
Int. Journal of Math. Analysis, Vol. 3, 2009, no. 38, 1853 - 1858

A Note on (m, n) Quasi-Ideals

in Semigroups

Moin A. Ansari, M. Rais Khan and J. P. Kaushik∗

Department of Mathematics, Faculty of Natural Sciences
Jamia Millia Islamia (Central University)

New Delhi - 110025, India

Abstract. The notion of quasi-ideal is generalization of the notion of
one sided ideal. It was introduced by Otto Steinfeld in 1953 for rings [6] and
in 1956 for semigroups [7]. Quasi-ideals have been the theme of several papers
([4], [5], [2] etc). Furthermore, it has been widely studied in various algebraic
structures viz. involution rings, near-rings, regular rings, Γ-Semirings, Lie
algebra etc. In this paper, some intersection properties and characterizations
of (m, n) quasi-ideals of semigroups has been taken into account. We have also
obtained some results for left ideals, right ideals and quasi-ideals of semigroups
and regular semigroups. Ideals in this paper have been taken into semigroup
theoretical sense.
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1. Introduction and Prerequisites

A non-empty subset Q of a semigroup S is called a quasi-ideal of S if,

QS ∩ SQ ⊆ Q .

Q is said to be an (m, n) quasi-ideal of S, if SmQ ∩ QSn ⊆ Q. Further Q is
said to be (2, 3) quasi-ideal of S if S2Q ∩ QS3 ⊆ Q. Here the interesting fact
is that a (2, 3) quasi-ideal may not be a quasi-ideal. If we consider the class
of quasi-ideals in semigroup we observe that it is the generalization of class of
one-sided ideals in semigroups. So it is clear that every one sided ideal of a
semigroup is a quasi-ideal of S.

Suppose that S is a semigroup then a left ideal, right ideal, two sided or
a quasi-ideal Q of S is called proper if B �= 0 and B �= S for any subsemigroup
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B of S. The intersection of a left ideal and a right ideal of a semigroup S
is a quasi-ideal of S. However a quasi-ideal of a semigroup is not necessarily
obtained in this way [5] and [4]. In this paper we’ll show some of the results
on (m, n) quasi-ideals of semigroups and regular semigroups. Also we will
generalize some of the facts for left ideal, m-left ideal, right ideal, n-right ideal
and quasi-ideals of semigroups.

EXAMPLE 1.1. ([9]) Let SU4(R) be the ring of all strictly upper tri-
angular (4 × 4) matrices over R under the usual addition and multiplication
of matrices and

Q =

⎡
⎢⎢⎣

0 0 x 0
0 0 0 x
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

∣∣∣∣ x ∈ R

It is easy to prove that Q is a subring of SU4(R) (and hence subsemigroup
in case of semigroup, as Q being a non-empty subset of S with Q2 ⊆ Q)

We have that

SU4(R)Q ∩ QSU4(R) =

⎡
⎢⎢⎣

0 0 x 0
0 0 0 x
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦

∣∣∣∣ x ∈ R �⊆ Q

but,

QSU4(R)2Q ∩ QSU4(R)3 =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ⊆ Q .

This implies that Q is a (2, 3)-quasi-ideal but not a quasi-ideal of SU4(R).

If we replace ring by semigroup in Example 1.1, then it hold true.

LEMMA 1.2. Suppose S be a semigroup and Ai be subsemigroup of S
for all i ∈ I. Then ∩i∈IAi is a subsemigroup of S.

Proof. It is clear that ∩i∈IAi is non-empty as 0 ∈ ∩i∈IAi. Now to show
that ∩i∈IAi is subsemigroup of S we will show that closure and associative
properties hold for ∩i∈IAi. Now suppose that a, b ∈ ∩i∈IAi. Since a, b ∈ ∩i∈IAi

it is obvious that a, b ∈ Ai for all i ∈ I. Since Ai is a subsemigroup of S for
all i ∈ I. Therefore ab ∈ Ai for all i ∈ I. Thus ab ∈ ∩i∈IAi. In the similar
way associative property also hold in Ai for any three elements of S and for
all i ∈ I And hence true for ∩i∈IAi. Thus ∩i∈IAi is a subsemigroup of S.

