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Abstract. We prove a theorem to approximate common fixed points of
two quasi-contractive operators on a normed space through an iteration pro-
cess with errors and more general than the Ishikawa iteration process.Our re-
sult generalizes and improves upon, among others, the corresponding result of
Berinde [1] in the following two different directions: (i) more general iteration
process with error terms (ii) wider class of mappings.
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1. Introduction and Preliminaries

Throughout this paper, N will denote the set of all positive integers. Let
C be a nonempty convex subset of a normed space E and T : C → C be a
mapping. Let {an} and {bn} be two sequences in [0, 1].

The Mann iteration process is defined by the sequence {xn} (see [12]):

{
x1 = x ∈ C,
xn+1 = (1 − an) xn + anTxn, n ∈ N.

(1.1)

The sequence {xn} defined by⎧⎪⎨
⎪⎩

x1 = x ∈ C,

xn+1 = (1 − an) xn + anTyn,

yn = (1 − bn) xn + bnTxn, n ∈ N

(1.2)

is known as the Ishikawa iteration process [5].
Liu [11] introduced the concept of Ishikawa iteration process with errors by

the sequence {xn} defined as follows:



146 Safeer Hussain Khan

⎧⎪⎨
⎪⎩

x1 = x ∈ C,

xn+1 = (1 − an) yn + anTyn + un,

yn = (1 − bn) xn + bnTxn + vn, n ∈ N

(1.3)

where {an}and {bn} are sequences in [0, 1] and {un} and {vn} satisfy
∑∞

n=1 ‖un‖ <
∞,

∑∞
n=1 ‖vn‖ < ∞. This surely contains both (1.1) and (1.2).

In 1998, Xu [19] introduced more satisfactory error terms in the sequence
defined by:

⎧⎪⎨
⎪⎩

x1 = x ∈ C,

xn+1 = anTyn + bnxn + cnun,

yn = a′
nTxn + b′nxn + c′nvn, n ∈ N

(1.4)

where {an}, {bn}, {cn}, {a′
n}, {b′n}, {c′n} are sequences in [0, 1] and {un}, {vn}

are bounded sequences in C. This again contains both (1.1) and (1.2) as special
cases.

For two self mappings S and T of C, the Mann and Ishikawa iteration
processes have been generalized by Das and Debata [3] as follows:

⎧⎪⎨
⎪⎩

x1 = x ∈ C,

xn+1 = (1 − an) xn + anSyn

yn = (1 − bn) xn + bnTxn, n ∈ N.

(1.5)

They used this iteration process to find common fixed points of quasi-
nonexpansive mappings in a uniformly convex Banach space. Takahashi and
Tamura [18] studied it for the case of two nonexpansive mappings under differ-
ent conditions in a strictly convex Banach space. For the case of two asymp-
totically nonexpansive mappings, we refer to Khan and Takahashi [10].

Fukhar and Khan [4] have approximated the common fixed points of two
asymptotically nonexpansive mappings using the iteration process with errors
in the sense of Liu [11]:

⎧⎪⎨
⎪⎩

x1 = x ∈ C,

xn+1 = (1 − an) yn + anSnyn + un,

yn = (1 − bn) xn + bnT nxn + vn, n ∈ N.

(1.6)

Very recently, Khan and Fukhar [9] studied the iteration process for two
nonexpansive mappings using errors in the sense of Xu [19]:⎧⎪⎨

⎪⎩
x1 = x ∈ C,

xn+1 = anSyn + bnxn + cnun,

yn = a′
nTxn + b′nxn + c′nvn, n ∈ N,

(1.7)
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where {an}, {bn}, {cn}, {a′
n}, {b′n}, {c′n} are sequences in [0, 1] such that an +

bn +cn = 1 = a′
n +b′n +c′n and {un}, {vn} are bounded sequences in C. Clearly,

this iteration process contains all the processes (1.1), (1.2), (1.4) and (1.5) as
its special cases.

It is remarked that approximating common fixed points of two mappings
has its own importance as it has a direct link with the minimization problem
(see, for example, [17]).

