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Abstract

Let Ti, i = 1, 2 be measurable transformations which define bounded
composition operators CTi on L2 of a σ-finite measure space. Denote
their respective Radon-Nikodym derivatives by hi, i = 1, 2. The main
result of the paper is that, if hi ◦ Tj = hi a.e., for i, j = 1, 2, then
the products CT1CT2 and CT2CT 1 are quasinormal. Further two sets of
necessary and sufficient conditions for the product of normal composi-
tion operators to be normal are also obtained. In the last section, we
have obtained a close relationship between σ(Cn

T )and ER(h(n)), where
σ(Cn

T ) denotes the spectrum of the powers of p-hyponormal composition
operator.
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1.Preliminaries

Let (X,
∑

, λ) be a sigma-finite measure space and let T : X→X be a non-

singular measurable transformation. CT on L2(λ) induced by T is a composi-
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tion transformation given by CT f = f ◦ T for every f in L2(λ). If CT is bounded

then we call CT a composition operator on L2(λ).

It is known that T induces a bounded composition operator CT on L2(λ)

if and only if the measure λT−1 is absolutely continuous with respect to the

measure λ and h is essentially bounded where h is the Radon-Nikodym deriva-

tive of the measure λT−1 with respect to λ. The Radon-Nikodym derivative of

the measure λ(Tk)−1 with respect to λ is denoted by h(k), where Tk is obtained

by composing T-k times[4].

Let B(H) denote the Banach algebra of all bounded linear operators on

a Hilbert space H. An operator A on a complex Hilbert space H is said to

be normal if A∗A = AA∗, quasinormal if A commutes with A∗A, hyponormal

if A∗A ≥ AA∗, semi-hyponormal if (A∗A) 1/2 ≥ (AA∗)1/2; p-hyponormal if

(A∗A)p ≥ (AA∗)p, 0 < p < 1.

In [8], R.K. Singh and B.S.Komal gave an example to show that the product

of quasinormal composition operators need not be a quasinormal operator.

In this paper, we obtain sufficient conditions for this to happen. Further,

the necessary and sufficient conditions for the product of normal composition

operators to be normal are obtained.

The following lemma, due to Harrington and Whitley [2, p.126], is well

known and useful.

Lemma: Let P denote the projection of L2 onto R(CT ).

(a) C∗
T CT f = hf and CT C∗

T f = (h◦T)Pf, for all f ∈ L2.

(b) R(CT ) = { f ∈ L2 : f is T−1(
∑

) measurable }.
In [3], Kaplansky showed the following, “Let A and B be operators on a

Hilbert space such that A and AB are normal then B commutes with A∗A if

and only if BA is normal”.

In this paper, in §2, sufficient conditions for a product of two composition

operators CT1 and CT2 to be quasinormal are obtained. An example showing

that these conditions are not necessary is constructed. In §3, necessary and

sufficient conditions guaranteeing normality of products CT1CT2 and CT2CT1 of

normal composition operators CT1 and CT2 are obtained. In §4, an inclusion of

the spectrum of n-th power of a p-hyponormal composition operator CT in a

set related to the essential range of nth power of the Radon-Nikodym derivative

of T−1 is obtained.

2.PRODUCT OF QUASINORMAL OPERATORS

In order to prove our main result (Theorem 2.2), it is necessary to state
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and prove the following Lemma.

Lemma: 2.1. Let CT , Mθ ∈ B(L2(λ)). Then CT Mθ = MθCT if and only is θ

= θ◦T a.e. where Mθ is the multiplication operator induced by θ.

Proof: Let CT Mθ = MθCT . Then Mθ◦T CT = Mθ CT

Thus M(θ◦T −θ)CT = 0. Hence θ◦T = θ a.e. [7]

Converse is obvious. �

Theorem : 2.2. Let CT1 ,CT 2 ∈ B(L2(λ )) be quasinormal with h1 ◦ T2 =

h1 a.e. and h2 ◦ T1 = h2 a.e. Then the products CT1CT2 and CT2CT1 are

quasinormal.

Proof:

CT1 and CT1 are quasinormal if and only if Mh1CT1 = CT1Mh1 , Mh2CT2 =

CT2Mh2 [6].

By Lemma 2.1, we also have Mh1CT2 = CT2Mh1, and Mh2CT1 = CT1Mh2. Now

(CT1CT2)(CT1CT2)
∗(CT1CT2) equals CT1CT2C

∗
T2

Mh1CT2 . Since Mh1 commutes

with CT2 , this transforms to CT1CT2C
∗
T2

CT2Mh1 , which equals to CT1CT2Mh2Mh1 .

Since Mh2 commutes with CT2 and with CT1 this becomes Mh2CT1CT2Mh1 . Re-

placing Mh2 by C∗
T2

CT2 and since CT2 and Mh1 commute with each other, this

then becomes C∗
T2

CT2CT1Mh1CT2 . Using the facts that CT1 and CT2 both com-

mute with Mh1 and replacing Mh1 by C∗
T1

CT1 we arrive at (CT1CT2)
∗(CT1CT2)(CT1CT2).

