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Abstract

In this paper, we study concept compatible mappings of type (A)
and discussed some common fixed point theorems for three and four
compatible type of (A) mappings satisfying the different types of con-
tractive condition.

1 Introduction

Sessa[1] defines a of concept weakly commuting mappings and obtained some
common fixed point theorems in complete metric spaces. On this direction
S. T. Patil [3] proved some common fixed point theorems for three and four
weakly commuting mappings satisfying different types of contractive conditions
in complete metric space. In 1986 G. Jungck[2] defined compatible mappings
and discussed few common fixed point theorems in complete metric space. Also
he show weak commuting mappings are compatible mappings but converse
need not hold. Again G. Jungck, P. P. Murthy and Y. J. Cho [4] introduced
the new concept i.e. compatible type of (A)and proved some common fixed
point theorems in a complete metric space. Compatible type of (A) is more
general than weakly commuting mappings and converse is not true.

So on this way we prove some common fixed point theorems for three and
four compatible mappings of type (A) satisfying different types of contractive
conditions in a complete metric space.
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2 Preliminaries

Definition 2.1 Self maps S and T of a metric space (X, d) are said to be
weakly commuting pair iff d(STx, TSx) ≤ d(Sx, Tx) for all x ∈ X.

Clearly, commuting mappings are weakly commuting but converse is not true.

Definition 2.2 Self maps S and T of a metric space (X, d) are said to be
compatible of type (A) if limn→∞ d(TSxn, SSxn) = 0 and limn→∞ d(STxn, TTxn) =
0 whenever {xn} is a sequence in X such that limn→∞ Sxn = limn→∞ Txn = t,
for some t ∈ X.

Clearly, weakly commuting mappings are compatible of type (A). Note that
the implication is not reversible.

Definition 2.3 A function φ : [0,∞) → [0,∞) is said to be a contractive
modulus if φ(0) = 0 and φ(t) < t for t > 0.

Definition 2.4 A real valued function φ defined on X ⊂ R is said to be
upper semicontinuous if limn→∞ φ(tn) ≤ φ(t), for every sequence {tn} ∈ X
with tn → t as n → ∞.

3 Main Results

Theorem 3.1 Let E, F and T be self mapping of a complete metric space
(X, d) and φ is a contractive modulus as defined in definition (2.4) satisfying:

(i) E(X) ∪ F (X) ⊂ T (X).

(ii)

d2(Ex, Fy) ≤ max{φ(d(Tx, Ty))φ(d(Tx,Ex)), φ(d(Tx, Ty))φ(d(Ty, Ex)),

φ(d(Tx, Ty))φ(d(Ty, Fy)), φ(d(Tx,Ex))φ(d(Ty, Fy)),

φ(d(Tx, Fy))φ(d(Ty, Ex))},

for all x, y ∈ X.

(iii) the pair(E, T) or (F ,T) is compatible of type (A).

(iv) If T is continuous,
Then E, F and T have a unique common fixed point.
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Proof:
Let x0 ∈ X arbitrary. Construct a sequence {Txn}, as follows.

Tx2n+1 = Ex2n; Tx2n+2 = Fx2n+1; n = 0, 1, 2, · · · . (1)

From condition (ii) we have

d2(Tx2n+1, Tx2n+2) = d2(Ex2n, Fx2n+1)

≤ max{φ(d(Tx2n, Tx2n+1))φ(d(Tx2n, Ex2n)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Ex2n)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Fx2n+1)),

φ(d(Tx2n, Ex2n))φ(d(Tx2n+1, Fx2n+1)),

φ(d(Tx2n, Fx2n+1))φ(d(Tx2n+1, Ex2n))},
= max{φ(d(Tx2n, Tx2n+1))φ(d(Tx2n, Tx2n+1)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Tx2n+1)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Tx2n+2)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Tx2n+2)),

φ(d(Tx2n, Tx2n+2))φ(d(Tx2n+1, Tx2n1))},
= max{φ(d(Tx2n, Tx2n+1))φ(d(Tx2n, Tx2n+1)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2n+1, Tx2n+2))}.

