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1 Introduction

Wavelet bases have several remarkable advantages. Among others, they give
rise to characterizations of function spaces such as Besov spaces and provide
powerful approximation schemes, see, e.g., [2][5]. It has been noticed that
the use of Riesz bases may have lack of flexibility which is in some sense a
consequence of uniqueness of the representation. This leads to us to work with
frames. The frame concept has been introduced by Duffin and Schafer [6]. In
general, given a Hilbert space H , a collection of elements {ei}iεz is called a
frame if there exist constants 0 < A1 ≤ A2 < ∞ such that

A1||f ||2H ≤ ∑
iεz

| < f, ei >H |2 ≤ A2||f ||2H

The modern frame theory was the fundamental Feichtinger / Gröchenig
theory which has been developed since 1986 by various authors [7,8,9,10,11].

1This work was done in the memory of Prof. H.S.Kasana, Senior Associate, ICTP, Trieste,
Italy.
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This theory is based on group theory. Given a Hilbert space H , the first step is
to find a suitable group G that admits a square integrable representation in H
and therefore gives rise to a generalized (continuous) wavelet transform. Then,
so called Coorbit spaces can be defined by collecting all functions for which
this wavelet transform is contained in some weighted Lp − space. Finally, a
judicious discretization of the representation produces the desired frames for
the Coorbit spaces. This approach works for the whole Euclidean plane and
produces a general frame work that covers the Weyl-Heisenberg and affine
frames. There are many practical applications where the representation is not
square integrable. To handle these cases Ali et al. [1] and Torresani [14],
used the concept of square - integrability modulo quotients. However, using
this concept a very convenient group structure gets lost, so that many of the
building blocks used in the Feichtinger / Gröchenig theory such as convolutions
are no longer available.

Let G denote a locally compact, separable, topologically Hausdorff group
with right Haar measure ν.

Definition 1.1. A measure μ on a group G is said to be right-invariant
provided that for every integrable function f on G and every yεG we have
have

∫
G f(x, y)dμ(x) =

∫
G f(x)dμ(x). From the theory of measures a right-

invariant measure on G, known as right Haar measure, exists and is unique
upto a constant multiple. Similar remarks holds for left invariant measure and
left Haar measure. If the left Haar measure is also the right Haar measure
then G is said to be unimodular.

Definition 1.2. Let H be a Hilbert space.

(i) A unitary representation
⋃

of G on H is a mapping
⋃

of G into the space
of unitary operators on H such that

⋃
(gog′) =

⋃
(g)

⋃
(g′) for all g, g′εG

and
⋃

(e) = Id.

(ii) A nonzero vector ϕεH is admissible if

∫
G
| < ϕ,

⋃
(g)ϕ >H |2dν(g) < ∞ (1.1)

(iii) A nonzero vector ϕεH is cyclic if span {⋃
(g)ϕ}gεG is dense in H or

equivalently, if the only fεH such that < f,
⋃

(g)ϕ >= 0 for all gεG is
f = 0.

(iv) A unitary representation
⋃

is irreducible if every nonzero vector ϕεH is
cyclic.
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(v)
⋃

is strongly continuous, if the mapping g → ⋃
(g)ϕ is continuous from

G to H for all ϕεH.

(vi) The representation
⋃

is square integrable if
⋃

is irreducible and there
exists an admissible nonzero vector ϕεH.

Strongly continuous, irreducible, unitary representations which are square
integrable from the theory of the short time Fourier transform and the con-
tinuous wavelet transform, where the relevant groups are the reduced Weyl-
Heisenberg group and the affine group respectively. In practical applications
there are many cases, where the square integrable representation does not ex-
ists. The Schrodinger representations of the Weyl-Heisenberg group on L2(R

n)
are the best examples for these cases. Such type of cases can be handled by
restricting

⋃
to a homogeneous space X = G/P , where P is a closed subgroup

of G. Since
⋃

is not directly defined on X, it is necessary to embed X in G:
Let Π : G → X and σ : X → G be a Borel section of the canonical fiber bundle
structure of G,i.e., Πoσ(h) = h for all hεX. Let μ be a G invariant measure
on X i.e., a measure invariant under the action h → hg(hεX, gεG). Such a
measure does not exist for every X = G/P .
Let L2(X) denote the Hilbert space of μ square integrable function on X, i.e.,

L2(X) = {F : X → C : ||F ||L2(X) =
(∫

X
|F (h)|2dμ(h)

)1/2

< ∞}

with L2−inner product

< F1, F2 >=
∫

X
F1(h)F2(h)dμ(h)

whenever the integral is defined.

