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Abstract

In this paper we give a bound on the unknotting number of a knot
whose quasitoric braid representation is of type (3, q).
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1 Introduction

The unknotting number u(K) of a knot K is the minimum number of crossing
changes required, taken over all knot diagrams representing K, to convert K
into the trivial knot. It is easy to observe that u(K) ≥ 1 for any non-trivial
K. However, finding u(K) for any arbitrary K is a very hard problem and in
fact there are virtually no methods to determine u(K).

By assuming the third Tait conjecture (all knot diagrams with the min-
imum crossings are transformed by a finite sequences of flypes) to be true,
Nakanishi [7] proved that for every minimum-crossing knot diagram among all
unknotting-number-one two-bridge knot there exist crossings whose exchange
yields the trivial knot. For a list of unknotting numbers of prime knots up to
10 crossings one can refer to [1]. Nakanishi [8] also gave an approach to de-
termine the unknotting numbers of certain knots like 1083, 1097, 10105, 10106,
10109, 10117, 10121, 10139, 10152. For most of these knots Nakanishi determined
the unknotting number by a surgical view of Alexander matrix. An important
achievement was finding the unknotting number of any torus knot of type
(p, q). In 1993, Kronheimer and Mrowka [3, 5], used Gauge theory to prove
that the unknotting number of any algebraic knot would be equal to the genus
of the Milnor fiber. A consequence of this result gives the unknotting number
of torus knots of type (p, q) to be ((p − 1)(q − 1))/2.
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As there is no algorithm to compute the unknotting number for a given
knot, finding a bound on the unknotting number of any given arbitrary knot
is an interesting problem. In this paper we give a bound on the unknotting
number of a knot whose quasitoric braid representation is of type (3, q). For
lower bound we use the procedure given by Kawamura [6]. In her paper she
computed unknotting numbers of certain knots using Seiberg - Witten theory.
By extending the argument in Generalized adjunction formula [4, 2], she proved
the following theorem.

Theorem 1.1 ([6]) Let K be an oriented knot in S3 × {1} and Lm,n the
link in S3×{0} which is illustrated in Figure 1. If there is a compact connected
oriented surface F̂ in S3 × [0, 1] such that ∂F̂ = Lm,n � K, then

u(K) ≥ (m − 1)(n − 1) − g(F̂ )

where g(F̂ ) denotes the genus of F̂ .

Figure 1. Link Lm,n

In this paper we also give a procedure to unknot the torus knot of type
(3, q), where 3 and q are relatively prime. Using this we give a better bound
for those knots whose quasitoric braid representations are of type (3, q).

2 Preliminaries

In this section we survey the work of V. Manturov [9] on braids which are
called quasitoric braids and we shall review the procedure of fusion.

An n-strand braid is a set of n smooth non-intersecting and non-self in-
tersecting strands in R

3, whose initial points are (i, 0, 0), i = 1, . . . , n, and
final points are (j, 0, 1), j = 1, . . . , n, such that while moving along a strand
from the initial point of it to its final point, the third projection function is
increasing. For each n-strand braid we define the corresponding permutation
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σ ∈ Sn, where σi is the first coordinate of the lower end of the strand, hav-
ing the upper end (i, 0, 1). In this way we can create n − 1 special n-braids
σ1, σ2, . . . , σn−1. It is easy to observe that for each natural n the set of n-strand
braids (up to isotopy) admits a group structure and the braids σ1, σ2, . . . , σn−1

acts as generators of n-braid group, denoted by Bn. A fundamental result on
the braid group Bn is that it has two types of relations called as fundamental
relations. Bn along with generators and fundamental relations are defined as
follows.

Definition 2.1 The n-braid group Bn in terms of its generators and fun-
damental relations is given by

Bn =

〈
σ1, σ2, . . . , σn−1

∣∣∣∣ σiσj = σjσi(|i − j| ≥ 2),
σiσi+1σi = σi+1σiσi+1(i = 1, 2, . . . , n − 2)

〉

Definition 2.2 For any two positive integers p and q, the p-braid (σ1 . . . σp−1)
q

is called the toric braid of type (p, q).

Closure of a toric braid gives a torus link of type (p, q). In particular if
(p, q) = 1, then we obtain the torus knot of type (p, q), and it is denoted by
Kp,q.

