On the other hand, if we consider

from (2.14) and (2.16), we obtain
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¥;(e)
1 a;(x)—e V(e
Ny(e) < nepn+ Z [; / %d$ + #]
a]-(x]l)>5 0
=1 [t 5(6)
Oéj r)—¢& ' g
j:l 0
If we consider v:(e) < ¢1(e) (7 =1,2,...,1.), from (2.3) and (2.17), we obtain
j
1 o) 0(e)
L a;(r) — € 1{€
N(e) < nep + — ; / @) d + l-—=—=. (2.18)
=0

3 THE ASYMPTOTIC FORMULAS FOR THE
NUMBER OF NEGATIVE EIGENVALUES
OF THE OPERATOR L

In this section, we will find some asymptotic formulas for the number N(¢)
of eigenvalues smaller than —e (¢ > 0) of the self adjoint operator L, as
e —0.
Let us denote the functions of the form Ingz = z, In,x = In(in,_1z) by
In,z (n=0,1,2,...) and suppose that the function o (z) = ||Q(x)|| satisfies
the following condition:

7) There are a number ¢ > 0 and a natural number n so that the function
a1(x) — (In,z)~¢ is neither negative nor monotonous increasing in an interval
la,00) (a>0).

Theorem 3.1 If the conditions 1)-7) are satisfied and the series

o0

> (a;(0)™"

j=1

is convergent for a fized number m € (0,00), then the asymptotic formula

N(e) = [1+O —8‘3 Z / (@) — ¢

p(z)

15 satisfied as € — 0, where (3 is a positive constant.
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Proof: By using the theorem 2.2, it is shown that the inequality

¥;(e)
N(e) < —— Z / % (? dx + constl, / Vo (z)dr + COnStlel/h( )
p(x)
Jj=1 0
(3.1)

is satisfied. By the theorem 2.1 and the inequality (3.1), we obtain
L Yil®

‘N(e) e Z / de < const [l€5 + leqﬁlf(@)}

= p(x)

for small positive values of ¢ (¢ > 0).

Here, if we take k = 5 and consider the formula (2.1) then we find
l TZ)J (6)

' Z/ ozjgi)x)_ dx| < constl, W (3.2)

Let us limit from above the sum on the left side of the inequality (3.2).
Let us take

f(e) = wi(e)llnn(e)]
By using the operator function Q(z) which satisfies the condition 2) and the
function p(z) which satisfies the condition 4) and 6), we obtain

1o
> fZ p(x) dx
7©)
> \/;/\/al(x)—sdx
f(e)
6 e e, (33)
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On the other hand, if the conditions 1), 2), 3) and 7) have been satisfied, it

can be shown that

Yi(e) —(E4+1)(n+1
a1<ln¢1(5)> — &> (Inapy (g)) "D

for small positive values of e. From (3.3) and (3.4), we find

l ¥j(e)
5 M wl—(g) _%(€+1)(n+1)
=1 Y p(z) o> 2,/Calnay (€) (It (e))

> 01177/)1% (6)

From (3.2) and (3.3), we find

-1

‘ N(e)

1. ¥i(e) TP
W_lzl f Y Jp(w) dx
0

=

_1
< Clllequ)l 4 (8)

Furthermore, since the series
> (as0)"

Jj=1

is convergent, we have

const > Z(@j(()))m > (i (0)" > D ()" =€l

Here,

l. = conste™™.

Since the function «;(z) satisfies the condition 7), we have

e =a1(1h1(e)) = (Innihy ()

for small positive values of €. From here, we obtain

¢1(€) > 66_%.
From (3.6), (3.7) and (3.8), we find

1
l.—2

o — B
—1’<0135me4 .

e -

I ¥ile) s
1 aj(x)—
T ]; bf Y on dx

(3.4)

(3.5)

(3.6)

(3.8)
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From this inequality, we obtain the asymptotic formula

N(E) =711+ O(e_e_ﬁ)] Z / de
T ay(n)e

p()

ase — 0. U
First of all, we suppose that the function oy () satisfies following condition:
8) For every n > 0

lim o (2)z" 7" = lim [ (z)2") " =0

where ko is a constant which belongs to the interval (0, 2).
By using the theorem 2.1 and the inequality (3.1), the following theorem can
be proved.

Theorem 3.2 We suppose that the conditions 1)-6) and 8) are satisfied. In
addition, if the series

o0

> (ag(0)"

J=1

1s convergent for a fized number m which satisfies the condition

2 — ky)?
O<m<(70)2,
8k — 2k

then the asymptotic formula

N(g) =" [1 + O(ato)] Z / M(ix

aj(z)>e

15 satisfied as € — 0, where ty s a positive constant.
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