We recall some definitions in a metric space (X, d). A mapping T : X → X
is called an a-contraction if

d(Tx, Ty) ≤ ad(x, y) for all x, y ∈ X,(1.8)

where 0 < a < 1.
The map T is called Kannan mapping [6] if there exists b ∈ (0, 1

2
) such that

d(Tx, Ty) ≤ b[d(x, Tx) + d(y, Ty)] for all x, y ∈ X.(1.9)

A similar definition is due to Chatterjea [2]: there exists c ∈ (0, 1
2
) such that

d(Tx, Ty) ≤ c[d(x, Ty) + d(y, Tx)] for all x, y ∈ X.(1.10)

Combining the above three definitions, Zamfirescu [20] proved the following
important result.

Theorem 1. Let (X, d) be a complete metric space and T : X → X a mapping
for which there exist real numbers a, b and c satisfying 0 < a < 1, b ∈ (0, 1

2
), c ∈

(0, 1
2
) such that for each pair x, y ∈ X, at least one of the follwing conditions

holds:
(z1) d(Tx, Ty) ≤ ad(x, y) for all x, y ∈ X
(z2) d(Tx, Ty) ≤ b[d(x, Tx) + d(y, Ty)] for all x, y ∈ X
(z3) d(Tx, Ty) ≤ c[d(x, Ty) + d(y, Tx)] for all x, y ∈ X.

Then T has a uique fixed point p and the Picard iteration {xn} defined by

xn+1 = Txn, n ∈ N

converges to p for any arbitrary but fixed x1 ∈ X.

An operator T satisfying the contractive conditions (z1) , (z2) and (z3) in the
above theorem is called Zamfirescu operator.

In 2005, Berinde [1] introduced a new class of operators on a normed space
X satisfying

‖Tx − Ty‖ ≤ δ ‖x − y‖ + L ‖Tx − x‖(1.11)

for any x, y ∈ X , 0 < δ < 1 and L ≥ 0.
He proved that this class is wider than the class of Zamfiresu operators and

used the Ishikawa iteration process to approximate fixed points of this class of
operators in a normed space.

We now generalize the class introduced by Berinde [1] to the case of two self
mappings S, T of a convex set C. In our case, S and T satisfy
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‖Tx − Ty‖ ≤ δ ‖x − y‖ + L ‖Tx − x‖(1.12)

and

‖Sx − Sy‖ ≤ δ ‖x − y‖ + L ‖Sx − x‖(1.13)

hold for 0 < δ < 1 and L ≥ 0. Clearly (1.11) can be retrieved from(1.13) when
S = T .

Thus the class of maps satisfying (1.12) and (1.13) is generally larger than
the one determined by (1.11) and, in turn, wider than the class of Zamfirescu
operators.

In this paper, we approximate the common fixed points of two mappings
satisfying (1.12) and (1.13) by using the iteration process (1.7).

We shall need the following lemma.

Lemma 1. [11] Let {rn}, {sn}, {tn} and {kn} be sequences of nonnegative
numbers satisfying

rn+1 ≤ (1 − sn)rn + sntn + kn for all n ≥ 1.

If
∑∞

n=1 sn = ∞, limn→∞ tn = 0 and
∑∞

n=1 kn < ∞ hold, then limn→∞ rn = 0.

In the sequel, the set of common fixed points of the maps S and T will be
denoted by F.

2. Main Result

Usually, iterative results are obtained through a fixed point theorem. Fol-
lowing Berinde [1], we obtain such a result without employing any fixed point
theorem. The use of Lemma 1 in our proof will further simplify the methods
of proof of Theorem 1 in [1].

We now prove our main theorem as follows.

Theorem 2. Let C be a nonempty closed bounded convex subset of a normed
space E. Let S, T : C → C be two operators satisfying (1.12) and (1.13).
Let {xn} be defined by the iterative process (1.7). If F �= φ,

∑∞
n=1 an = ∞,∑∞

n=1 cn < ∞ and limn→∞ c′n = 0 , then {xn} converges strongly to a common
fixed point of S and T .

