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Abstract

Statistical inferences of the parameters included in a competing risks
model are presented. It is assumed here that the causes of failures may
occur at times that follow modified Weibull distributions. The case
of Weibull distributions can be derived as special case of the problem
studied in this paper. The maximum likelihood procedure is used to
get the point estimations and asymptotic confidence intervals of the
parameters. Two hypothesis are tested. The first is when the causes of
failure follow exponential distributions against modified Weibull. The
second is when the causes of failure follow Weibull distributions against
modified Weibull. We used a set of real data to explain the theoretical
results obtained.
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1 Introduction

The modified Weibull distribution has been recently introduced by Lai et al.
[14]. This distribution can be considered as a useful three-parameter general-
ization of the Weibull distribution. They applied this model on a simple data
and concluded that the modified Weibull distribution compares well with the
other competing models such as generalized (exponentiated) Weibull model,
[18]. Alwasel [1] estimated the three unknown parameters of the modified
Weibull distribution using grouped data. It is shown in by an example based
on the real data that this distribution is more appropriate as a true distribu-
tion of a life-time of tested objects than the usual Weibull distribution and its
generalizations proposed in Mudholkar et al. [19].

1This paper is supported by the research center of College of Science, King Saud Univer-
sity.



906 I. A. Alwasel

In survival analysis or medical studies it is quite common that more than
one cause of failure may be directed to an objective (system) at the same
time. It is often interesting that an investigator needs to estimate a specific
risk in the presence of other risk factors. In statistical literature, this process
is known as the competing risks model. Basically, it is assumed, in the anal-
ysis of competing risks model, that data consist of a time to failure and an
indicator denoting the cause of failure. Inference of competing risks models
are studied by several authors based on parametric and non-parametric set
up. The parametric set up is studied assuming that the competing risks fol-
low different lifetime distributions such as exponential, gamma, and Weibull,
see for example Berkson and Elveback [2], Cox [3], David and Moeschberger
[4]. The non-parametric set up does not consider specific lifetime distribution.
The analysis of non-parametric version of this model is investigated by several
authors such as Kaplan and Meier [12], Efron [6] and Peterson [20]. It is as-
sumed, in all of the above cases either parametric or non-parametric, that both
the failure times and the causes of failure are observed. That is, the data is a
complete. But it is observed, in certain situations (see Dinse [5] or Miyawaka
[16]), that the determination of the cause of failure may be expensive or may
be very difficult or impossible to observe. Thus it might occur that the failure
time of that objective (individual) is observed but the corresponding cause
of failure is not observed. Maximum likelihood estimators and the uniformly
minimum variance unbiased estimators of the failure rates of different failure
distributions of a competing risks model, under the assumption that the risks
follow exponential distributions, are considered by Miyakawa [17]. Kundu and
Basu [13] considered the same model, studied by Miyakawa [17], under the
assumption that every member of a certain target population either dies of a
particular cause, say cancer, or by other causes. Namely, they considered the
following three types of observation:

(a) Individuals who died of cancer.

(b) Individuals who died of other causes.

(c) Individuals whose lifetimes are observed, but causes of death are un-
known.

They refereed to types a and b as complete observations and referred to
type c as incomplete observations. Also, they assumed that every one in the
sample can be monitored until death. That is, there is no censoring. But in
reality, some individuals may alive at the end of the project period, see David
and Moeschberger [4]. That is, the data are censored. In addition to the above
three type of observation, Sarhan [21] considered the following forth type of
observation
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(d) Individuals who still alive at the end of the project period.

Then he studied a competing risks model in the presence of incomplete
and censored data when the causes of failures follow generalized exponential
distributions.

The objective of this paper is to study a competing risks model in the
presence of incomplete and censored data when the causes of failures follow
modified Weibull distributions. We derive the maximum likelihood estimators
of the different parameters included. Also, we obtain asymptotic the two
sided confidence intervals of these different parameters. We use a real data
set from Lawless [15] to test Weibull distribution against modified Weibull
distribution for fitting the data in this practical situation. The rest of the
paper is organized as follows. We present the assumption and notations needed
for describing the model in Section 2. The maximum likelihood estimates of
the unknown parameters are discussed in section 3. The relative risk rates
are obtained in section 4. Section 5 presents the asymptotic bounds of the
unknown parameters. Goodness of fit test for testing competing risks model
with causes follow both Weibull and exponential distributions against modified
Weibull distributions is discussed in section 6. A real data set from Lawless
[15] is analyzed in section 7 and conclusion is presented.