In view of [1], we have an irreducible, unitary representation
⋃

of G on H is
called square integrable mod(P, σ), if there exists ϕεH such that the integral

∫
X

< f,
⋃

(σ(h)−1)ϕ >H

⋃
(σ(h)−1)ϕ dμ(h) (1.2)

converges weakly in L2(X).

The following theorem is known as resolution of the identity formula.

Theorem 1.1. Let ϕ be an admissible wavelet for the square-integrable rep-
resentation.

⋃
: G → B(H) (the space of unitary operators on H) of G on H .

Then

< f, g >H=
∫

X
< f,

⋃
(σ(h)−1)ϕ >H< g,

⋃
(σ(h)−1)ϕ >H dμ(h), (1.3)
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Proof. We know that the integral (1.2) converges weakly to a positive bounded
operator Aσ(dependent on σ and ϕ) which has bounded inverse A−1

σ , in the
sense that

< Aσf, g >H=
∫

X
< f,

⋃
(σ(h)−1)ϕ >H< g,

⋃
(σ(h)−1)ϕ >H dμ(h), (1.4)

If Aσ = λId for λ = 1, then the proof of Theorem 1.1 follows immediately.
Let FεL1(X). Then the bounded linear operator AF,σ,ϕ:H → H defined as

< AF,σ,ϕf, g >H=
∫

X
< f,

⋃
(σ(h)−1)ϕ >H< g,

⋃
(σ(h)−1)ϕ >H dμ(h), f, gεH, hεX.

(1.5)
If

⋃
is strictly square integrable mod(P, σ) for ϕεH, then in view of [1] we

have the set
Oσ = {⋃

(σ(h)−1)ϕ : hεX}
is total in H i.e., (Oσ)1 = {0} and that the map Vϕ : H → L2(X) given by

Vϕf(h) =< f,
⋃

(σ(h)−1)ϕ >H

is an isometry from H onto the reproducing kernel Hilbert space

M2 = {QεL2(X) :< Q, K(h, .) >= Q(h)}
with Hermitian reproducing kernel

K(h, l) = K(ϕ,σ)(h, l) = <
⋃

(σ(h)−1)ϕ,
⋃

(σ(l)−1)ϕ, >H

= < ϕ,
⋃

(σ(h)σ(l)−1)ϕ >H

= Vϕ(
⋃

(σ(h)−1)ϕ)(l).

Using Schwartz inequality, we get

ess sup
h,lεX

|K(h, l)| ≤ ||ϕ||2H

Thus, Vϕ can be inverted on its range M2 by its adjoint V ∗
ϕ given by

V ∗
ϕ Q(s) =

∫
X

Q(h)
⋃

(σ(h)−1)ϕ(s)dμ(h).

and fεH can be constructed by

f = V ∗
ϕ Vϕf =

∫
X

< f,
⋃

(σ(h)−1)ϕ >H

⋃
(σ(h)−1)ϕdμ(h).

Using Riesz-Thorin theorem we have that if FεLp(X), 1 ≤ p ≤ ∞; then
there exists a unique bounded linear operator AF,σ,ϕ : H → H such that the
formula (1.1) is holds for all F in L1(X)

⋃
L∞(X), f, gεH and

||AF,σ,ϕ||B(H) ≤ ||ϕ||2H||F ||Lp(X). (1.6)
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where ||.||B(H) is the norm in B(H).
This can be seen by

| < f,
⋃

(σ(h)−1)ϕ >H | ≤ ||ϕ||H||f ||H
and

|< f,
⋃

(σ(h)−1)ϕ >H | ≤ ||ϕ||H||f ||H
Now using (1.5) we can easily obtain (1.6).

Remark 1.1. The bounded linear operator AF,σ,ϕ : H → H are known
localization operators. The origin of such type operators can be traced back
to the study of a class of bounded linear operators introduced by Daubechies in
[3,4] in signal analysis. The motivation for these operators came from Theorem
1.1 that the bounded linear operator AF,σ,ϕ : H → H is simply the identity
operator Id on H if F (h) = 1, hεX. Thus the role of the symbol F is to localize
on the group X so as to produce a nontrivial bounded linear operator with
various applications in signal analysis and quantization among others.