PROPOSITION 1.3. Suppose Qi be an (m, n) quasi-ideal of S and Ai

be a subsemigroup of S for all i ∈ I, then Ai ∩Qi is either empty or an (m, n)
quasi-ideal of Ai.
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Proof. If Ai ∩ Qi is not empty, then Ai ∩ Qi is a subset of Ai such that
((Am

i ∩Qi)A
m
i )∩(An

i (An
i ∩Qi)) ⊆ A2

i ⊆ Ai and ((Am
i ∩Qi)A

m
i )∩(An

i (An
i ∩Qi)) ⊆

QiS
m ∩ SnQi ⊆ Qi. Which clearly shows that Ai ∩Qi is an (m, n) quasi-ideal

of Ai for all i ∈ I.

PROPOSITION 1.4. Suppose S be a semigroup and Qi be an (m, n)
quasi-ideals of S. Then the intersection of any set of (m, n) quasi-ideals of S
is a quasi-ideal of S.

Proof. Let Qi be an (m, n) quasi-ideals of S then it is obvious that it contains
the zero element of S. Therefore Qi is not empty. Now let Qi be any set of
quasi-ideals of S for all i ∈ I. If ∩i∈IQi is not empty then for every Qj for all
j ∈ I, we have E = (Sm(∩i∈IQi)) ∩ ((∩i∈IQi)S

m) ⊆ SnQj ∩ QjS
n ⊆ Qj .

Hence E ⊆ ∩i∈IQi that shows that ∩i∈IQi is an (m, n) quasi-ideals of S.

THEOREM 1.5. Suppose S is a semigroup and Qi is an (m, n) quasi-
ideal of S for all i ∈ I. Then ∩i∈IQi is an (m, n) quasi-ideal of S.

Proof. By the above theorem it is clear that ∩i∈IQi is a subsemigroup of S.
Consider, d ∈ Sm(∩i∈IQi) ∩ (∩i∈IQi)S

n. Then we have d = Σxkpk = Σylql for
some xk ∈ Sm, yl ∈ Sn also pk, ql ∈ ∩i∈IQi. Thus for each k and l, we have
that pk, ql ∈ Qi for all i ∈ I. Thus d ∈ SmQi ∩ QiS

n for all i ∈ I. Since we
know that Qi is an (m, n) quasi-ideal of S for all i ∈ I and d ∈ ∩i∈IQi. And
hence ∩i∈IQi is an (m, n) quais-ideal of S.

Suppose S is a semigroup and A is a subsemigroup of S then S is called
an m-left ideal of S if SmA ⊆ A where m is any positive integer. Dually, if
ASn ⊆ A then it is said to be n-right ideal of S where n is any positive integer.
Now we’ll show some of the results based on m-left and n-right quasi-ideal in
semigroups.

THEOREM 1.6. Let S be a semigroup then the following assertions
are true:

(i) Suppose that Ai be an m-left ideal of S for all i ∈ I. Then ∩i∈I is an
m-left ideal of S.

(ii) Suppose that Bi be an n-right ideal of S for all i ∈ I. Then ∩i∈IBi is an
n-right ideal of S.

Proof. Since Ai is an m-left ideal of S for all i ∈ I. Therefore, SmAi ⊆ Ai. We
will show that ∩i∈IAi is also an m-left ideal of S. It is obvious that 0 ∈ ∩i∈IAi.
So, ∩i∈IAi is non-empty. Next to show that Sm(∩i∈IAi) ⊆ ∩i∈IAi. To show
this we’ll consider any c ∈ Sm(∩i∈IAi). Since c ∈ Sm(∩i∈IAi) therefore it is
clear that c ∈ Sm and c ∈ ∩i∈IAi. And hence Sm(∩i∈IAi) ⊆ ∩i∈IAi. So ∩i∈IAi

is an m-left ideal of S. In the similar way one can show that ∩i∈IBi is an
n-right ideal of S.