Proof. Assume that F �= φ. Let w ∈ F. Then

‖xn+1 − w‖ = ‖anSyn + bnxn + cnun − (an + bn + cn)w‖
= ‖an(Syn − w) + (1 − an)(xn − w) + cn(un − xn)‖
≤ an ‖Syn − w‖ + (1 − an) ‖xn − w‖ + cn ‖un − xn‖ .(2.1)

Now for x = w and y = yn, (1.13) gives

‖Syn − w‖ ≤ δ ‖yn − w‖(2.2)
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Also,

‖yn − w‖ ≤ a′
n ‖Txn − w‖ + (1 − a′

n) ‖xn − w‖ + c′n ‖vn − xn‖ .(2.3)

Making use of (1.12) with x = w and y = xn, we get

‖Txn − w‖ ≤ δ ‖xn − w‖ .(2.4)

Since C is bounded, therefore we can choose a number M such that M ≥
max(supn≥1 ‖un − xn‖ , supn≥1 ‖vn − xn‖). Then using (2.2) , (2.3) and (2.4) in
(2.1), we obtain

‖xn+1 − w‖ ≤ anδ [a′
nδ ‖xn − w‖ + (1 − a′

n) ‖xn − w‖ + c′nM ]

+(1 − an) ‖xn − w‖ + cnM

= [ana′
nδ2 + anδ(1 − a′

n) + (1 − an)] ‖xn − w‖
+anδc′nM + cnM

= [1 − (ana′
nδ + an) (1 − δ)] ‖xn − w‖ + anδc′nM + cnM

≤ [1 − (1 − δ)2an] ‖xn − w‖ + anδc′nM + cnM

By Lemma 1, with rn = ‖xn − w‖ , sn = (1−δ)2an, tn = δc′nM
(1−δ)2

and kn = cnM

, we get that limn→∞ ‖xn − w‖ = 0. Consequently xn → w ∈ F and this
completes the proof.

Our next theorem is proved for the scheme (1.5). This important result is
actually a corollary of Theorem 2 above and generalises a number of results as
seen below.

Theorem 3. Let C be a nonempty closed convex subset of a normed space E.
Let S, T : C → C be two operators satisfying (1.12) and (1.13). Let {xn} be
defined by the iterative process (1.5) . If F �= φ and

∑∞
n=1 an = ∞, then {xn}

converges strongly to a common fixed point of S and T .

Proof. Choosing cn = 0 = c′n in (1.7) and making some obvious changes in the
proof of Theorem 2, we get the desired result.

If we take S = T in Theorem 3,we obtain:

Corollary 1. ([1],Theorem 1) Let C be a nonempty closed convex subset of
a normed space E. Let T : C → C be an operator satisfying (1.11). Let {xn}
be defined through the iterative process (1.2). If F (T ) �= φ and

∑∞
n=1 an = ∞,

then {xn} converges strongly to the unique fixed point of T .

Corollary 2. Let E be a Banach space and C a nonempty closed convex subset
of E. Let T : C → C be a Zamfirescu operator. Let {xn} be defined by the
Ishikawa iteration process (1.2) with

∑∞
n=1 an = ∞. Then {xn} converges

strongly to the unique fixed point of T .

Proof. The operator T has a unique fixed point by Theorem 1 and hence the
result follows from Corollary 1.
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Corollary 3. Let E be a Banach space and C a nonempty closed convex subset
of E. Let T : C → C be a Zamfirescu operator. Let {xn} be defined by the
Mann iteration process (1.1) with

∑∞
n=1 an = ∞. Then {xn} converges strongly

to the unique fixed point of T .

Proof. Set bn = 0 for all n ∈ N, in Corollary 2.

Remark. (1) The contractive condition (1.8) makes T a continuous function
on X while this is not the case with the contractive conditions (1.9)− (1.12) .

(2) The Chatterjea’s and the Kannan’s contractive conditions (1.9) and
(1.10)are both included in the class of Zamfirescu operators and so their con-
vergence theorems for the Ishikawa iteration process are obtained in Corollary
1. In particular, Theorem 2 and Corollary due to Kannan [8] are obtained on
an unbounded domain for the Ishikawa iteration process. Theorems 2 and 3 of
Kannan [6] and Theoerem 3 of Kannan [7] are also special cases of Corollary
1.

(3) Theorem 4 of Rhoades [15] in the context of Mann iteration on a uni-
formly convex Banach space has been extended in Corollary 2 to the case of
an Ishikawa iteration on arbitrary Banach space.

(4) In Corollary 2, Theorem 8 of Rhoades [16] is generalized to the setting
of an arbitrary Banach space.

(5) Our result also generalizes Theorem 5 of Osilike [13] and Theorem 2 of
Osilike [14].
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