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Abstract

In this paper we consider two entire functions f(z) and φ(z) and form
the iterations fp(z)(p = 1, 2, .....) of f(z) with respect to φ(z) and see
that there are functions of defect value one for each iterated function
fp(z). Further we see that there are transcendental entire functions
having relative fix points of order exactly p .
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1 Introduction

Let f(z) be an entire function and let f1(z) = f(z) and inductively

for positive integer k > 1, fk+1(z) = f{fk(z)}.
The solutions of the equation fn(z) = z are called fix points of f(z) of

order n and if α is a solution of fn(z) = z, but not a solution of fm(z) = z,

m=1,2,......,n-1, then α is called a fix point of exact order n. Regarding the

existence of a fix point, Baker[2] proved that if f(z) is an entire function, then

there are fix points of exact order n of f(z) except for at most one value of n.

In a paper Lahiri and Banerjee[1] introduced the idea of relative iter-

ations of functions and using this, prove a fix point theorem that includes

Baker’s theorem.



1326 D. Banerjee and S. Jana

In 1960,Baker[3] proved that there are certain class Cp of functions {f(z); fp(z)

has finite defect values the sum of whose defects is greater than 1
2
} which has

fix points of order exactly p. The class formed by the intersection of classes

Cp, p=1,2,.... has fix points of all exact orders.

In this paper we consider two entire functions f(z) and φ(z) and form the

iterations of f(z) with respect to φ(z)(defined below) and see that there are

functions of defect value one for each iterated function fp(z) (p=1,2,....) and

prove a fix point (relative) theorem analogous to that of Baker’s theorem[3].

2 Definitions and Notation

Let f(z) and φ(z) be entire functions. Following Lahiri and Banerjee[1],

we define the iteration of f with respect to φ as follows:

f1(z) = f(z)

f2(z) = f(φ(z)) = f(φ1(z))

f3(z) = f(φ(f(z))) = f(φ2(z)) = f(φ(f1(z)))

.... ..... .....

fn(z) = f(φ(f(φ....(f(z)orφ(z))....))),

according as n is odd or even

= f(φn−1(z)) = f(φ(fn−2(z))),

and so

φ1(z) = φ(z)

φ2(z) = φ(f(z)) = φ(f1(z))

φ3(z) = φ(f2(z)) = φ(f(φ1(z)))

.... .... ....

φn(z) = φ(fn−1(z)) = φ(f(φn−2(z))).

Clearly all fn(z) and φn(z) are entire functions.

A point α is called a fix point of f(z) of order n with respect to φ(z), if

fn(α) = α and a fix point of exact order n with respect to φ(z) if fn(α) = α

but fm(α) �= α, m=1,2,.....,n-1.

We use the following notations:

fp(r) = M(r, fp) = max{|fp(z)| : |z| = r}
n(r, fp, a) =number of solutions of fp(z) = a in |z| ≤ r

N(r, fp, a) =
∫ r
0

n(t,fp,a)−n(0,fp,a)
t

dt + n(0, fp, a)logr

T (r, fp) = 1
2π

∫ 2π
0 log+|fp(re

iθ)|dθ

δ(a, fp) = 1 − limsupr→∞
N(r,fp,a)
T (r,fp)

= liminfr→∞
m(r,fp,a)
T (r,fp)

.

Throughout the paper we shall assume f(z), φ(z) to be transcendental

entire functions of the complex variable z.
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3 Known Results

In this section we state some known results in the form of Lemmas

which will be needed in the sequel.

Lemma 3.1([5], pp.18) If f(z) is regular for |z| ≤ R and M(r, f) = max{|f(z)| :

|z| = r},
then

T (r, f) ≤ log+M(r, f) ≤ R+r
R−r

T (R, f), (0 ≤ r < R).

Putting R = 2r, for all r,

T (r, f) ≤ log+M(r, f) ≤ 3T (2r, f).

Lemma 3.2([5], pp.54) If f(z) and φ(z) are transcendental entire functions

then
T (r,φ)

T (r,f(φ))
→ 0 as r → ∞.

Lemma 3.3([1]) For transcendentals f, φ and positive integers n, k with n >

k,

limr→∞
T (r,fk)
T (r,fn)

= 0.

Lemma 3.4([4]) If f is meromorphic and φ is entire, then for all sufficiently

large values of r

T (r, f(φ)) ≤ {1 + 0(1)} T (r,φ)
logM(r,φ)

T (M(r, φ), f).

So using Lemma 3.1, for all large r,

T (r, f(φ)) ≤ {1 + 0(1)}T (M(r, φ), f).

4 Main Results

Theorem 4.1 Let f(z) and φ(z) be entire functions of which f(z) has an

exceptional value ‘ b ’ (taken only a finite number k of times ) then ‘ b ’ is a

value of defect one for fp(z), p=1,2,.... .

