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Abstract

Let A be a Banach algebra with a bounded approximate identity
(= BAI(eα)α∈Λ) Let Z2 and Z̃2 be respectively, the topological centers
of the algebras A∗∗ and (AA∗)∗ with respect to the second Arens mul-
tiplication. In this paper we try to characterize the elements of the set
Z2 (resp.A ) among those of A∗∗.
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1 Introduction

LetA be a Banach algebra with a bounded approximate identity (BAI(eα)α∈Λ).
For f in A∗ and a in A we denote by aΔf the element of and A∗ defined by
〈a� f, x〉 = 〈f, xa〉. By AA∗ we denote the subspace of A∗ consisting of the
functionals of the form aΔf for all f in A∗ on a in A. It is well-known this
space is norm-closed linear subspace of A∗ as in [3]. As is well-known the
second dual A∗∗ of A endowed with the either Arens multiplications is a Ba-
nach algebra. Unless otherwise stated, we shall work with the second Arens
multiplication. The dual of the space AA∗ equipped with the multiplication
induced by that of A∗∗ is also a Banach algebra. The topological centers of
A∗∗ and (AA∗)∗ are defined, respectively, by

Z2 = {n ∈ A∗∗ : The mapping m −→ m� n is weak*-weak* continuous
on A∗∗}.

Z̃2 = {μ ∈ (AA∗)∗: The mapping λ −→ λΔμ is weak*-weak* continuous
on (AA∗)∗}.
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2 Preliminary Notes

In this section we have collected some notation and results we need. This
notation and terminology are standard. For any Banach space A , by A∗ we
denote its normed dual. We always regard A as naturally embedded into its
second dual A∗∗. For a in A and f in A∗ , indifferently, by < a, f > and
< f, a > we denote the natural duality between A and A∗ .

For any Banach algebra A , for a in A and f in A∗ , we define the functionals
f · a and a� f by < f · a, x >=< f, ax > and < a�f, x >=< f, xa >. We
define the subspaces A∗A and AA∗ of A∗ as follows

A∗A = {f ·a : f ∈ A∗ and a ∈ A} and AA∗ = {a�f : f ∈ A∗ and a ∈ A}.
It is well-known that these subspaces are norm-closed linear subspaces of

A∗ as in [3]. In the case where A = L1(G), we denote the spaces A∗A and AA∗,
respectively, by LUC(G) and RUC(G) for detail see [4]. In the case where
A = A(G), the space A∗A which is the same as AA∗, is denoted by UCB(Ĝ)
as in [5].

A bounded net (eα)α∈Λ in A is said to be a bounded approximate identity
(BAI(eα)) if for each a in A, ‖eαa − a‖ −→ 0 and ‖aeα − a‖ −→ 0. Every
unitial Banach algebra has an approximate identity. However, the converse
not true in general.

We also need the constructions of the two Arens multiplications. The first
Arens multiplication is defined in three steps as follows. For a, b ∈ A, f ∈ A∗

and m,n ∈ A∗∗, the elements f · a,m · f of A∗ and m · n of A∗∗ are defined as
follows:

< f · a, b > =< f, ab >

< m · f, a > =< m, f · a >
< m · n, f > =< m,n · f > .

The second Arens multiplication is defined as follows. For a, b ∈ A, f ∈ A∗

and m,n ∈ A∗∗, the elements a� f , f�m of A∗ and m�n of A∗∗ are defined
by the equalities

< a�f, b > =< f, ba >

< f�m, a > =< m, a�f >
< m�n, f > =< n, f�m > .

Let be A Banach algebra and consider the natural duality between A and A∗.
we denote the weak topology on A by σ(A,A∗) and the weak* topology on A∗

by σ(A∗, A).
As in mentioned in the previous section, we will explain the basic properties

of · and � Arens multiplication:
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For n fixed in A∗∗, the mapping m −→ m ·n is weak ∗−weak∗ continuous.
For m fixed in A∗∗, the mapping n −→ m · n is in general not weak ∗ −weak∗
continuous unless m in A. Hence, by making use at these explanations, the
topological center of A∗∗ with respect to the first Arens multiplication is defined
as follows:

Z1 = {m ∈ A∗∗ :The mapping n −→ m · n is weak ∗ −weak∗ continuous
on A∗∗}

The topological center of (A∗A)∗ with respect to first Arens multiplication
is defined as follows:

Z̃1 = {μ ∈ (A∗A) : The mapping λ −→ μ · λ isweak ∗ −weak∗ continuous
on (A∗A)∗}.