⇒

d2(Tx2n+1, Tx2n+2) ≤ φ(d(Tx2n, Tx2n+1)) max{φ(d(Tx2n, Tx2n+1)), φ(d(Tx2n+1, Tx2n+2))}
≤ d(Tx2n, Tx2n+1) max{d(Tx2n, Tx2n+1), d(Tx2n+1, Tx2n+2)}.

Since φ is contractive modulus. We have,

d(Tx2n+1, Tx2n+2) ≤ φ(d(Tx2n, Tx2n+1)) ≤ d(Tx2n, Tx2n+1). (2)

The sequence {d(Tx2n, Tx2n+1)} is decreasing. If {d(Tx2n, Tx2n+1)} → α then
from (2) we have α ≤ φ(α) ≤ α and so we must have α = 0, hence

lim
n→∞

d(Tx2n, Tx2n+1) = 0. (3)

We shall show that {Tx2n} is a Cauchy sequence. If it is not so, there exist an
ε > 0 and a sequence of integers {m(k)}, {n(k)} with m(k) > n(k) ≥ k, such
that

d(Tx2m, Tx2n) ≥ ε (4)
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k = 1, 2, 3, · · · . If m(k) is the smallest integer exceeding n(k) for which (4)
holds then from well-ordering principle, we have

d(Tx2m−1, Tx2n) < ε. (5)

Since

d(Tx2m−1, Tx2n+1) ≤ d(Tx2m−1, Tx2n) + d(Tx2n, Tx2n+1),

and so letting k → ∞, we see that

d(Tx2m−1, Tx2n+1) ≤ ε. (6)

Now

d(Tx2m, Tx2n) ≤ d(Tx2m, Tx2n+1) + d(Tx2n+1, Tx2n). (7)

But we have

d2(Tx2m, Tx2n+1) = d2(Ex2n, Fx2m−1)

≤ max{φ(d(Tx2n, Tx2m−1))φ(d(Tx2n, Ex2n)),

φ(d(Tx2n, Tx2m−1))φ(d(Tx2m−1, Ex2n)),

φ(d(Tx2n, Tx2m−1))φ(d(Tx2m−1, Fx2m−1)),

φ(d(Tx2n, Ex2n))φ(d(Tx2m−1, Fx2m−1)),

φ(d(Tx2n, Fx2m−1))φ(d(Tx2m−1, Ex2n))},
= max{φ(d(Tx2n, Tx2m−1))φ(d(Tx2n, Tx2n+1)),

φ(d(Tx2n, Tx2m−1))φ(d(Tx2m−1, Tx2n+1)),

φ(d(Tx2n, Tx2m−1))φ(d(Tx2m−1, Tx2m)),

φ(d(Tx2n, Tx2n+1))φ(d(Tx2m−1, Tx2m)),

φ(d(Tx2n, Tx2m))φ(d(Tx2m−1, Tx2n+1))}. (8)

Using (3), (5), (6), (8) and letting k → ∞, we obtain

lim
k

d2(Tx2m, Tx2n+1) ≤ max{φ(ε)φ(ε), φ(ε) lim
k

d(Tx2m, Tx2n)}
≤ φ(ε) max{φ(ε), lim

k
d(Tx2m, Tx2n+1)},

implies
lim

k
d(Tx2m, Tx2n+1) ≤ φ(ε) < ε.