THEOREM 1.7. Suppose S be a semigroup and A, B be any two sub-
semigroup of S which are m-left and n-right ideals of S respectively. Then
A ∩ B is also an (m, n) quasi-ideal of S.
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Proof. It is clear that A ∩ B is a subsemigroup of S. Now it remains to
show only that A ∩ B is also an (m, n) quasi-ideal of S. i.e. to show that
(Sm(A∩B)) ∩ ((A ∩B)Sn) ⊆ SmA∩BSn ⊆ A ∩B, which proves that A∩B
is an (m, n) quasi-ideals.

Q has (m, n) intersection property if Q is the intersection of an m-left
ideal and an n-right ideal of S. In this case every m-left ideal and every n-right
ideal have the (m, n) intersection property. Now we’ll give a theorem which
characterizes (m, n) quasi-ideals having the (m, n) intersection property.

THEOREM 1.8. Suppose Q be an (m, n) quasi-ideal of a semigroup
S. Then the following assertions are true:

(i) Q has the (m, n) intersection property.
(ii) (Q ∪ SmQ) ∩ (Q ∪ QSn) = Q.
(iii) SmQ ∩ (Q ∪ QSn) = Q.
(iv) QSn ∩ (Q ∪ QSn) ⊆ Q.

Proof. (i)⇒(ii). Let Q has the (m, n) intersection property. It is obvious that
Q ⊆ (Q ∪ SmQ) ∩ (Q ∪ QSn). Now to show (ii) we’ll show that (Q ∪ SmQ) ∩
(Q ∪ QSn) ⊆ Q. As it is known that Q has the (m, n) intersection property.
So there exist an m-left ideal A and n-right ideal B of S in such a way that
Q = A ∩ B. Thus Q ⊆ A and Q ⊆ B. Also we have that SmQ ⊆ SmA ⊆ A
and in the similar way QSn ⊆ BSn ⊆ B which implies that Q∪SmQ ⊆ A and
Q∪QSn ⊆ B. And hence we have that (Q∪SmQ)∩ (Q∪QSn) ⊆ A∩B = Q.
Thus (ii) is true.

Next we’ll show that (ii)⇒(i). Consider, (Q ∪ SmQ) ∩ (Q ∪ QSn) = Q.
Then this is clear that both Q ∪ SmQ and Q ∪ QSn are m-left and n-right
ideals of S as SmQ and QSn both are m-left and n-right ideals of S. Thus by
assumption Q has (m, n) intersection property. Hence in this way the proof
completes.

(ii)⇒(iii) Consider (Q ∪ SmQ) ∩ (Q ∪ QSn) = Q then to show that SmQ ∩
(Q ∪ QSn) ⊆ Q. Since, SmQ ⊆ Q ∪ SnQ, and also SmQ ∩ (Q ∪ QSn) ⊆
(Q ∪ SmQ) ∩ (Q ∪ QSn) = Q. Next to show that

(iii)⇒(ii). Consider SmQ∩ (Q∪QSn) ⊆ Q then Q ⊆ (Q∪SmQ)∩ (Q∪QSn).
Thus we’ll show that (Q ∪ SmQ) ∩ (Q ∪ QSn) ⊆ Q. For this we suppose that
x ∈ (Q ∪ SmQ) ∩ (Q ∪ QSn). Then we’ll show that x ∈ Q also. Now since
(Q ∪ SmQ) ∩ (Q ∪ QSn) so suppose that x = k + q1 = l + q2 where k ∈ SmQ,
and l ∈ QSn and q1, q2 ∈ Q. So, x = k + (q2 − q1) ∈ SmQ ∩ (Q ∪ SmQ). But
by assumption we have k ∈ Q. And hence x = k + q1 ∈ Q. So (ii) is proved.

