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Abstract

We obtain asymptotic formulas for eigenvalues and eigenfunctions of
the operator ly = −y′′ + q(x)y with periodic and antiperiodic boundary
conditions that are not strongly regular, when the potential q(x) is a
complex-valued absolutely continuous function and q(0) �= q(1). Using
these asymptotic formulas, we prove that the root functions of these
operators form a Riesz basis in the space L2(0, 1).
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1 Introduction

We consider the differential operator generated in L2[0, 1] by the expression

ly = −y′′ + q(x)y, (1)

either with the periodic boundary conditions

y(1) = y(0), y′(1) = y′(0), (2)

or with the antiperiodic boundary conditions

y(1) = −y(0), y′(1) = −y′(0), (3)
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where q(x) is a complex-valued absolutely continuous function and q(0) �= q(1).
The problems (1), (2) and (1), (3) are only regular boundary value problems,
but not strongly regular. In general, the root functions of these problems do
not form a Riesz basis.

It is well known (see [3],Ch.XIX and [8]) that the system of root functions
of an ordinary differential operator of arbitrary order with strongly regular
boundary conditions forms a Riesz basis in L2(0, 1). Shkalikov [10, 11] proved
that the system of root functions of a differential operator with only regular
boundary conditions forms a basis with parentheses. Kerimov and Mamedov
[5] showed that the root functions of the boundary value problems (1), (2), as
well as of the boundary value problems (1), (3), form a Riesz basis in L2(0, 1)
when q(x) is a complex-valued functions of class C(4)[0, 1] and q(0) �= q(1).
Later, Dernek and Veliev [2] gave the conditions on Fourier coefficients qn =
(q(x), ei2πnx), where (., .) denotes inner product in L2[0, 1], of the summable
potential q(x) so that the root functions form a Riesz basis in L2(0, 1). Namely,
if for the problem (1), (2)

lim
n→∞

ln|n|
nq2n

= 0, q2n ∼ q−2n, (4)

where an ∼ bn means that c1|bn| < |an| < c2|bn|, ∀n = 1, 2, . . . , and for the
problem (1)-(3)

lim
n→∞

ln|n|
nq2n+1

= 0, q2n+1 ∼ q−2n−1, (5)

then the root functions of the problems (1), (2) and (1), (3) form a Riesz basis,
respectively. Note that the limit conditions on Fourier coefficients in (4) and
(5) means that the order of q2n is greater than O(ln|n|/n).

Our strategy is to use the method developed in

2 The Method

In this section, we shall consider the problem (1)-(2) only, since the treatment
for the problem (1)-(3) is completely similar. To obtain the values of λn,j, for
large n, and corresponding eigenfunctions ψn,j(x) of the problem (1)-(2), we
iterate the following relation

(λN,j − (2πn)2)(ψN,j(x), e
i2πnx) = (q(x)ψN,j(x), e

i2πnx). (6)

For the right-hand side of (6), we use the following relation, the proof of which
is similar to the proof of Lemma 1 in [13],

(q(x)ψN,j(x), e
i2πnx) =

∞∑
n1=−∞

qn1(ψN,j(x), e
i2π(n−n1)x), (7)
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where qn1 → 0 as |n1| → ∞ and, without loss of generality, q0 = 0.
Now we prove that there exists a positive constant C(N, j) and an index

n0 such that

max
n∈Z

|(q(x)ψN,j(x), e
i2πnx)| = |(q(x)ψN,j(x), e

i2πn0x)| = C(N, j), (8)

C(N, j) = O(N−1), ∀j, ∀N � 1. (9)

Since (q(x)ψN,j(x), e
i2πnx) tends to zero as |n| → ∞, there exists a positive

constant C(N, j) and index n0 satisfying (8). Using (7), (6), (??) and Lemma
??, we obtain

C(N, j) =
∣∣∣

∞∑
n1=−∞

qn1(ψN,j(x), e
i2π(n0−n1)x)

∣∣∣

=
∣∣∣

∑
n1:n0−n1 �=±N

qn1(q(x)ψN,j(x), e
i2π(n0−n1)x)

λN,j − (2π(n0 − n1))2

+q−N+n0(ψN,j(x), e
i2πNx) + qN+n0(ψN,j(x), e

−i2πNx)
∣∣∣

≤ ∑
n1:n0−n1 �=±N

MC(N, j)

|λN,j − (2π(n0 − n1))2| + c5|N |−1

<
C(N, j)

2
+ c5|N |−1,

where M = sup
n1∈Z

|qn1| and

∑
n1:n1 �=±N

1

|λN,j − (2πn1)2| = O(
ln |N |
N

) (10)

(see (27), (28) of [13]). Hence, we get C(N, j) < C(N,j)
2

+ c5|N |−1, that is,
C(N, j) = O(N−1) proving (9).