2 Model assumptions and notations

Without loss of generality, we assume that there are two cause of failures. The
following notations are used throughout this paper.

N : number of systems on the life test

Xi : lifetime of system i (i = 1, 2, . . . , N)

Xji : lifetime of mode j (j = 1, 2) of system i

F (.) : cumulative distribution function of Xi

F̄ (.) : = 1 − F (.), the survival function of Xi

f(.) : probability density function of Xi

Fj(.) : cumulative distribution function of Xji

fj(.) : probability density function of Xji

F̄j(.) : = 1 − Fj(.)

δi : indicator variable denoting cause of failure of system i

I(.) : indicator function of event [.]

MWD(α, β, λ) : modified Weibull distribution with parameter α, β and λ

Also, we need the following assumptions
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1. The random vectors (X1i, X2i); i = 1, 2, . . . , n, are N independent and
identically distributed random vectors.

2. The random variables X1i and X2i are independent for all i = 1, 2, . . . , n
and Xi = min{X1i, X2i).

3. The random variableXji hasMWD(αj , βj, λj), j = 1, 2, and i = 1, 2, . . . , n.

4. In the first m observations we observe, without loss of generality, the
failure times and also causes of failure. Whereas for the successive n−m
observations we only observe the failure times and not the causes of
failure, that is the cause of failure is unknown. In the successive N − n
observations, the systems are still alive at the end the project periods.
Namely, we observe the following data: (X1, δ1), (X2, δ2), . . . , (Xm, δm),
(Xm+1, ∗), . . . , (Xn, ∗), (Xn+1∗, ∗), . . . , (XN∗, ∗). Here, (x, δ) means the
system has failed at time x due to cause δ, (x, ∗) means the system
has failed at time x but the cause of failure is unknown and (x∗, ∗)
means the system has tested until time x without failing (censored data).
We denote this set by Ω which can be categorized as a union of three
disjoint classes Ω1, Ω2 and Ω3. Where Ω1 represents the set of data
when the cause of system failure is known, while Ω2 denotes the set of
observation when the cause of system failure is unknown and Ω3 denotes
the set of censored observations. Further, the set Ω1 can be divided into
two disjoint subsets of observations Ω11 and Ω12, where Ω1j represents
the set of all observations when the failure of the system is due to the
cause j, j = 1, 2. We also assume that |Ωi| = ri, |Ω1j| = rij . Namely,
m = r1 = r11 + r12, |Ω2| = r2 = n−m and |Ω3| = r3 = N − n.

5. The life times are from the same population as in the complete data.
That is, the population remains unchanged irrespective of the cause of
failure.

6. Also, m and n are predetermined.

3 The likelihood function and estimations

Based on the assumption (3), for j = 1, 2, and i = 1, 2, . . . , n, the cumulative
distribution function of Xji is

Fj(x) = 1 − e−αjxβj eλjx

, αj , βj > 0, λj ≥ 0, x ≥ 0. (3.1)

Therefore, the probability density functions is

fj(x) = αj (βj + λjx)x
βj−1 eλjx−αjxβj eλjx

, (3.2)
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the survival functions is

F̄j(x) = e−αjxβj eλjx

, (3.3)

and the hazard rate function is

hj(x) = αj (βj + λjx)x
βj−1 eλjx, (3.4)

Here βj is the shape parameter, while αj is the scale parameter of G(αj, βj).

The likelihood function for the observed data (x1, δ1), (x2, δ2), . . . , (xm, δm),
(xm+1, ∗), . . . , (xn, ∗), (xn+1∗, ∗), . . . , (xN∗, ∗), for the general case, takes the
following form

L =
m∏

i=1

{[
f1(xi)F̄2(xi)

]I(δ1=1) [
f2(xi)F̄1(xi)

]I(δ1=2)
} n∏

i=m+1

f(xi)
N∏

i=n+1

F̄ (xi) .