The proofs for (ii)⇒(iv) and (iv)⇒ (ii) are almost similar to the proof
of (ii)⇒(iii) and (iii)⇒(ii), respectively.

PROPOSITION 1.9. Suppose Q be an (m, n) quasi-ideal of S. If
SmQ ⊆ QSn or QSm ⊆ SnQ then Q has the (m, n) intersection property.
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Proof. Consider SmQ ⊆ QSn then SmQ = SmQ ∩ QSn ⊆ Q which shows
that Q is an m-left ideal of S. And so Q has the (m, n) intersection property.
In the similar way if we consider QSm ⊆ SnQ then Q has an n-right ideal of
S. In this case also Q has the (m, n) intersection property. If arbitrary family
of (m, n) quasi-ideal of S has the (m, n) intersection property then S is said
to have intersection property of (m, n) quasi-ideal of S.

2. Regular Semigroups

Regular semigroups were introduced by J.A.Green [3]. Suppose S is a
semigroup. Then an element x ∈ S is said to be regular if there exist y ∈ S
such that x = xyx. The element y ∈ S is said to be an inverse for x if x = xyx
and y = yxy. Semigroup S is said to be regular if all of its elements are regular.
We also sometimes use the phrase Von Neumann regular semigroups for regular
semigroups, as this phrase becomes very popular after the definition of Von
Neumann regular rings (semigroups). In regular semigroup every principal
ideal is generated by an idempotent element. It is known that every regular
element of a regular semigroup has at least one inverse element.

EXAMPLE 2.1 ([1]). Let S = M2×2(K) be the set of the (2 × 2)-
matrices over K = Z/(2) = Z2 with the usual multiplication. Then S is regular

and Q =

{
0 =

(
0 0
0 0

)
,

(
0 1
0 0

)}
is a quasi-ideal of S. Also we obserb that

Q is (m, n)-quasi-ideal of S.

Now we’ll give intersection property of regular semigroup with (m, n)
quasi-ideal.

THEOREM 2.2. Every von Neumann regular semigroup has the in-
tersection property of (m, n) quasi-ideals for any positive integer m,n ∈ N .

Proof. Suppose that Q be an (m, n) quasi-ideal of a von Neumann regular
semigroup S. Then it can be easily shown that Q ⊆ QSn. Thus Q ∪ QSn =
QSn. Therefore, SmQ∩ (Q∪QSn) = SmQ∩QSn ⊆ Q. Thus by the Theorem
1.4, Q has the intersection property.

PROPOSITION 2.3 ([4], [8]). A semigroup S is regular if and only if
for any right ideal A and left ideal B of S, AB = A ∩ B.

The following proposition is the consequence of the above stated propo-
sition.

PROPOSITION 2.4. Suppose S be a von Neumann regular semigroup
then a non-empty subset A of S is an (m, n) quasi-ideal of S if and only if it
is the intersection of (m, 0)-right ideal and a (0, n)-left ideal of S.

Proof. The proof is immediate by the definition of (m, n) ideal of S and
hence (m, 0) ideal and (0, n) ideal of S. Let A be an (m, n) ideal of S i.e.
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AmSAn ⊆ A. Then (m, 0) ideal of S is AmS ⊆ A and (0, n) ideal is SAn ⊆ A.
Suppose that S be a von Neumann regular semigroup and A be a non-empty
subset of S which is an (m, n) quasi-ideal of S i.e. AmS ∩ SAn ⊆ A, which
is possible only when A is the intersection of (m, 0) ideal and (0, n) ideal of S
which is obvious as AmS ∩ SAn ⊆ A.

Now conversely suppose that AmS∩SAn ⊆ A then to show that S forms
(m, n) ideal. As we know that A is an (m, n) ideal of S if AmSAn ⊆ A. Which
is the product of m-left ideal and n-right ideal of S. Since AmS ⊆ A and
SAn ⊆ A ⇒ AmSSAn = AmSAn ⊆ A. Hence A is an (m, n) ideal of S.
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