Now replacing the right-hand side of (6) by the right-hand side of (7) and
taking n instead of N , we get

(λn,j − (2πn)2)(ψn,j(x), e
i2πnx) =

∞∑
n1=−∞,

n1 �=0

qn1(ψn,j(x), e
i2π(n−n1)x). (11)

In the right-hand side of (11), after isolating the terms containing the multi-
plicands (ψn,j(x), e

i2πnx), (ψn,j(x), e
−i2πnx) (i.e., cases n− n1 = ±n, see (??)),

replace (ψn,j(x), e
i2π(n−n1)x) by

(q(x)ψn,j(x), e
i2π(n−n1)x)

λn,j − (2(n− n1))2
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which can be proved by taking n and n − n1 instead of N and n in (6),
respectively. After the last replacement, we obtain the following iteration of
(6)

(λn,j − (2πn)2)(ψn,j(x), e
i2πnx) = q2n(ψn,j(x), e

−i2πnx) +R(n) (12)

where

R(n) =
∞∑

n1=−∞,
n1 �=0,2n

qn1(q(x)ψn,j(x), e
i2π(n−n1)x)

λn,j − (2π(n− n1))2
. (13)

Moreover, by (8), (9), we have (q(x)ψn,j(x), e
i2π(n−n1)x) = O(n−1). This, to-

gether with (10), implies that R(n) = O(ln|n|/n2). Using the same argument
as in the proof of (12), but considering the other eigenfunctions e−i2πnx of the
eigenspace of the problem (1)-(2) with q(x) = 0 corresponding to (2πn)2, we
obtain

(λn,j − (2πn)2)(ψn,j(x), e
−i2πnx) = q−2n(ψn,j(x), e

i2πnx) +R′(n) (14)

where R′(n) = O(
ln|n|
n2

).

Lemma 2.1 Let q(x) be a complex-valued absolutely continuous function
and let q(1) �= q(0). Then:

a) The large eigenvalues of the boundary value problem (1), (2) are simple
and consist of two infinite sequences {λn,1}, {λn,2} for n ≥ N satisfying

λn,1 = (2nπ)2 − q(1) − q(0)

4nπ
+ o(n−1),

(15)

λn,2 = (2nπ)2 +
q(1) − q(0)

4nπ
+ o(n−1),

and the corresponding eigenfunctions satisfy

ψn,1(x) = sin 2nπx+ cos 2nπx+O(
1

n
), (16)

ψn,2(x) = sin 2nπx− cos 2nπx+O(
1

n
). (17)

b) The large eigenvalues of the boundary value problem (1), (3) are simple
and consist of two infinite sequences {λn,1}, {λn,2} for n ≥ N satisfying

λn,1 = ((2n+ 1)π)2 − q(1) − q(0)

2(2n+ 1)π
+ o(n−1),

(18)

λn,2 = ((2n+ 1)π)2 +
q(1) − q(0)

2(2n+ 1)π
+ o(n−1),
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and the corresponding eigenfunctions satisfy

ψn,1(x) = sin(2n+ 1)πx+ cos(2n+ 1)πx+O(
1

n
), (19)

ψn,2(x) = sin(2n+ 1)πx− cos(2n+ 1)πx+O(
1

n
). (20)

Proof: Since the proofs of a) and b) are completely similar, we prove the
assertion a) only. By using (??), (6) and (8), we get (see [13], Theorem 2)

∑
m∈Z,m�=±n

|(ψn,j(x), e
i2πmx)|2 = O

( 1

n2

)
.

Then, the normalized eigenfunctions ψn,j(x) by the orthonormal basis {ei2πmx :
m ∈ Z} has an expansion of the form

ψn,j(x) = (ψn,j(x), e
i2πnx)ei2πnx + (ψn,j(x), e

−i2πnx)e−i2πnx +O
(1

n

)
, (21)

|(ψn,j(x), e
i2πnx)|2 + |(ψn,j(x), e

−i2πnx)|2 = 1 +O
( 1

n2

)
. (22)

In view of (22), we obtain for large n either

|(ψn,j, e
i2πnx)| > 1

2
or |(ψn,j, e

−i2πnx)| > 1

2
. (23)

we suppose without loss of generality that the first inequality holds. Since
q(x) is absolutely continuous by the assumption which implies that q′(x) exists
and integrable, using (12) and integration by parts, we obtain the following
equation

(λn,j − (2πn)2)(ψn,j , e
i2πnx) =

=
(
− q(1) − q(0)