(3.5)

Substituting form (3.1) - (3.3) into (3.5), the likelihood function becomes

L = exp

{
−

2∑
j=1

αj

N∑
i=1

x
βj

i e
λjxi

}

2∏
j=1

α
rj

j

∏
xi∈Ω1j

{
(βj + λjxi)x

βj−1
i eλjxi

}
∏

xi∈Ω2

{
(β1 + λ1xi)x

β1−1
i eλ1xi + (β2 + λ2xi)x

β2−1
i eλ2xi

}
(3.6)

Therefore, the log-likelihood function can be derived as in the following form

L =

2∑
j=1

{
rj lnαj − αj

N∑
i=1

x
βj

i e
λjxi

}

+

2∑
j=1

∑
xi∈Ω1j

{ln(βj + λjxi) + (βj − 1) lnxi + λjxi}

+
∑

xi∈Ω2

ln
{

(β1 + λ1xi)x
β1−1
i eλ1xi + (β2 + λ2xi)x

β2−1
i eλ2xi

}
. (3.7)

Equating the first partial derivatives of (3.7) with respect to α�, β� and λ�,
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� = 1, 2, to zeros, we get the likelihood equations as

0 =
r�

α�
−

N∑
i=1

xβ�
i e

λ�xi ,

0 = −α�

N∑
i=1

xβ�
i ln xie

λ�xi +
∑

xi∈Ω1�

[
1

β� + λ�xi
+ ln xi

]

+
∑

xi∈Ω2

∑2
j=1 δj�[1 + (βj + λjxi) ln xi] x

βj−1
i eλjxi∑2

j=1(βj + λjxi) x
βj−1
i eλjxi

0 = −α�

N∑
i=1

xβ�
i xie

λ�xi +
∑

xi∈Ω1�

[
xi

β� + λ�xi
+ xi

]

+
∑

xi∈Ω2

∑2
j=1 δj�[1 + (βj + λjxi)] x

βj

i e
λjxi∑2

j=1(βj + λjxi) x
βj−1
i eλjxi

, (3.8)

where

δj� =

{
1 if j = � ,
0 o.w.

As it seems, the system of non-linear equations (3.8) has no closed form
solution in α1, α2, β1, β2, λ1 and λ2. So, numerical method technique is required
for computing the MLE of the parameters α1, α2, β1, β2, λ1 and λ2.

4 The relative risk rates

In this section we derive the relative risk rates due two the causes 1 and 2 in
closed forms. Firstly, the relative risk rate, π1, due to cause 1 is

π1 = P [X1i < X2i] = 1 − α1

∫ ∞

0

(β1 + λ1x)x
β1−1eλ1x−�2

j=1 αjxβj eλjx

dx (4.1)

and the relative risk, π2, due to cause 2 is

π2 = P [X2i < X1i] = 1 − π1 = α1

∫ ∞

0

(β1 + λ1x)x
β1−1eλ1x−�2

j=1 αjxβj eλjx

dx.

(4.2)

As it seems, the above integral has no closed analytical solution. So, numer-
ical integration technique is required to get π1 and π2. On the other hand,
according to the invariance property of the MLE, the MLE of the relative risk
rates π1 and π2 can be obtained by replacing the unknown parameters αj , βj

and λj, j = 1, 2, by their MLE’s.

The following special cases can be reached from the above results:
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1. For the exponential distributions case, by setting βj = 1 and λj = 0,
j = 1, 2, we get

π1 =
α1

α1 + α2
, π2 =

α2

α1 + α2
. (4.3)

2. For the Weibull distributions case with the same shape parameters β, by
setting β1 = β2 = β, and λj = 0, we get

π1 =
α1

α1 + α2
, π2 =

α2

α1 + α2
. (4.4)

which have the same form as for the exponential case given by (4.3).

5 Asymptotic confidence bounds

Since the MLE of the vector of unknown parameters θ = (α1, α2, β1, β2, λ1, λ2)
is not obtained in closed form, then it is not possible to derive the exact
distribution of the MLE. In this section, we derive the confidence intervals
of the parameters based on the asymptotic distributions of the MLE of the
parameters. It is known that the asymptotic distribution of the MLE θ̂ is
given by

(
θ̂ − θ

)
→ N6

(
0, I−1(θ)

)
(5.1)

where I−1 (θ) is the Fisher information matrix of the unknown parameters
θ = (α1, α2, β1, β2, λ1, λ2). The elements of the 6 × 6 matrix I−1, Iij(θ),

i, j = 1, 2, · · · , 6, can be approximated by Iij(θ̂), where

Iij(θ̂) = − ∂2L(θ)

∂θi∂θj

∣∣∣∣
θ=θ̂

(5.2)

where θ1 = α1, θ2 = α2, θ3 = β1, θ4 = β2, θ5 = λ1 and θ6 = λ2.