Then by (7)

lim
k

d(Tx2m, Tx2n) ≤ φ(ε) + 0 < ε,
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a contradiction. Thus {Txn} is a Cauchy sequence. Since X is complete,
there exist a point z ∈ X such that Txn → z. It follows that from (1) that the
sequences {Ex2n} and {Fx2n+1} also converge to z. First suppose that the
pair (E,T) is compatible of type A, Then from condition (ii) we have

d2(ETx2n, Fx2n+1) ≤ max{φ(d(T 2x2n, Tx2n+1))φ(d(T 2x2n, Ex2n)),

φ(d(T 2x2n, Tx2n+1))φ(d(Tx2n+1, ETx2n)),

φ(d(T 2x2n, Tx2n+1))φ(d(Tx2n+1, Fx2n+1)),

φ(d(T 2x2n, ETx2n))φ(d(Tx2n+1, Fx2n+1)),

φ(d(T 2x2n, Fx2n+1))φ(d(Tx2n+1, ETx2n))}.

Since T is continuous, T 2x2n → Tz as n → ∞, the pair (E, T ) is compatible
of type (A), then ETx2n → Tz as n → ∞. Letting n → ∞ and we have

d2(Tz, z) ≤ max{φ(d(Tz, z))φ(d(Tz, z)), φ(d(Tz, z))φ(d(z, T z)),

φ(d(Tz, z))φ(d(z, z)), φ(d(Tz, Tz))φ(d(z, z)),

φ(d(Tz, z))φ(d(z, T z))}
= φ(d(Tz, z))φ(d(Tz, z)),

and it implies that

d(Tz, z) ≤ φ(d(Tz, z)) ≤ d(Tz, z)

i.e. φ(d(Tz, z)) = d(Tz, z). Hence Tz = z.
Again from (ii), we have

d2(Ez, Fx2n+1) ≤ max{φ(d(Tz, Tx2n+1))φ(d(Tz, Ez)),

φ(d(Tz, Tx2n+1))φ(d(Tx2n+1, Ez)),

φ(d(Tz, Tx2n+1))φ(d(Tx2n+1, Fx2n+1)),

φ(d(Tz, Ez))φ(d(Tx2n+1, Fx2n+1)),

φ(d(Tz, Fx2n+1))φ(d(Tx2n+1, Ez))}.

Letting as n → ∞ and using Tz = z,

d2(Ez, z) ≤ max{φ(d(z, z))φ(d(Ez, z)), φ(d(z, z))φ(d(z, Ez)),

φ(d(z, z))φ(d(z, z)), φ(d(z, Ez))φ(d(z, z)),

φ(d(z, z))φ(d(z, Ez))},

that is d2(Ez, z) ≤ 0, so d(Ez, z) ≤ 0. But d(Ez, z) ≥ 0. Therefore d(Ez, z) =
0 and hence Ez = z. So Tz = Ez = z.
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Again from condition (ii), we have

d2(Ex2n, F z) ≤ max{φ(d(Tx2n, T z))φ(d(Tx2n, Ex2n)), φ(d(Tx2n, T z))φ(d(Tz, Ex2n)),

φ(d(Tx2n, T z))φ(d(Tz, Fz)), φ(d(Tx2n, Ex2n))φ(d(Tz, Fz)),

φ(d(Tx2n, F z))φ(d(Tz, Ex2n))}.
Letting as n → ∞, we have

d2(z, Fz) ≤ max{φ(d(z, z))φ(d(z, z)), φ(d(z, z))φ(d(z, z)),

φ(d(z, z))φ(d(z, Fz)), φ(d(z, z))φ(d(z, Fz)),

φ(d(Tz, Fz))φ(d(z, z))},
implies that d(z, Fz) = 0. Hence z = Fz. Thus z = Fz = Ez = Tz, Showing
that z is a common fixed point of E, F and T . Similarly we can prove that z
is a common fixed point of E, F and T when the pair (F,T) is compatible of
type (A).
Uniqueness:
Let z and w be two common fixed points of E, F and T , so z = Ez = Fz = Tz
and w = Ew = Fw = Tw. From condition (ii), we have

d2(z, w) = d2(Ez, Fw)

≤ max{φ(d(Tz, Tw))φ(d(Tz, Ez)), φ(d(Tz, Tw))φ(d(Tw, Ez)),

φ(d(Tz, Tw))φ(d(Tw, Fw)), φ(d(Tz, Ez))φ(d(Tw, Fw)),

φ(d(Tz, Fw))φ(d(Tw, Ez))}
= max{φ(d(z, w))φ(d(z, z)), φ(d(z, w))φ(d(w, z)),

φ(d(z, w))φ(d(w, w)), φ(d(z, z))φ(d(w, w)),

φ(d(z, w))φ(d(w, z))}
= φ(d(z, w))φ(d(w, z))

< d2(z, w),

implies d(z, w) < d(w, z), a contradiction, hence the proof.

