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Abstract

An original DEA model is to evaluate each DMU optimistically, but
the interval DEA model proposed in this paper has been formulated
to obtain an efficiency interval consisting of evaluations from both the
optimistic and the pessimistic viewpoints.
DMUs are improved so that their lower bounds become so large as to
attain the maximum value one. The points obtained by this method are
called ideal points. In order to improve the lower bound of the efficiency
interval, different ideal points are defined for different DMUs.
The purpose of this paper is to rank DMUs by these ideal points for
each DMU .
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1 Introduction

DEA is a non-parametric technique for measuring the efficiency of DMUs with
common input and output terms [1,2]. The DEA models may be generally
classified into radial and non-radial models. The radial models include the
CCR and the BCC models, and the non-radial models include the additive
model, the multiplication model, the range-adjusted measure (RAM) [13], and
the slack-based measure (SBM) [5]. Russell [7] discussed four conditions that
are desirable in measuring ”technical efficiency”. Färe and Lovell [6] proposed
an analytical model that aggregates both output and input efficiencies in the
framework of a radial measure, the efficiency measure of the model is called
the ”Russell measure(RM)”. RM has a major difficulty in efficiency measur-
ment, because its objective function is formulated as a nonlinear programming
problem. Cooper and Pastor [14] have, therefore, considered this problem and
have proposed an adjustment to the Russell measure.
Since DEA is a model for evaluation from the optimistic viewpoint, Entani
and Tanaka [11] have proposed a model for evaluation from the pessimistic
viewpoint. Then the efficiency is obtained as an interval where the upper and
lower bounds are obtained for the optimistic and pessimistic problems, respec-
tively.
When DEA models are used to calculate the efficiency of DMUs, a number
of them may have an equal efficiency score of one. Many methods have been
proposed in order to rank best performers; Andersen and Petersen (AP) [8]
and Mehrabian et al. [9] (MAJ) presented two most popular of these meth-
ods. These methods would fail if data have certain structures. There are some
methods based on norms. Jahanshahloo et al. [4] introduced an l1−norm
approach that removes some deficiencies arising from AP and MAJ, but that
cannot rank non-extreme DMUs. The method we propose in this paper, ranks
such DMUs, and does not have the above-mentioned problems.
The current paper is organized as follows. The next section addresses obtain-
ing ideal points by interval DEA. In section 3 we give a ranking method by
ideal points. A numerical example is provided in section 4. And the paper
concludes in section 5.

2 To obtain ideal points by interval DEA

In this section we want to obtain ideal points by interval DEA. Entani and
Tanaka [11] have already proposed the interval DEA model to obtain the ef-
ficiency interval. The efficiency interval is represented by its upper and lower
bounds. The upper and lower bounds of the efficiency interval denote the eval-
uations from the optimistic and pessimistic viewpoints, respectively.
The problem that obtains the upper bound of the efficiency interval is formu-
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lated as follows:

Θu
o = max

U,V

UT Yo

V T Xo

max
j

UT Yj

V T Xj

s.t. U ≥ 0, V ≥ 0.

(1)

where Xj and Yj are the input and output vectors of DMUj , respectively,
whose elements are all positive, and the decision variables are the weight vec-
tors U and V . Also, the lower bound of the efficiency interval for DMUo can
be determined as follows:

Θl
o = min

U,V

UT Yo

V T Xo

max
j

UT Yj

V T Xj

s.t. U ≥ 0, V ≥ 0.

(2)

According to [11], Model (2) can be changed to the following problem:

Θl
o = min

r,i

yro

xio

max
j

yrj

xij

(3)

where the ith element of the input weight vector V and the rth element of the
output vector U are one and the other elements are all zero.

Theorem 2.1 The optimal value of (2) and (3) are equal.

Proof: The proof of the theorem is provided in [11].
DMUs are improved so that their lower bounds become so large as to attain
the maximum value one. The points Obtained by this method are called ideal
points. The ith input element and the rth output element of the ideal point
for DMUo are denoted as follows:

xio = min
r
{ yro

max
j

yrj

xij

} i = 1, · · · , m.
(4)

yro = max
i

{max
j

yrj

xij
xio} r = 1, · · · , s. (5)

Theorem 2.2 A DMU does not dominate its own ideal point (DMU o o ∈
{1, · · · , n}).



922 V. Rezaie and G. R. Jahanshahloo

Proof:To prove the theorem, it is sufficient to show that the following inequal-
ities are true.

xio ≤ xio, i = 1, · · · , m (6)

yro ≥ yro, r = 1, · · · , s (7)

Recall that, in the beginning of this paper, we assumed that all of elements of
the input and output vectors of DMUj (j = 1, · · · , n) are positive. Further-

more, we assume that max
j

yrj

xij
will happen in index k, that is:

max
j

yrj

xij

=
yrk

xik

=⇒ ∀j
yrj

xij

≤ yrk

xik

(8)

Also, we assume that min
r

yro

yrk/xik

will happen in index r
′
:

min
r

yro

yrk/xik

= min
r

xik.yro

yrk

=
xik.yr′o

yr′k
(9)

If we set r = r
′
and j = o in (8) then we will have:

y
r
′
o

xio
≤ y

r
′
k

xik
=⇒ xik.y

r
′
o

y
r
′
k

≤
xio

According to (9): min
r

xik.yro

yrk

≤ xio =⇒ min
r

yro

yrk/xik

≤ xio

According to (8): min
r
{ yro

max
j

yrj

xij

}

According to (4): xio ≤ xio

Inequality (6) is thus proved to be true.