Definition 2.3 A braid β is said to be quasitoric of type (p, q) if it can be
expressed as β1 · · ·βq, where each βj = σ

ej,1

1 · · ·σej,p−1

p−1 , with ej,k is either 1 or
−1.

A quasitoric braid of type (p, q) is a braid obtained from the standard
diagram of the toric (p, q) braid by switching some of the crossing types.

Theorem 2.4 (Manturov’s Theorem [9]) Each knot isotopy class can be
obtained as a closure of some quasitoric braid.

Let L be a μ−component oriented link. Let B1, . . . Bν be mutually dis-
joint oriented bands in S3 such that Bi ∩ L = ∂Bi ∩ L = αi ∪ α′

i, where
α1, α

′
1, . . . , αν , α

′
ν are disjoint connected arcs. Let L′ = cl(L ∪ ∂B1 ∩ · · · ∩

∂Bν − (α1 ∩ α′
1 ∩ · · · ∩ αν ∩ α′

ν)).

Definition 2.5 If L′ has the orientation compatible with the orientation

of L −
ν⋃

i=1

(αi ∩ α′
i) and

⋃ν
i=1(∂B1 − αi ∩ α′

i), L′ is called the link obtained

from L by the band surgery along the bands B1, . . . , Bν. Moreover if L′ has
(μ − ν)−components, this transformation is called a fusion.
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3 Main results

In this section, we prove our main theorem by using Theorem 1.1.

Lemma 3.1 Let K be an oriented knot which is closure of a quasitoric
braid obtained from a toric braid (σ1 σ2 · · · σp−1)

q, where gcd(p, q) = 1, by
making r crossing changes and if K is obtained from Lm,n by the fusion then

(m − 1)(n − 1) ≤ u(K) ≤ (p − 1)(q − 1)

2
+ r.

Proof. If K is an oriented knot in S3 obtained from Lm,n by the fusion,

then it is possible to construct a suitable proper surface F̂ ∈ S3 × [0, 1] such
that ∂F̂ = Lm,n � K and F̂ is homeomorphic to a surface which is obtained

as S2 \ �m+n+1
i=1 Di, where Di are open disks. Therefore g(F̂ ) = 0. Hence by

Theorem 1.1, we have the first inequality.
By Theorem 2.4, there exist K ′, a knot diagram obtained from the clo-

sure of a quasitoric braid of type (p, q) and represents the knot K. Let K ′

obtained from the standard diagram of the toric (p, q) braid by switching r
crossing types. Since the closure of (p, q)-toric braid is a torus knot K(p,q) and
u(K(p,q)) = (p − 1)(q − 1)/2, the unknotting number of K ′,

u(K ′) ≤ ((p − 1)(q − 1))

2
+ r.

Remark 3.2 From Lemma 3.1, it is easy to observe that if K is any ar-
bitrary knot and Dq is a knot diagram of K which is closure of a quasitoric
braid obtained from a toric braid of type (p, q), by making r crossing changes,
then

u(K) ≤ (p − 1)(q − 1)

2
+ r.

The following lemma, which is useful to prove the main theorem of this
paper, gives a procedure to unknot a torus knot of type (3, q) with q − 1
crossing changes, which is the unknotting number of K3,q ([3]).

Lemma 3.3 Let K be a torus knot of type (3, q) with gcd(3, q) = 1. If
the toric braid representation (σ1σ2)

q of K is written as η1η2 . . . η2q, where
η2i−1 = σ1, and η2i = σ2 for 1 ≤ i ≤ q. Then

1. if 2q ≡ 1(mod 3), by replacing η3m+1, η3m+2, η3m+3 by η−1
3m+1, η

−1
3m+2, η

−1
3m+3

for m = 2n−1, where n is an integer with 1 ≤ n < q+1
3

, and by replacing
η2q by η−1

2q , gives the trivial knot.
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2. if 2q ≡ 2(mod 3), by replacing η3m+1, η3m+2, η3m+3 by η−1
3m+1, η

−1
3m+2, η

−1
3m+3

for m = 2n− 1, where n is an integer with 1 ≤ n ≤ q−1
3

, gives the trivial
knot.