Theorem 3.2 Suppose S, I, T and J are four self mappings of a complete
metric space (X, d) into itself satisfying the conditions

(i) S(X) ⊂ J(X), T (X) ⊂ I(X).

(ii)

d2(Sx, Ty) ≤ max{φ(d(Ix, Jy))φ(d(Ix, Sx)), φ(d(Ix, Jy))φ(d(Jy, Ty)),

φ(d(Ix, Sx))φ(d(Jy, Ty)), φ(d(Ix, Ty))φ(d(Jy, Sx))},
for all x, y ∈ X.
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(iii) φ is contractive modulus as in definition (2.4).

(iv) one of S, I, T and J is continuous.
And if

(v) the pairs (S, I) and (T, J) are compatible of type (A).
Then S, I, T and J have a unique common fixed point.

Proof:
Let x0 in X be arbitrary. Choose a point x1 in X such that Sx0 = Jx1.
This can be done since S(X) ⊂ J(X). Let x2 be a point in X such that
Tx1 = Ix2. This can be done since T (X) ⊂ I(X). In general we can choose
x2n, x2n+1, x2n+2,··· such that Sx2n = Jx2n+1 and Tx2n+1 = Ix2n+2, so that we
obtain a sequence

Sx0, Tx1, Sx2, Tx3, · · · . (9)

Using condition (ii), we have

d2(Sx2n, Tx2n+1) ≤ max{φ(d(Ix2n, Jx2n+1))φ(d(Ix2n, Sx2n)),

φ(d(Ix2n, Jx2n+1))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Ix2n, Sx2n))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Ix2n, Tx2n+1))φ(d(Jx2n+1, Sx2n))}
= max{φ(d(Tx2n−1, Sx2n))φ(d(Tx2n−1, Sx2n)),

φ(d(Tx2n−1, Sx2n))φ(d(Sx2n, Tx2n+1)),

φ(d(Tx2n−1, Sx2n))φ(d(Sx2n, Tx2n+1)),

φ(d(Tx2n−1, Tx2n+1))φ(d(Sx2n, Sx2n))}
= max{φ(d(Tx2n−1, Sx2n))φ(d(Tx2n−1, Sx2n)),

φ(d(Tx2n−1, Sx2n))φ(d(Sx2n, Tx2n+1))},
i.e.

d2(Sx2n, Tx2n+1) ≤ φ(d(Sx2n, Tx2n−1)) max{φ(d(Sx2n, Tx2n−1)), φ(d(Sx2n, Tx2n+1))}
≤ d(Sx2n, Tx2n−1) max{d(Sx2n, Tx2n−1), d(Sx2n, Tx2n+1)}

⇒ d(Sx2n, Tx2n+1) ≤ φ(d(Sx2n, Tx2n−1)) ≤ d(Sx2n, Tx2n−1). (10)

By similar procedure we can prove that

d(Sx2n, Tx2n−1) < d(Sx2n−2, Tx2n−1).