For proving inequality (7), we assume that max
i

(
yrk

xik

.xio) will happen in index

i
′
, that is:

max
i

(
yrk

xik
.xio) =

yrk

xi′k
.xi′o (10)

If we set i = i
′

and j = o in (8) then we will have: yro

x
i
′
o

≤ yrk

x
i
′
k

=⇒
yro ≤ yrk

x
i
′
k

.xi′o

By (10): yro ≤ max
i

(
yrk

xik

.xio)

By (8): yro ≤ max
i

[(max
j

yrj

xij
).xio]

By (5): yro ≤ yro.
Inequality (7)is hence proved to be true.
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3 Ranking by ideal points

We are dealing with n DMUs with the input and output matrices X = (xij) ∈
Rm×n and Y = (yrj) ∈ Rs×n, respectively. The data set is positive, i.e. X > 0
and Y > 0. The production possibility set (PPS) of n DMUs is as follows:
Tc = {(X, Y )|X ≥ Xλ, Y ≤ Y λ, λ ≥ 0}
For ranking, first we obtain the efficient DMUs by adjusting the Russell mea-
sure, then we calculate the ideal points of them by (4), (5)and obtain the
distance of the ideal points to under the evaluation DMUs by following dis-
tance:

do(Xo, Y o) = ( 1
m

m∑

i=1

θi)/(
1

s

s∑

r=1

φr)

s.t. xio = θixio, i = 1, · · · , m,
yro = φryro, r = 1, · · · , s,
θi ≥ 1, 0 ≤ φr ≤ 1, i = 1, · · · , m, r = 1, · · · , s.

(11)

where d(Xo, Y o) is distance of DMU o = (Xo, Y o) to DMUo = (Xo, Yo).
The Performance of a DMU will be better if its ideal point has a smaller
distance to itself. Because, if DMUo has further output then DMU o will have
more input and if DMUo has less input then DMU o will have less output i.e
if DMUo have better performance then its ideal point is closer to itself.

To elaborate, we apply our proposed model in the following example.
Example1: We consider 7 DMUs with two inputs and two outputs. The
data and the adjusting Russell measure (Θ∗

Russell) of the DMUs are shown in
Table 1.

DMU A B C D E F G

x1 2 3 2 2 3 2 3

x2 3 4 2 3 4 2 4

y1 4 5 4 5 4 4 5

y2 5 6 4 4 5 6 4

θ∗Russell 0.7576 0.6481 0.8000 1 0.5303 1 0.5072

Table 1 : Inputs, outputs and θ∗Russell of DMUs in example1

According to the results of the adjusting Russell measure model, DMUD, and
DMUF are evaluated as efficient. In order to rank the two DMUs by the
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proposed method, first we obtain their ideal point and then we calculate their
distance of them to themselves by model (11). According to the method, if a
DMU has a shorter distance, then it has a better rank. The ideal points and
the ranking of DMUs are shown in Table 2.

Ideal DMU A B C D E F G

x1 − − − 1.33 − 1.6 −

x2 − − − 1.33 − 2 −

y1 − − − 6 − 5 −

y2 − − − 9 − 6 −

dj(xj, yj) − − − 2.9421 − 1.2500 −

RANK 4 5 3 2 6 1 7

Table 2 : Ideal points and ranking of each DMU

The important property of this method is its ability to rank extreme and non-
extreme DMUs. We show this property with the following example.

�

� I1/O

I2/O

�
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�
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�
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Fig 1: Farell frontier for three DMUs in example 2

Example2: We consider three DMUs with two inputs and one output. The
Farell frontier for these DMUs is shown in Fig.1. As can be seen in Fig.1,
DMU1 and DMU2 are extreme efficient DMUs and DMU3 is non-extreme.
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The data, ideal points,and ranking of DMUs,as well as their efficiency results
by model (11) are shown in Table 6. It can be seen that this method ranks all
of the DMUs.

DMUs DMU1 DMU2 DMU3 DMU 1 DMU 2 DMU 3

Input1 1 3 2 1 1 1

Input2 4 1 2.5 1 1 1

Output 1 1 1 4 3 2.5

dj(Xj , Y j) − − − 10 6 5.6250

Rank 3 2 1 − − −

Table 3 : Data, ideal points, and ranking of DMUs

4 Example

We evaluate thirty branches of Tehran Social Security Insurance Organization
in this section.Each branch uses three inputs in order to produce four outputs.
The labels of the inputs and outputs are presented in the following Table4.