It happens that the sets Z1 and Z̃1 are very closely connected to each other
and also to the algebra of all right multipliers of A, see [6] for detail.

For m fixed in A∗∗, the mapping n −→ m�n is weak ∗−weak∗ continuous
on A∗∗. But, for n fixed in A∗∗, the mapping m −→ m� n is in general not
weak ∗ −weak∗ continuous unless n is in A.

Whence the topological center of A∗∗ and (AA∗)∗ with respect to the second
Arens multiplication are defined, respectively, as follows:

Z2 = {n ∈ A∗∗ : The mapping m −→ m� n is weak*-weak* continuous
on A∗∗}

Z̃2 = {μ ∈ (AA∗)∗: The mapping λ −→ λΔμ is weak*-weak* continuous
on (AA∗)∗}.

We also recall that, for a in A and m in A∗∗, â ·m = â�m and m · â =
m� â. Since the mapping a −→ â (A ⊆ Â ⊆ A∗∗) is an algebraic isometrical
isomorphism, we can write Â instead of A if necessary.

It is clear that A ⊆ Z1 ∩ Z2 and that Zi(i = 1, 2) is a closed subalgebra of
A∗∗ endowed with the first (second) Arens multiplication.

If, for each m,n in A∗∗, the equality m · n = m� n holds the algebra A is
said to be Arens regular. In this case Z1 = Z2 = A∗∗, for detail information
see [6].

Finally we recall the definition of mixed units which play a fundamental
role in this paper. An element of E is said to be a mixed unit if E is a right
unit for the first Arens multiplication and a left unit for the second Arens
multiplication. That is, E is a mixed unit if and only if for each m in A∗∗,
m · E = mΔE = m. We denoted by ε the set of the mixed units in A∗∗. It
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is easy to see that an element E of A∗∗ is a mixed unit if and only if it is
a weak* cluster point of some (BAI(eα)α∈Λ) in A, see [2]. Throughout this
paper by A will denote a Banach algebra with a bounded approximate identity
(= BAI(eα)α∈Λ). For certain Banach algebras A, including the group algebra
A = L1(G), Z1 = Z2 = A and for certain groups G, the Fourier algebra
A = A(G), Z1 = A. There for such algebras A, determining the topological
center of A∗∗ comes to deciding which elements of A∗∗ are in A.

3 Main Results

Lau and Ulger try to characterize the elements of Z1 (resp. A) among those
of A∗∗ in Section 5 of [6]. In this paper by using second Arens multiplication
instead of first Arens multiplication used as in [6] we shall present some nec-
essary and sufficient conditions for an element of A∗∗ to be in A or Z2. We
remind that, for f in A∗ and m in A∗∗, the function m · f is in A∗ but need
not be in AA∗, but m is in Z2 if and only if, for each f in A∗ the functional
f̂ ·m is in A∗. If this happens, f̂ ·m = m · f and mḟ is in AA∗, see [1].

Theorem 3.1 For m in A∗∗ the following two assertion are equivalent.

a) m is in Z2

b) i. Am ⊆ Z2, ii. For each E ·m = m and iii. For each f in A∗, m · f is
in AA∗.

Proof. a) ⇒ b) Assume that m is in Z2. Then since Z2 ⊆ A∗∗ and A ⊆ Z2

condition i) holds, condition ii) holds obviously since EΔm = E ·m = m. For
condition iii) assume m is in Z2, and f in A∗. Then, for all n in A∗∗

< f̂ ·m,n > =< f, nΔm >=< f, n ·m >=< m · f, n >

so that f̂ ·m = m · f , and f̂ ·m is in A∗ since m · f is in A∗. Now suppose m
is in Z2 and f is in A∗. Let ((aα)α∈Λ) be a convergent net in A converges to

some m in the σ(A∗∗, A∗). Then, since f̂ ·m is in A∗ and for each n in A∗∗

< aαΔf, n > =< f, n · aα >→< f, nΔm >=< f̂ ·m,n >

We see that the net (aαΔf)α∈Λ converges weakly to the element f̂ ·m in A∗

since AA∗ is closed subspace of A∗, we conclude that f̂ ·m = m.f is in AA∗.
b) ⇒ a) : Assume b) holds. Let ((eα)α∈Λ) be a BAI in A converging in the
weak∗ topology of A∗∗ to some E, and let n be an arbitrary element in A∗∗.
By condition iii) and the proof of lemma2.1 in [6],

< (eα)Δ(m · f), n > −→< m · f, n >=< f, n ·m >
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on the other hand, since each, (eα) ·m = (eα)Δm is in Z2 and E ·m = m by
i) and ii)

< (eα)Δ(m · f), n > =< f, (nΔeα) ·m >=< f, (n · eα) ·m >=< f, nΔ(eα ·m) >

→< f, nΔ(E ·m) >=< f, nΔm >

so that nΔm = n ·m. This being true for any n in A∗∗, we say that m is in
Z2.