4nπi
+

q′2n

4nπi

)
(ψn,j , e

−i2πnx) +O
( ln |n|
n2

)
(24)

where q′2n denotes the 2n-th Fourier coefficient of q′(x). Note that the term
q′2n on the right tends to zero by the Riemann-Lebesgue theorem and then,
(q′2n/4nπi) = o(n−1). Hence, using (14) and the same argument, one gets the
following system of two equations:

(λn,j − (2πn)2)(ψn,j, e
i2πnx) = −q(1) − q(0)

4nπi
(ψn,j , e

−i2πnx) + o(n−1), (25)

(λn,j − (2πn)2)(ψn,j, e
−i2πnx) =

q(1) − q(0)

4nπi
(ψn,j , e

i2πnx) + o(n−1). (26)

Using (23), the equation (25) gives (λn,j − (2πn)2) = O(|q(1)−q(0)
4nπ

|). On mul-

tiplying both sides of (26) by − q(1)−q(0)
4nπi

and substituting for the term on the
right-hand side of (25), we get, in view of (23),

(λn,j − (2πn)2)((λn,j − (2πn)2)(ψn,j, e
i2πnx) + o(n−1)) =
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= (
q(1) − q(0)

4nπ
)2(ψn,j , e

i2πnx) + o(n−2), (27)

(λn,j − (2πn)2)2 = (
q(1) − q(0)

4nπ
)2 + o(n−2). (28)

Thus, (28) splits into the following two equations

λn,j − (2πn)2 = aj
q(1) − q(0)

4nπ
+ o(n−1), (29)

where aj is either −1 or 1.

Remark 2.2 By considering (23) and (26), we get |λn,j−(2πn)2| > c6| q(1)−q(0)
4nπ

|.
Then, this, together with (λn,j − (2πn)2) = O(|q(1)−q(0)

4nπ
|), implies that (λn,j −

(2πn)2) has the same order with 1/n. Thus, using (25) and the first inequal-
ity in (23), both (ψn,j , e

i2πnx) and (ψn,j, e
−i2πnx) are of the same order with 1.

Note that this means that the both are also different from zero for large n.

Now, for large n, we prove the eigenvalues of the problem (1)-(2) are simple.
First, suppose that λn,j is a double eigenvalue of geometric multiplicity 1 for
n ≥ N . Let ψn,j,1(x) denote the associated functions corresponding to the
eigenfunctions ψn,j(x) and λn,1 = λn,2 satisfying

(l − λn,j)ψn,j,1(x) = ψn,j(x). (30)

Since the periodic boundary condition (2) is self-adjoint, λn,j and ψn,j(x) are
eigenvalue and eigenfunction of adjoint problem of (1)-(2). Arguing as in [2],
that is, multiplying both sides of (30) by ψn,j(x), we obtain (ψn,j(x), ψn,j(x)) =
0. Together with (21), this yields (ψn,j, e

i2πnx)(ψn,j, e
−i2πnx) = O(n−1) = o(1)

which leads to a contradiction with remark 2.2.
Next, suppose that λn,1 = λn,2 is of geometric multiplicity 2. Let θ(x, λ)

and ϕ(x, λ) denote the fundamental solutions of −y′′+q(x)y = λy which satisfy
initial conditions

θ(0, λ) = 1, θ′(0, λ) = 0; ϕ(0, λ) = 0, ϕ′(0, λ) = 1. (31)

Then the fundamental solutions θ(x, λ) and ϕ(x, λ) are eigenfunctions. Hence,
using the periodic boundary conditions (or, antiperiodic), we get ϕ(0, λ) =
ϕ(1, λ) = 0. That is, λ is Dirichlet eigenvalue. It is known [14] that the
eigenvalues of the Dirichlet boundary value problem (1) with y(1) = y(0) are
sequence {λn} satisfying

λn = (nπ)2 − C2n +O(
ln |n|
n

), (32)



Riesz Basis 1107

where Cn =
∫ 1
0 q(x) cosnπxdx. In the case when λn is the eigenvalue of the

problem (1), (2) (that is, for even n), by using the assumption on q(x), we
obtain the reversion of the formula (32)

λ2n = (2nπ)2 +
C ′

4n

4nπ
+O(

ln |n|
n2

) = (2nπ)2 + o(n−1), (33)

where C ′
n =

∫ 1
0 q

′(x) sinnπxdx. Therefore, by (29), (33), we get

λn,j = λ2n = (2πn)2 + aj
q(1) − q(0)

4nπ
+ o(n−1) = (2πn)2 + o(n−1), (34)

which yields q(1)−q(0)
4nπ

= o(n−1) and leads to a contradiction. Thus, the eigen-
values λn,j, ∀n ≥ N, j = 1, 2, are simple and satisfy (29).