Input Output
I1 The number of personnel O1 The total number of insured persons
I2 The total number of computers O2 The number of insurance policies
I3 The area of the branch O3 The total number of old age pensioners

O4 The received total sum (Income)
Table 4: Labels of inputs and outputs

The Collected data are shown in Table 5.
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Branch I1 I2 I3 O1 O2 O3 O4

1 96 86 4000 55830 30 1307 145
2 75 88 2565 36740 0.001 8385 175
3 77 85 1343 38004 11 6588 113
4 91 93 1500 35469 10 10820 128
5 89 83 1680 52927 9 9493 101
6 102 97 3750 70254 7 7536 82
7 96 90 3313 32585 47 14118 154
8 85 92 1500 42900 11 1634 54
9 106 84 1600 85399 43 10206 179
10 107 95 1725 46924 9 6608 117
11 94 78 1920 36652 81 11996 37
12 78 89 4433 39582 11 7422 124
13 102 107 2500 56144 30 7380 185
14 82 92 2800 87716 28 630 51
15 77 92 1630 50210 6 10247 28
16 89 85 1127 47727 15 7302 85
17 84 104 3400 52923 15 4740 109
18 94 91 1304 78550 13 4745 72
19 97 95 4206 46154 13 1611 129
20 82 100 1340 27978 29 14473 190
21 71 88 1393 27128 0.001 921 55
22 112 120 2191 102175 31 252 120
23 80 100 2140 31819 12 1963 156
24 87 91 1231 51345 35 10157 85
25 97 90 1960 72915 40 4193 112
26 79 81 3375 42887 11 560 218
27 107 101 2540 78068 26 8963 136
28 96 87 1603 71743 50 8762 102
29 67 81 2300 38054 13 1405 23
30 88 90 2930 63182 10 11143 122

Table 5. The Inputs and Outputs for 30 branches of Insurance Organization

For ranking these thirty branches, we need to calculate θ∗Russell , as shown
in Table 6. As is seen in Table 6, thirteen branches are strong efficiency and
the other branches are inefficiency.
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Branch θ∗Russell Ranking
1 0.2514 27
2 1.0000 13
3 0.4987 18
4 0.4620 19
5 0.4118 20
6 0.2583 26
7 1.0000 6
8 0.2588 25
9 1.0000 1
10 0.3518 23
11 1.0000 5
12 0.3928379 21
13 0.6325 14
14 1.0000 10
15 1.0000 9
16 0.5895 17
17 0.3927752 22
18 1.0000 7
19 0.2178 28
20 1.0000 4
21 0.0001 30
22 1.0000 12
23 0.2932 24
24 1.0000 3
25 0.6002 16
26 1.0000 11
27 0.6263 15
28 1.0000 2
29 0.1992 29
30 1.0000 8

Table 6. θ∗Russell and ranking for 30 branches of Insurance Organization

For ranking the efficiency branches, first we obtain their ideal point by
(4),(5). The inputs and outputs of the ideal point are shown in Table 7. Then
we calculate the distance each branch from its ideal point by model (11), that
its results has been seen in Table 8. Each branch that has shorter distance from
its ideal point, has better rank. For example consider two efficiency branches
7, 9 that d7 = 13.1858, d9 = 3.2732, so d9 < d7. Therefore, branch9 has a
better rank toward branch7. We can rank all DMUs with this method. See
Table 8.
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Branch x1 x2 x3 y1 y2 y3 y4

2 0.00116 0.000963 0.023704 154509.8 108.2109 27703.91 363.694
7 30.4616 32.05119 540.94 199567.6 139.7672 35782.87 469.7537
9 49.90123 41.40741 944.9347 113389 91.34043 18709 292.5063
11 13.40826 13.74771 260.9474 115656.4 81 20737.43 272.2388
14 3.569405 4.01615 58.3293 168666 118.125 30242.1 397.015
15 6.962963 5.777778 142.2222 98187.5 95.5385 17605.2 247.605
18 15.08642 12.51852 308.1481 100552 94.5 16591 259.392
20 26.15482 27.51967 464.4597 101665 103.846 15686.7 269.136
22 1.427762 1.60646 23.33172 131981 124.615 23664.4 322.963
24 30.80275 31.58257 599.4737 93064.5 94.5 15355.5 244.914
26 3.172805 3.569911 51.84827 203302 142.383 36452.5 478.545
28 36.9633 37.89908 719.3684 102692 90.3462 17313.6 264.448
30 11.60494 9.62963 237.037 176497 123.609 31646.2 415.448

Table 7. The inputs and outputs of ideal points for DMUs that θ∗Russell = 1

Branch d(Xj , Y j) Ranking
2 344867.5990 13
7 13.1858 6
9 3.2732 1
11 13.1556 5
14 138.1072 10
15 40.3820 9
18 15.9490 7
20 5.8963 4
22 234.4246 12
24 5.3588 3
26 197.9182 11
28 4.4303 2
30 36.0056 8

Table 8. Ranking of branches for DMUs that θ∗Russell = 1

5 Conclusion

Our aim in this paper was to obtain a method for ranking DMUs . For
ranking, we first calculate the ideal point of each DMU , then we measure
distance of the ideal point to its DMU; a DMU has a better rank if it has a
shorter distance, in other words,if it is closer to its ideal point. The advantage
of this method is that it can rank non-extreme DMUs.
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