From (3.7), we get the following, for � = 1, 2,
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∂2L
∂α2

�

= − r�

α2
�

,

∂2L
∂β2

�

= −α�

N∑
i=1

xβ�
i (lnxi)

2eλ�xi −
∑

xi∈Ω1�

1

(β� + λ�xi)2
+

∑
xi∈Ω2

ψi ψi, β2
�
− ψ2

i, β�

ψ2
i

,

∂2L
∂λ2

�

= −α�

N∑
i=1

xβ�
i x

2
i e

λ�xi −
∑

xi∈Ω1�

x2
i

(β� + λ�xi)2
+

∑
xi∈Ω2

ψi ψi, λ2
�
− ψ2

i, λ�

ψ2
i

,

∂2L
∂α�∂β�

= −
N∑

i=1

xβ�
i ln xie

λ�xi ,

∂2L
∂α�∂λ�

= −
N∑

i=1

xβ�+1
i eλ�xi ,

∂2L
∂β�∂λ�

= −α�

N∑
i=1

xβ�+1
i ln xie

λ�xi −
∑

xi∈Ω1�

xi

(β� + λ�xi)2
+

∑
xi∈Ω2

ψi ψi, β�λ�
− ψi, β�

ψi, λ�

ψ2
i

,

where

ψi =

2∑
j=1

(βj + λjxi) x
βj−1
i eλjxi ,

ψi, β�
=

2∑
j=1

δj�[1 + (βj + λjxi) ln xi] x
βj−1
i eλjxi ,

ψi, λ�
=

2∑
j=1

δj�[1 + (βj + λjxi)] x
βj−1
i eλjxi ,

ψi, β2
�

=

2∑
j=1

δj� {ln xi + [1 + (βj + λjxi) ln xi]} xβj−1
i eλjxi ,

ψi, λ2
�

=

2∑
j=1

δj�[2 + (βj + λjxi)] x
βj

i e
λjxi ,

ψi, β�,λ�
=

2∑
j=1

δj� {ln xi + [1 + (βj + λjxi) ln xi]} xβj

i e
λjxi .

Therefore, the approximate 100(1 − γ)% two sided confidence interval for θ is
given by

θ̂ ± Zγ/2

√
I−1(θ̂) ,

Here, Zγ/2 is the upper (γ/2)th percentile of a standard normal distribution.
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6 Goodness of fit

The problem of testing goodness-of-fit of a competing risks model, when the
causes of failures follow MWD against: (1) exponential distributions and (2)
Weibull distributions, are discussed in this section. The likelihood ratio test
statistics will be used to test the adequacy of MWD competing risks. The null
and alternative hypotheses in the first case are, respectively,

H0 : λj = 0, βj = 1, (j = 1, 2) competing risks with exponential distributions,

H1 : λj �= 0, βj �= 1, (j = 1, 2), competing risks with MWD.

In terms of the MLE, the likelihood ration test statistics for testing H0 against
H1 is

Λ =
L(θH0)

L(θH1)
. (6.1)

Under the null hypothesis, XL = −2 ln(Λ) = 2(LMWD − LED) follows a χ2

distribution with 4 degrees of freedom. Here LED and LMWD are the log-
likelihood functions under H0 and H1, respectively, after replacing the un-
known parameters with their MLE.
The null and alternative hypotheses in the second case are, respectively,

H0 : λj = 0, (j = 1, 2) competing risks with Weibull distributions,

H1 : λj �= 0, (j = 1, 2), competing risks with MWD.

In terms of the MLE, the likelihood ration test statistics for testing H0 against
H1 is

Λ =
L(θH0)

L(θH1)
. (6.2)

Under the null hypothesis, XL = −2 ln(Λ) = 2(LMWD − LWD) follows a
χ2 distribution with 2 degrees of freedom. Here LWD and LMWD are the
log-likelihood functions under H0 and H1, respectively, after replacing the
unknown parameters with their MLE.