Let us prove that each of the simple eigenvalues λn,j in (29) corresponds
to only either aj = −1, or aj = 1, not both corresponds to a1 = a2 = −1 or
a1 = a2 = 1. Suppose that both λn,1 and λn,2 have the same form of equation
(29) with a1 = a2 = −1. Taking into account that (26) and (29), we get

q(1) − q(0)

4nπ
(ψn,1, e

−i2πnx) +
q(1) − q(0)

4nπi
(ψn,1, e

i2πnx) = o(n−1), (35)

q(1) − q(0)

4nπ
(ψn,2, e

−i2πnx) +
q(1) − q(0)

4nπi
(ψn,2, e

i2πnx) = o(n−1). (36)

On multiplying both sides of (35) and (36) by (ψn,2, e
−i2πnx) and −(ψn,1, e

−i2πnx),
respectively, and then, adding them together, we obtain

(ψn,1, e
i2πnx)(ψn,2, e

−i2πnx) − (ψn,2, e
i2πnx)(ψn,1, e

−i2πnx) = o(1). (37)

Since the eigenfunctions ψn,1 and ψn,2 of the problem (1)-(2) and the adjoint
problem (1)-(2), respectively, which belong to different eigenvalues λn,1 �= λn,2

are orthogonal we obtain, in view of (21), that

0 = (ψn,1, ψn,2) = (ψn,1, e
i2πnx)(ψn,2, e

−i2πnx)+

+(ψn,2, e
i2πnx)(ψn,1, e

−i2πnx) +O
(1

n

)
.

Now, this and (37) yield that (ψn,1, e
i2πnx)(ψn,2, e

−i2πnx) = o(1) which is a
contradiction to the remark 2.2. If we suppose that both λn,1 and λn,2 have
the form (29) with a1 = a2 = 1, this leads to a contradiction also. Thus, in
(29), we may choose a1 = −1 for λn,1 and a2 = 1 for λn,2, proving the formulas
(15).

Now we prove the asymptotic formula (16) and (17) for the eigenfunction
ψn,1(x) and ψn,2(x), respectively. As we noted above the normalized eigenfunc-
tions ψn,j satisfy the formulas (21), (22). Since the eigenfunction is determined
up to constant, there exist eigenfunctions satisfying

(ψn,j(x), e
i2πnx) = −((−1)j + i)

2
, ∀j = 1, 2, (38)
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where for simplicity of notation, we denote these eigenfunctions again by
ψn,j(x) and obtain asymptotic formulas for this eigenfunction. Finding the
norm of this eigenfunction one can find the asymptotic formulas for normalized
eigenfunction. Using (21) for j = 1, the eigenfunction ψn,1(x) has decomposi-
tion

ψn,1(x)

(ψn,1(x), ei2πnx)
= ei2πnx +

(ψn,1(x), e
−i2πnx)

(ψn,1(x), ei2πnx)
e−i2πnx +O(

1

n
). (39)

The eigenvalue λn,1 has the form of equation (29) with the upper sign − (see
(15)), so we get, using (35),

(ψn,1(x), e
−i2πnx)

(ψn,1(x), ei2πnx)
= i+ o(n−1). (40)

Therefore, (38), (39) and (40) prove (16). Similarly, since the the eigenvalue
λn,2 has the form of equation (29) with the lower sign + we can easily obtain
(17) for the eigenfunction ψn,2(x).

Instead of (6), using

(λN,j − ((2n+ 1)π)2)(ψN,j(x), e
iπ(2n+1)x) = (q(x)ψN,j(x), e

iπ(2n+1)x), (41)

where ψN,j(x) are normalized eigenfunctions corresponding to the eigenvalues
λN,j of the problem (1), (3), one can prove b) in the same way. The lemma is
proved.

3 Proof of Theorem 1

Taking into account the asymptotic formulas (16) and (17), the system of root
functions of the problem (1), (2) is quadratically close to the orthonormal basis

sin 2πnx+ cos 2πnx, n = 0, 1, . . . , sin 2πnx− cos 2πnx, n = 1, 2, . . . ,

of the space L2(0, 1). On the other hand, the system of root functions of the
problem (1), (2) is minimal in L2(0, 1), since it has the biorthogonal system
consisting of root functions of the adjoint problem of (1), (2). In addition, the
system is complete (see [7], Chap. 1, Sec. 3). Therefore, by Bari’s theorem
(see [1, 4], Chap. 6), the system of root functions of the problem (1), (2) forms
a Riesz basis in the space L2(0, 1). Similarly, one can prove the assertion of the
theorem for the problem (1), (3), which completes the proof of the theorem.
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