Proof. When 2q ≡ 1(mod 3): It is easy to observe that 2q−1
3

is always an odd
integer. Consider the new knot diagram, say D′ whose braid representation
is obtained by replacing η3m+1, η3m+2, η3m+3 by η−1

3m+1, η−1
3m+2, η−1

3m+3 for m =
2n − 1, where n is an integer with 1 ≤ n < q+1

3
, and by replacing η2q by

η−1
2q in (σ1σ2)

q. Now by using the fundamental relations σ1σ2σ1 = σ2σ1σ2 and
changing σ1σ2σ1 by σ2σ1σ2 every where in the braid representation of D′, we
will get σ2σ1. It is obvious that the closure of this gives the unknot. Observe
that the number of crossing changes we did here is equal to 3( q+1

3
−1)+1 = q−1,

which is the unknotting number of K3,q. Example 3.4 explains this procedure
for (3, 5) - torus knot.

When 2q ≡ 2(mod 3): Consider the new knot diagram, say D′ whose braid
representation is obtained by replacing η3m+1, η3m+2, η3m+3 by η−1

3m+1, η−1
3m+2,

η−1
3m+3 for m = 2n−1, where n is an integer with 1 ≤ n ≤ q−1

3
, in (σ1σ2)

q. Now
by using the fundamental relations σ1σ2σ1 = σ2σ1σ2 and changing σ1σ2σ1 by
σ2σ1σ2 every where in the braid representation of D′, we will get σ1σ2. It is
obvious that the closure of this gives the unknot. Observe that the number of
crossing changes we did here is equal to 3( q−1

3
) = q−1, which is the unknotting

number of K3,q. Example 3.5 explains this procedure for (3, 10) - torus knot.

Example 3.4 Braid representation of (3, 5) torus knot is given by (σ1σ2)
5.

Total number of generators are (3 − 1)5 = 10. Write (σ1σ2)
5 = η1η2 . . . η10.

Now replace η3m+1, η3m+2, η3m+3 by η−1
3m+1, η

−1
3m+2, η

−1
3m+3 for m = 2n − 1. Since

10 ≡ 1(mod 3), we replace η4, η5, η6, and η10 by η−1
4 , η−1

5 , η−1
6 , and η−1

10 . The
the new knot diagram D′ is the closure of the braid

σ1σ2σ1σ
−1
2 σ−1

1 σ−1
2 σ1σ2σ1σ

−1
2 .

By using the fundamental relation σ1σ2σ1 = σ2σ1σ2 we can see that the above
relation is equal to

σ2σ1σ2σ
−1
2 σ−1

1 σ−1
2 σ2σ1σ2σ

−1
2 = σ2σ1,

which is unknot. Observe that we did 4 crossing changes to unknot K3,5. This
procedure is explained pictorially in Figure 3.
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Figure 2.

Example 3.5 The braid representation of K3,10 is (σ1σ2)
10. Write (σ1σ2)

10 =
η1η2 . . . η20. Since 20 ≡ 2(mod 3), we replace η4, η5, η6,; η10, η11, η12, and
η16, η17, η18 by η−1

4 , η−1
5 , η−1

6 ,; η−1
10 , η−1

11 , η−1
12 , and η−1

16 , η−1
17 , η−1

18 . It is easy to ob-
serve that the new knot diagram is unknot. This procedure is explained picto-
rially in Figure 3.

Figure 3.

Theorem 3.6 If K is obtained as a closure of a quasitoric braid of type
(3, q), where 3 and q are co-prime, having r crossing changes from a toric
braid of type (3, q) then there exist an integer r′ such that 0 ≤ r′ ≤ r and

u(K) ≤ q + r − (r′ + 1).

Proof. Let βi = σ
ei,1

1 σ
ei,2

2 , where ei,j = −1 or 1; 1 ≤ i ≤ q, j = 1, 2, and
closure of β1β2 · · ·βq is a knot diagram D which represents K. Clearly D is
obtained from the closure of a quasitoric braid representation of type (3, q)
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having say r crossing changes from its toric braid representation.

By Lemma 3.3, we know a procedure to unknot a torus knot of type (3, q).
Now observe the crossing patterns of D and D′. Count the number of common
negative sign in the powers of σi; i = 1, 2, from both D and D′ (which we
obtained in Lemma 3.3), let that number be r′. Since the total number of
crossing changes of D from the toric braid of type (3, q) is r, r′ cannot be
greater than r. Hence 0 ≤ r′ ≤ r and

u(K) ≤ q + r − (r′ + 1).

Remark 3.7 It is interesting to see that there are 37 ten crossing knots
whose quasitoric braid representation is of type (3, q). One can give a better
upper bound for all these 37 ten crossing knots using Theorem 3.6.
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