Let
⋃

be a strictly square integrable representation of G mod(P, σ) with
a strictly admissible wavelet ϕ. Let us consider a positive, continuous weight

function w on G which is sub-multiplicative, i.e., w(gog̃) ≤ w(g)w(g̃) for all
g, g̃, εG, and uniformly bounded from below, i.e., w(g) ≥ 1 for all gεG. As-
sociated with w, we are concerned with the weighted Lp-space on X = G/P
defined for 1 ≤ p < ∞ by

Lp,w(X) = {f measurable on X : ||f ||p,w = (
∫
X |f(h)|p(w(σ(h)))pdμ(h))1/p <

∞} and for p = ∞ by

L∞,w(X) = {f measurable on X : ||f ||∞,w = ess suphεX |f(h)|w(σ(h)) <
∞}.
We impose the fundamental condition

∫
X
|K(h, l)|w(σ(h))

w(σ(l))
dμ(h) ≤ Cϕ

with a constant Cϕ independent of l.
Let H ′

1,w denote the space of all continuous linear functionals on the linear
space

H1,w = {fεH : VϕfεL1,w(X)}.
The norm ||.||H1,w on H1,w is defined as

||f ||H1,w = ||Vϕf ||L1,w .
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Similarly we define

Mp,w = {fεH ′
1,w : VϕfεLp,w(X)}, 1 ≤ p ≤ ∞,

||f ||Mp,w = ||Vϕf ||Lp,w .

The operator Vϕ can be extended to an operator on H ′
1,w by

Vϕf(h) =< f,
⋃

(σ(h)−1ϕ >H′
1,w×H1,w

.

Now we let B(Mp,w(X)), 1 ≤ p ≤ ∞, be the Banach algebra of all bounded
linear operators on Mp,w(X) and look at admissible wavelets associated to right
regular representations

⋃
: X → B(Mp,w(X)) of unimodular, locally compact

and Hausdorff groups X on Mp,w(X), and define localization operators from
Mp,w(X) into Mp,w(X) in terms of these admissible wavelets and symbols F
in Lr,w(X), 1 ≤ r ≤ ∞.

2 L1,w Boundedness And L∞,w Boundedness

Let FεL1,w(X)
⋃

L∞,w(X). Then for 1 ≤ p ≤ ∞, we define the localization
operator AF,σ,ϕ,w : Mp,w(X) → Mp,w(X) associated to the symbol F and the
admissible wavelet ϕ by

< AF,σ,ϕ,wf, g >H′
1,w×H1,w

=
∫

X
F (h) < f,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
< g,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
dμ(h)

(2.1)
for all f in Mp,w(X) and g in Mq,w(X), where

< f, g >H′
1,w×H1,w

=
∫

X
f(h)g(h)dμ(h), fεMp,w(X), gεMq,w(X), 1/p + 1/q = 1.

Proposition 2.1 Let FεL1,w(X). Then for 1 ≤ p ≤ ∞, the localization
operator AF,σ,ϕ,w : Mp,w(X) → Mp,w(X) is bounded linear operator and

||AF,σ,ϕ,w||B(Mp,w(X)) ≤ ||ϕ||Mp,w(X)||ϕ||Mq,w(X)||F ||L1,w(X).

Proof. In view of (2.1). Holder’s inequality, we get

| < AF,σ,ϕ,wF, g >H′
1,w×H1,w

|

=
∫

X
|F (h)|| < f,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|| < g,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|dμ(h)
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≤ ‖ϕ‖Mp,w(X)‖ϕ‖Mq,w(X)‖F‖L1,w(X)‖f‖Mp,w(X)‖g‖Mq,w(X).

Now the proof is immediate.

Proposition 2.2 Let FεL∞,w(X). Then for 1 ≤ p ≤ ∞, the localization
operator AF,σ,ϕ,w : Mp,w(X) → Mp,w(X) is a bounded linear operator and

||AF,σ,ϕ,w||B(Mp,w(X)) ≤ Cϕ||ϕ||2H||F ||∞,w(X),

Proof. Using (2.1), we get

| < AF,σ,ϕ,wf, g >H′
1,w×H1,w

| (2.2)

=
∫

X
|F (h)|| < f,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|| < g,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|dμ(h).

for all fεMp,w(X) and gεMq,w(X). Now using Young’s inequality, we get∫
X
| < f,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|pdμ(h)

=
∫

X
| < f,

∫
X

K(h, l)
⋃

(σ(l)−1)ϕdμ(l) >H′
1,w×H1,w

|pdμ(h)

≤
∫

X
|
∫

X
K(h, l) < f,

⋃
(σ(l)−1)ϕ >H′

1,w×H1,w
|pwpσ(l)dμ(h)

≤
(∫

X
| < f,

⋃
(σ(l)−1)ϕ >H′

1,w×H1,w
wσ(l)|pK(h, l)dμ(h)

) (∫
X
|K(h, l)|dμ(h)

)p/q

≤ Cp/q
ϕ ||Vϕf ||pLp,w

||ϕ||2H
= Cp/q

ϕ ||f ||pMp,w
||ϕ||2H

or(∫
X
| < f,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|pdμ(h)