So CT1CT2 is quasinormal. Similarly CT2CT1 is quasinormal. �

We now give an example to show that the conditions of the theorem are

not necessary for the product to be quasinormal.

Example : 2.3. Let X = N, the set of all natural numbers and λ be the

counting measure on it. We denote L2(λ) by l2. Define T1 : N → N and T2 :

N → N by

T1(n) = n + 1 and

T2(n) =

⎧⎪⎪⎨
⎪⎪⎩

n − 1 for n is even

1 for n = 1

p + 1 for n = 2p + 1with p odd

p for n = 2p + 1with p even

for every n,p ∈ N.

Then CT1 ,CT2 ∈ B(l2).

Since h1◦T1(1) �= h1(1), CT1 is not quasinormal.

Since h2◦T2(3) �= h2(3), CT2 is not quasinormal.

Moreover, h1◦T2(2) �= h1(2) and h2◦T1(2) �= h2(2).

Thus none of the conditions of the theorem is true.
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ButCT1CT2 = CT2◦T1 induced by

T2 ◦ T1(n) =

⎧⎨
⎩

n for n is odd

p + 1 for n = 2p with p odd

p for n = 2p with p even

is quasinormal.

3.PRODUCT OF NORMAL OPERATORS

The following theorem gives the necessary and sufficient conditions for the

product of normal composition operators to be normal.

Theorem : 3.1. Let CT1 ,CT2 ∈ B(L2(λ )) be normal, then the following are

equivalent.

a) CT1CT2 and CT2CT1 are normal.

b) h1 ◦ T2 = h1 a.e. and h2 ◦ T1 = h2 a.e

c) h12 = h21 = h1h2 a.e. where h12, h21 respectively are the Radon-Nikodym

derivatives of λ(T2 ◦ T1)
−1, λ(T1 ◦ T2)

−1 with respect to λ.

Proof:

(a) ⇒ (b)

By Lemma 2.1, CT2 commutes with C∗
T1

CT1= Mh1 if and only if h1 = h1 ◦ T2

a.e. Then CT2CT1 is normal [3]. Similarly, CT1 commutes with C∗
T2

CT2= Mh2

if and only if h2 = h2 ◦ T1 a.e. Then CT1CT2 is normal[3].

(b) ⇒ (a)

By Theorem 2.2, CT1CT2 and CT2CT1 are quasinormal. Since the product of

the dense range operators again has dense range, they become normal.

(b) ⇒ (c)

Mh12 = (CT1CT2)
∗(CT1CT2) = C∗

T2
C∗

T 1
CT1CT2

= C∗
T2

Mh1CT2

= C∗
T2

CT2Mh1

= Mh2Mh1

Similarly h21 = h1h2 a.e.

Thus (b)⇒ (c) even if CT1 and CT2 are not normal.

(c)⇒ (b)

h21 = h1h2 a.e.

⇒ (CT1CT2)
∗(CT1CT2) = (C∗

T1
CT1)(C

∗
T2

CT2)

⇒ C∗
T2

C∗
T1

CT1 = C∗
T1

CT1C
∗
T2

since CT2 has dense range.
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⇒ C∗
T1

CT1CT2 = CT2C
∗
T1

CT1

⇒ Mh1CT2 = CT2Mh1

⇒ h1 = h1 ◦ T2 a.e. by Lemma 2.1.

Similarly, h21 = h1h2 a.e. ⇒ h2 = h2 ◦ T1 a.e. �

4. POWERS OF p-HYPONORMAL COMPOSITION OPERA-

TORS

Let B(H) denote the algebra of all bounded linear operators on a Hilbert

space H. The spectrum of an operator T is denoted by σ (T), the set of all

complex numbers is denoted by C and the unit circle by c.

The following theorem establishes a close relationship between σ(Cn
T ) and

ER(h(n)), where ER(h(n)) is the essential range of h(n).

Theorem : 4.1. Let CT be p-hyponormal, 0 < p ≤ 1.

Then σ (Cn
T ) ⊂ { z ∈ C / | z |n ∈ ER(h(n))} where ER(h(n)) is the essential

range of h(n).

Proof: We have C∗
T CT = Mh, the multiplication operator induced by h.

So, σ (C∗
T

nCn
T ) = ER(h(n)) [5].

Since CT is p-hyponormal, if r2 ∈ ER(h(n)), then there exists z ∈ σ (CT ) such

that

| z |n = r [1].

Hence, σ (Cn
T ) ⊂ { z ∈ C / | z |n ∈ ER(h(n))}. �

Corollary : 4.2.

Let CT be a hyponormal. Then σ (Cn
T ) ⊂ { z ∈ C / | z |n ∈ ER(h(n))} [5]. �
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