Corollary 3.2 If Z1 = Z2, assertion b) of by Theorem 3.1 is equivalent to
assertion

i) mA ⊆ Z2

ii) For each E in ε mΔE = m

iii) For each f in A∗, fΔm is in AA∗

Corollary 3.3 If A is an ideal in A∗∗ or Z2A = Z̃2A ⊆ A then the condition
mA ⊆ Z2 holds.

Now we present the following sets, which we shall use

M1 = {m ∈ A∗∗ : A ·m ⊆ A} and M2 = {m ∈ A∗∗ : m ·A ⊆ A}

Like preceding subspaces of A∗∗, we define the following sets:

M̃1 = {μ ∈ (A∗A)∗: A · μ ⊆ A} and M̃2 = {μ ∈ (AA∗)∗: μ · A ⊆ A}.

Let A be a Banach algebra with a BAI(eα). Then M̃1 is a closed subalgebra

of (A∗A)∗ and M̃1 ⊆ Z̃1 see [6]. Also, M̃2 a closed subalgebra of (AA∗)∗ and

M̃2 ⊆ Z̃2 see [1].
E being any mixed unit and reminding that the equalities m ·E = EΔm =

m are true, let emphasize that in general mΔE = m. In this respect we
can construct the set ψ2. In this respect we can construct the set m that
satisfies the equation mΔE = m of the Banach Algebra A∗∗. Now we will
present a characterization of the set ψ2 that will be of use to us.To avoid long
paraphrasing we introduce two more sets below. These sets are the following:

ψ2={m ∈ A∗∗ : mΔE = m for all E in ε}. It is easy to see that Z1 ⊆ ψ2

and A∗∗ ⊆ ψ2 and that ψ2 =
⋂

E∈ε(A
∗∗ΔE).

Theorem 3.4 Let m be an element in A∗∗. Then m is in ψ2 if and only if,
for each (BAI(eα)α∈Λ) in A, weak ∗ − lim

α
(m · eα) = m.
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Proof. If m ∈ ψ2 then for all E ∈ ε and with respect to the topology σ(A∗∗, A∗)
(weak∗-topology on A∗∗) there is the net (eα)α∈Λ in A such that eα −→ E.
For each f ∈ A∗ we have

< m · eα, f >=< mΔêα, f >=< êα, fΔm >−→< E, fΔm >=< m, f > .

Hence we get

weak ∗ − lim
α

(m · eα) = m.

On the contrary assume that weak ∗ − limα(m · eα) = m. From the same
idea there is a mixed unit E such that eα −→ E. We get the convergence of
weak ∗ −m.eα=mΔêα −→ mΔE. Since there is a unique limit we can write
mΔE = m. This completes the proof.

Let μ be an element in M̃2 and let μ̃ be any Hahn-Banach extension of μ to
A∗. Since μ · A ⊆ A, for each BAI(eα)α∈Λ in A converging weak∗ in A to an
element E of ε, the element μ̃ΔE = weak ∗− limα(μ̃ · eα)= limα(μ · eα) of A∗∗

does not depend on the Hahn-Banach extension μ̃ of μ we choose. Hence for
E in ε, the mapping ΓE : M̃2 −→M2 defined by ΓE(μ) = μ̃ΔE is well-defined.
Hence we can write

Λ2 =
⋂
E∈ε

ΓE(M̃2)

The relationships between the sets, and that we had defined by making use
of also the data in [6] and their relations with topological centers should be
investigated. In this respect we will present below two characterizations of Λ2.

Theorem 3.5 Let A be Banach algebra with a bounded approximate iden-
tity. Then Λ2 = ψ2 ∩M2 and M2A ⊆ ψ2 are holds.