Proof: Let the roots of f(z) = b be d1, d2, ...., dk. The roots of fp(z) = b

are the roots of φp−1(z) = dj; j = 1, 2, ..., k, counted according to the usual

multiplicities so that

n(r, fp, b) =
∑k

j=1 n(r, φp−1, dj)

.̇.N(r, fp, b) =
∑k

j=1 N(r, φp−1, dj)

≤ kT (r, φp−1) + O(1), (4.1)

by the first fundamental theorem[5].

Again by Lemma 3.2 , for however small ε > 0,
T (r,φp−1)
T (r,fp)

< ε
k

(4.2)

for all sufficiently large r.

From (4.1) and (4.2) for all sufficiently large r
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limsupr→∞
N(r,fp,b)
T (r,fp)

≤ ε

and hence δp(b) = 1.

Theorem 4.2 If f(z) and φ(z) be entire functions of the form f(z) = b +

eez
h(z), φ(z) = c + eez

g(z); b, c> 0, where h(z) and g(z) are entire functions

of order one having infinity of zeros, with the properties

exp r
2

< h(r)< exp r, exp r
2

< g(r) < exp r for all large r, then ‘ b’

is a value of defect one for fp(z), p = 1, 2, ......

Note 4.3 The function sinh z and its variants satisfy the above conditions.

To prove the theorem we need another lemma which we consider first.

Lemma 4.4 Under the hypothesis of Theorem 4.2, for all large values of

r,

fp(r) > φp−1(h2(
r
2
)).

Proof of Lemma 4.4 : We have for all large r

exp exp r < f(r) < exp (2 exp r), exp exp r < φ(r) <exp (2 exp r)

To prove the result, we have only to show that

(exp exp φp−1(r))(h(φp−1(r))) > φp−1(h2(
r
2
)).

Now for all large r,

(exp exp φp−1(r))(h(φp−1(r)))

> (exp exp (exp exp fp−2(r)))(exp (1
2

exp exp fp−2(r)))

>(exp exp(exp exp (exp exp φp−3(r)))) (exp (1
2
(exp exp (exp exp

φp−3(r))))

.... ..... ....

>(exp[2p] r )(exp 1
2
( exp [2p−2]r)),(4.3)

and

φp−1(h2(
r
2
)) < exp (2 exp fp−2(h2(

r
2
)))

< exp (2 exp (exp (2 exp φp−3(h2(
r
2
)))))

.... .... ....

< exp (2 exp [2] (2 exp [2](....(p-5)times ....(2 exp[2](2 exp

h2(
r
2
))).....)))

< exp (2 exp [2] (2 exp [2](....(p-4)times ....(2 exp [2](exp r
2
)).....)))

(4.4)

Taking repeated logarithms 2p times it can be easily verified that right hand

side of (4.3) is greater than right hand side of (4.4), for all large values of r.

Hence the lemma.

Proof of Theorem 4.2 We have
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fp(z) = f(φp−1(z))

=b+(exp exp φp−1(z))(h(φp−1(z)))

and so for all large r

N(r, fp, b) = N(r, h(φp−1))

≤ T (r, h(φp−1))

≤ {1 + 0(1)}T (M(r, φp−1), h), by Lemma 3.3

< Mσ(r, φp−1), (4.5)

where 1 < σ < 2, since h is of order one.

On the other hand using Lemma 3.1 and Lemma 4.4

T (r, fp) ≥ 1
3
logM( r

2
, fp)

> 1
3
logM( r

4
, φp−1(h2)). (4.6)

Now for all large r,

h2(
r
4
) = h(h( r

4
)) > exp(1

2
h( r

4
)) >exp (r 2).

So, f(h2(
r
4
)) >f(exp(r2))

> exp exp exp (r2)

> exp exp (4 er)

=exp ( exp (2 er))2

> exp (f(r))2

=exp ( f 2(r)).

Also φ2(h2(
r
4
)) = φ(f(h2(

r
4
)))

> φ ( exp (f 2(r)))

> exp exp exp (f 2(r))

> exp exp (4 exp f(r))

=exp (exp (2 exp f (r)))2

> exp (φ(f(r)))2

= exp (φ2
2(r)).

Thus by induction

φp−1(h2(
r
4
)) > exp (φp−1

2(r)). (4.7)

So by (4.6) and (4.7)

T (r, fp) > 1
3
φp−1

2(r)

= 1
3
M2(r, φp−1). (4.8)

Now from (4.5) and (4.8)
N(r,fp,b)
T (r,fp)

< 3
M2−σ(r,φp−1)

→ 0 as r → ∞.

Thus δp(b) = δ(b, fp) = 1.

Note 4.5 As a similar way we can see δp(c) = δ(c, φp) = 1.

Note 4.6 Theorem 4.1 and Theorem 4.2 respectively coincide with Lemma 3

and Lemma 4 of Baker[3] if we take φ(z) = f(z).

Theorem 4.7 Suppose f(z) has defect values bj , j = 1, 2, ...., k so that
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∑k
j=1 δp(bj) = 1

2
+ d; d > 0, bj �= ∞.

Then f(z) has relative fix points of order exactly p .

The proof is similar to the proof of Baker[3] after using Lemma 3.3.

So the proof is omitted here .
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