Therefore the sequence {d(sx2n, Tx2n+1)} is non decreasing and hence conver-
gent, say converges to some real number c. Since φ is contractive modulus and
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letting n → ∞, we get c ≤ φ(c) ≤ c and so c = 0. To show that the sequence
(9) is Cauchy. It is sufficient to to show that {Sx2n} is cauchy sequence. Sup-
pose it is not so, hence there exist ε > 0 and a sequence of integers {m(k)}
and {n(k)} with m(k) ≥ n(k) ≥ k such that d(Sx2m(k), Sx2n(k)) > ε. Let m
be the smallest integer greater than n(k) such that d(Sx2m, Sx2n) > ε and
d(Sx2m−2, Sx2n) ≤ ε. Therefore

ε < d(Sx2m, Sx2n)

≤ d(Sx2m, Sx2m−1) + d(Sx2m−1, Sx2m−2) + d(Sx2m−2, Sx2n)

≤ d(Sx2m, Sx2m−1) + d(Sx2m−1, Sx2m−2) + ε,

Letting k → ∞, we get

lim
k

d(Sx2m, Sx2n) = ε. (11)

Also we have

d(Sx2m, Sx2n) ≤ d(Sx2m, Tx2n+1) + d(Sx2n, Tx2n+1) (12)

Using condition (ii), we have

d2(Sx2m, Tx2n+1) ≤ max{φ(d(Ix2m, Jx2n+1))φ(d(Ix2m, Sx2m)),

φ(d(Ix2m, Jx2n+1))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Ix2m, Sx2m))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Ix2m, Tx2n+1))φ(d(Jx2n+1, Sx2m))}
= max{φ(d(Tx2m−1, Sx2n))φ(d(Tx2m−1, Sx2m)),

φ(d(Tx2m−1, Sx2n))φ(d(Sx2n, Tx2n+1)),

φ(d(Tx2m−1, Sx2m))φ(d(Sx2n, Tx2n+1)),

φ(d(Tx2m−1, Tx2n+1))φ(d(Sx2n, Sx2m))} (13)

Also we have

d(Tx2m−1, Tx2n+1) ≤ d(Tx2m−1, Sx2m−2) + d(Sx2m−2, Sx2n)

+ d(Sx2n, Tx2n+1) (14)

Using (10),(13) and letting k → ∞, inequality (12) gives

lim
k

d(Sx2m, Tx2n+1) < ε.

Consequently (10) gives that

ε = lim
k

d(Sx2m, Sx2n) < ε,
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which is a contradiction. Hence {Sx2n} is a Cauchy sequence and consequently
the sequence (9) is a Cauchy. Since X is complete, the sequence (9) converges
to a limit z in X. Hence the subsequences {Sx2n} = {Jx2n+1} and {Tx2n−1} =
{Ix2n} also converge to the limit point z.

Suppose that the mapping I is continuous, then I2x2n → Iz and ISx2n →
Iz as n → ∞. Since the pair (S, I) is compatible of type (A) we get SIx2n → Iz
as n → ∞. Now by (ii)

d2(SIx2n, Tx2n+1) ≤ max{φ(d(I2x2n, Jx2n+1))φ(d(I2x2n, SIx2n)),

φ(d(I2x2n, Jx2n+1))φ(d(Jx2n+1, Tx2n+1)),

φ(d(I2x2n, SIx2n))φ(d(Jx2n+1, Tx2n+1)),

φ(d(I2x2n, Tx2n+1))φ(d(Jx2n+1, SIx2n))}.

Letting n → ∞, we get,

d2(Iz, z) ≤ max{φ(d(Iz, z))φ(d(Iz, Iz)),

φ(d(Iz, z))φ(d(z, z)),

φ(d(Iz, Iz))φ(d(z, z)),

φ(d(Iz, z))φ(d(z, Iz))}
= φ(d(Iz, z))φ(d(Iz, z))

i.e. d(Iz, z) ≤ φ(d(Iz, z)) ≤ d(Iz, z). Hence φ(d(Iz, z)) = 0 i.e. Iz = z.
Further

d2(Sz, Tx2n+1) ≤ max{φ(d(Iz, Jx2n+1))φ(d(Iz, Sz),

φ(d(Iz, Jx2n+1))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Iz, Sz))φ(d(Jx2n+1, Tx2n+1)),

φ(d(Iz, Tx2n+1))φ(d(Jx2n+1, Sz))}.