7 Data analysis

We consider in this section a real-life data set from Lawless (2003, p. 441).
This data consist of times to failure or censoring times for 36 small electrical
appliances subjected to an automatic life test. Failures were classified into
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18 different modes, though among the 33 observed failures only 7 modes were
represented, and only modes 6 and 9 appeared more than twice. We are mainly
focus on the failure mode 9. Therefore, the data consist of two causes of failure,
δ = 1(failure mode 9), δ = 2(all other failure mode), and δ = 0(failure time is
censored). The following shows the ordered failure times and cause of failure
if available.

Data Set. (11, 2), (35, 2), (49, 2), (170, 2), (329, 2), (381, 2), (708, 2), (958,
2), (1062, 2), (1167, 1), (1594, 2), (1925, 1), (1990, 1), (2223, 1), (2327, 2),
(2400, 1), (2451, 2), (2471, 1), (2551, 1), (2565, 0), (2568, 1), (2694, 1), (2702,
2), (2761, 2), (2831, 2), (3034, 1), (3059, 2), (3112, 1), (3214, 1), (3478, 1),
(3504, 1), (4329, 1), (6367, 0), (6976, 1), (7846, 1), (13403, 0).

Here we have N = 36, n = m = 33, n1 = 17, n2 = 16,
∑N

i=1 xi = 99245.

Now we want to test whether fitting modified Weibull distributions to the
different failure modes are reasonable or not. To do this, we compute the MLE
of the unknown parameters under the assumption that the causes of failure fol-
low: (1) exponential distributions; (2) Weibull distributions; and (3) modified
Weibull distributions. Then we estimate the unknown parameters included in
each model. Then the likelihood ratio test statistics for two hypotheses are
computed. Further the plots for the hazard rate functions of the causes 1 and
2 using each model are provided.

Under the exponential distribution assumption, the MLE of the parameters
α1 and α2 are α̂1 = 1.7129× 10−4 and α̂2 = 1.6122× 10−4. The estimations of
relative risks rates π1 and π2 are 0.515 and 0.485, respectively, and the value
of log-likelihood is LED = −320.1504.

Under the Weibull distribution assumption, the MLE of the parameters
α1, β1, α2, and β2 are α̂1 = 8.566 × 10−7, β̂1 = 1.628, α̂2 = 4.357 × 10−3 and
β̂2 = 0.596. The estimations of relative risks rates π1 and π2 are 0.527 and
0.473, respectively, and the value of log-likelihood is LWD = −313.374.

Under the modified Weibull distribution assumption, the MLE of the four
parameters αj , βj and λj, j = 1, 2, are α̂1 = 0.138, β̂1 = 4.287 × 10−3,

λ̂1 = 2.74×10−4, α̂2 = 0.502, β̂2 = 0.045 and λ̂2 = 8.82×10−5. The estimations
of relative risks rates π1 and π2 are 0.549 and 0.452, respectively, and the value
log-likelihood is LMWD = −309.135.

The value of the likelihood ratio test for testing H0 (the competing risks
follow exponential distributions) against H1 (the competing risks follow mod-
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ified Weibull distributions) is XL = 2 × (LMWD − LED) = 22.031 and the
p-value is 1.976 × 10−4.

Also, the value of the likelihood ratio test for testing H0 (the compet-
ing risks follow Weibull distributions) against H1 (the competing risks follow
modified Weibull distributions) is XL = 2 × (LMWD − LWD) = 8.478 and the
p-value is 0.014.

Hence, based on the values of XL, the p-values, the MWD should be fitted
the current data better than both the exponential and Weibull distributions.

Further, the hazard rate functions of the causes of failures 1 and 2 are
plotted in figures 1 and 2, respectively, when these causes follow exponential,
Weibull and modified Weibull distributions. It seems form these two figures
that the hazard rates of these two causes of failure can not be constants, when
either Weibull or modified Weibull is considered.
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Figure 1: The hazard rate functions of the cause 1.
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Figure 2: The hazard rate functions of the cause 2.
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It seems from figures 1 and 2 that:

1. The ED model shows constant failure rates (as it was expected) of both
causes 1 and 2;

2. The WD model shows: (i) an increasing failure rate of the cause 1; and
(ii) a decreasing failure rate of causes 2;

3. The MWD model shows bathtub shaped curves for the failure rates of
both causes 1 and 2.
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