Proof. Assume m is in Λ2, and let μ be the restriction of m to AA∗. Then μ
is in M̃2. Since m is in Λ2, for each Ein ε, there exists an element μE in M̃2

such that ΓE(μE)=μ̃EΔE = E, where μ̃E is a Hahn-Banach extension of μE

to A∗. Hence, for each a in A,

m · a = μ · a = (μ̃EΔE) · a = (μ̃EΔE)Δa = μ̃EΔ(EΔa) = (μ̃EΔa) = μ̃E · a

So, for any a in A and in A∗, < f, μ · a >=< f, μ̃E · a >. That is,
< aΔf, μ >=< aΔf, μ̃E >. This shows that μ = μE and ΓE(μ) = m for all E
in ε. Hence m is ψ2 ∩M2. For proof of rest of theorem, assume that m is in
M2. Then m · a is in A for all a in A and m · a = mΔa so that m · a is in ψ2

since (m · a)ΔE = (mΔa)ΔE = mΔ(aΔE) = mΔa = m · a for all E in ε.

Corollary 3.6 Let A be Banach algebra with a bounded approximate iden-
tity. If Z2 ⊆ Λ2 then Z̃2A ⊆ A holds. It is also clear that A ⊆ Λ2.
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Proof. Suppose that Z2 ⊆ Λ2. Since from Theorem 3.5 the equation
Λ2 = ψ2 ∩ M2 and M2A ⊆ ψ2 holds and furthermore from the definition
M2A ⊆ A. On the other hand since Z2A = Z̃2A ⊆ Λ2A ⊆ M2A ⊆ A we get
Z̃2A ⊆ A.

Corollary 3.7 Let A be Banach algebra with a bounded approximate iden-
tity. If Z2 = A then Z̃2A ⊆ A and Λ2A = A holds.

Proof. Suppose that Z2 = A. Since Z2A = Z̃2A = AA ⊆ A the condition
Z̃2A ⊆ A is satisfied. On the other hand from Theorem 3.5 we know that
Λ2 ⊆ M2. Therefore Λ2A ⊆ M2A = M̃2A ⊆ Z̃2A = Z2A ⊆ A. From here
we get Λ2A ⊆ A. Since Z2 = A and A ⊆ Λ2 we get Z2 ⊆ Λ2. Since A is
Banach algebra that is bounded approximate unit the equality holds. Thus,
A = AA = Z2A ⊆ Λ2A and A ⊆ Λ2A. As a result we get Λ2A = A.

It is clear that from the definition of the set M̃2 that M̃2A ⊆ A and the set
M̃2 are closed sub algebra of the(AA∗)∗ algebra. At the same time the set M̃2

is a subspace of also Z̃2 see [1]. On the other hand M̃2 have elements that do
not belong A algebra. We can make this distinction by the help of mixed units
set ε. Let HBE(μ) denote the set of all the Hahn-Banach extension of μ in A∗∗

for μ in (AA∗)∗. We say that ε distinguishes the points of M̃2\A from those

of A if, for μ in M̃2\A, there exist E1 and E2 in ε such that ΓE1(μ) �= ΓE2(μ).
We present a characterization of Λ2 different from Theorem 3.5.

Theorem 3.8 Let A be Banach algebra with a bounded approximate iden-
tity. Then Λ2 = A if and only if, for each μ in M̃2\A, HBE(μ) ∩ ψ2 = ∅.
Proof. Assume that Λ2 = A and let μ be in M̃2 and be such that, for any
two mixed units E1,E2 and ΓE1(μ) = ΓE2(μ). Then the element ΓE1(μ) = m,
is inΛ2, so in A. Hence, we conclude that μ is in A so that the implication
ε distinguishes the points of M̃2\A from those of A. Show that for each μ in

M̃2\A, HBE(μ)∩ψ2 = ∅. Let μ be in M̃2\A, and suppose thatHBE(μ)∩ψ2 �=
∅. Then, any μ̃ in HBE(μ) ∩ ψ2 is in Λ2 so that, for any two mixed units
E1 and E2 ΓE1(μ) = ΓE2(μ) = μ However, by ΓE1(μ) �= ΓE2(μ), this is not

possible. Conversely, assume that for each μ in M̃2\A, HBE(μ) ∩ ψ2 = ∅
holds. Since we always can write A ⊆ Λ2, if we had A �= Λ2 we would have an
μ̃ in Λ2\A. Let μ be the restriction of this μ̃ to AA∗. Then μ is in M̃2\A and,
by HBE(μ) ∩ ψ2 = ∅. However this is not possible since μ̃ is a Hahn-Banach
extension of μ to A∗ and μ̃ is in the HBE(μ) ∩ ψ2. Hence the implication
Λ2 = A also holds.

We know that let A be a Banach algebra with a bounded approximate
identity. Then the closed algebra M̃2 is isometrically isomorphic to LM(A)
see [1] and [6]. Thus if the algebra of left multiplier LM(A) of A coincides

with Z̃2 and ε distinguishes the points of Z̃2\A from those of A then Z2 = A.
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