)1/p

≤ C1/p
ϕ ||F ||Mp,w||ϕ||2/p

H , for fεMp,w

(2.3)
Similarly, we get for gεMq,w(∫

X
| < g,

⋃
(σ(h)−1)ϕ >H′

1,w×H1,w
|qdμ(h)

)1/q

≤ C1/p
ϕ ||g||Mq,w||ϕ||2/q

H (2.4)

So, by (2.2), Holder’s inequality, (2.3) and (2.4) gives

| < AF,σ,ϕ,wf, g >H′
1,w×H1,w

| ≤ Cϕ||ϕ||2H||f ||Mp,w ||g||Mq,w||F ||L∞,w(X)

or we get

||AF,σ,ϕ,w||B(Mp,w(X)) ≤ Cϕ||ϕ||2H||F ||L∞,w(X)

Hence the proof is completed.
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3 Lp,w Boundedness

Stain and Weiss [12] and Wong [15] proved the following result which is known
as Riesz-Thorin Theorem.

Theorem A. Let (X, μ) be a measure space and (Y, ν∗) a σ-finite measure
space. Let T be a linear transformation with domain D consisting of all μ-
simple functions f on X such that

μ∗{hεX : f(h) �= 0} < ∞

and such that the range of T is contained in the set of all ν∗-measurable
functions on Y . Suppose that α1, α2, β1, and β2 are real numbers in [0,1] and
there exist positive constants M1 and M2 such that

||Tf ||L1/βi
≤ Mj ||f ||L1/αj

(X), fεD, j = 1, 2.

Then for 0 < θ < 1,
α = (1 − θ)α1 + θα2

β = (1 − θ)β1 + θβ2

we have
||Tf ||L1/β(Y ) ≤ M1−θ

′ Mθ
2 ||f ||L1/α(X), fεD.

In [13] Stephan Dahlke et al. proved the following theorem.

Theorem B. Let T be a bounded linear operator from L1,w into l1,w with
norm M1 and from L∞,w into l∞,w with norm M2. Then, for any 1 < p < ∞,

the operator T is also bounded from Lp,w into lp,w with norm M
1/p
1 M

(p−1)/p
2 .

Now we shall prove

Theorem 3.1. Let FεLr,w(X), 1 ≤ r ≤ ∞. Then for 1 ≤ p ≤ ∞, there
exists a unique bounded linear operator AF,σ,ϕ,w : Mp,w(X) → Mp,w(X) such
that formula (2.1) is valid for all f in Mp,w(X), g in Mq,w(X) and μ-simple
functions F on X for which

μ∗{hεX : F (h) �= 0} < ∞.

Moreover,

||AF,σ,ϕ,w||B(Mp,w(X)) ≤ ||ϕ||1/r
Mp,w

||ϕ||1/r
Mq,w

C1/r′
ϕ ||ϕ||2/r′

H ||F ||Lr,w(X)
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Proof. We need to prove the result only for 1 < r < ∞. Let FεLr,w(X)
and Tf be the linear transformation with domain D consisting of all μ∗-simple
functions on X with the property that

μ∗{hεX : F (h) �= 0} < ∞.

and defined by
TfF = AF,σ,ϕ,w, fεD.

Then by Proposition 2.1, we have

||TfF ||Mp,w(X) = ||AF,σ,ϕ,wf ||Mp,w(X) ≤ ||ϕ||Mp,w(X)||ϕ||Mq,w(X)||f ||Mp,w(X)||F ||L1,w(X)

(3.1)

and by Proposition 2.2,

||TfF ||Mp,w(X) = ||AF,σ,ϕ,wf ||Mp,w(X) ≤ Cϕ||ϕ||2H||f ||Mp,w(X)||F ||L∞,w(X) (3.2)

for all F in D. In order to apply the Theorem A, we let α1 = 1, α2 = 0
and β1 = β2 = 1/p. Let α = 1/r. Then θ = 1/r′, 1/r + 1/r′ = 1. Hence
α = 1/r, β = 1/p. Now applying Theorem A and Theorem B with (3.1) and
(3.2), we get

||AF,σ,ϕ,wf ||Mp,w(X) = ||TfF ||Mp,w(X)

≤ ||ϕ||1/r
Mp,w(X)||ϕ||1/r

Mq,w(X)C
1/r′
ϕ ||ϕ||2/r′

H ||F ||Lr,w(X)||f ||Mp,w(X)

For all F in D. Since D is dense in Lr,w(X), we can use a density argument
and hence the proof is immediate.
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[10] H.G.Feichtinger and K.Gröchenig, Banach spaces related to integrable
group representations and their atomic decomposition II, Monatsh Math.
108(1989),129-148.
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