Jx2n+1 → z, Tx2n+1 → z as n → ∞ and Iz = z, so letting n → ∞ we get

d2(Sz, z) ≤ max{φ(d(z, z))φ(d(z, Sz)),

φ(d(z, z))φ(d(z, z)),

φ(d(z, Sz))φ(d(z, z)),

φ(d(z, z))φ(d(z, Sz))} = 0,

implies that d(Sz, z) ≤ 0, so we have d(Sz, z) = 0 and hence Sz = z. Thus
Sz = Iz = z. Since S(X) ⊂ J(X), there is a point z′ ∈ X such that
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z = Sz = Jz′. Now we prove that Jz′ = Tz′. Now by (ii)

d2(Sz, Tz′) ≤ max{φ(d(Iz, Jz′))φ(d(Iz, Sz)), φ(d(Iz, Jz′))φ(d(Jz′, T z′)),

φ(d(Iz, Sz))φ(d(Jz′, T z′)), φ(d(Iz, T z′))φ(d(Jz′, Sz))}
= max{φ(d(z, z))φ(d(z, z)), φ(d(z, z))φ(d(z, T z′)),

φ(d(z, z))φ(d(z, T z′)), φ(d(z, T z′))φ(d(z, z))}
so d2(Sz, Tz′) ≤ 0 implies d(z, T z′) = 0 and Tz′ = z, hence z = Jz′ = Tz′.
Take yn = z′ for n ≥ 1, then Tyn → Tz′ = z and Jyn → Jz′ = z as n → ∞.
Since the pair (T, J) is compatible of type (A) we get limn→∞ d(TJyn, JJyn) =
0. That is d(TJz′, JTz′) = 0 or TJz′ = JTz′, hence Tz = Jz. Now

d2(z, T z) = d2(Sz, Tz)

≤ max{φ(d(Iz, Jz))φ(d(Iz, Sz)), φ(d(Iz, Jz))φ(d(Jz, Tz)),

φ(d(Iz, Sz))φ(d(Jz, Tz)), φ(d(Iz, T z))φ(d(Jz, Sz))}
= max{φ(d(z, T z))φ(d(z, z)), φ(d(z, T z))φ(d(Tz, Tz)),

φ(d(z, z))φ(d(Tz, Tz)), φ(d(z, T z))φ(d(Tz, z))}
= φ(d(Tz, z))φ(d(Tz, z))

⇒ d(Tz, z) ≤ φ(d(Tz, z)) ≤ d(Tz, z).

Hence φ(d(Tz, z)) = 0 i.e. Tz = z and z = Tz = Jz. So z is a common fixed
point of S, I, J and T , when continuity of J is assumed. The proof that z is a
common fixed point of S, I, J and T is similar, when any one from S, J and T
is continuous.

Now suppose that S is continuous, then S2x2n, SIx2n → Sz as n → ∞.
Now by (ii)

d2(S2x2n, Tx2n+1) ≤ max{φ(d(ISx2n, Jx2n+1))φ(d(ISx2n, S
2x2n)),

φ(d(ISx2n, Jx2n+1))φ(d(Jx2n+1, Tx2n+1)),

φ(d(ISx2n, S
2x2n))φ(d(Jx2n+1, Tx2n+1)),

φ(d(ISx2n, Tx2n+1))φ(d(Jx2n+1, S
2x2n))},

letting n → ∞, using the compatible of type (A) of the pair (S, I) we get

d2(Sz, z) ≤ max{φ(d(Sz, z))φ(d(Sz, Sz)), φ(d(Sz, z))φ(d(z, z))

φ(d(Sz, Sz))φ(d(z, z)), φ(d(Sz, z))φ(d(z, Sz))}
= φ(d(Sz, z))φ(d(Sz, z))

i.e.

d(Sz, z) ≤ φ(d(Sz, z)) ≤ d(Sz, z).
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Hence φ(d(Sz, z)) = 0 i.e. Sz = z. S(X) ⊂ J(X), there is a point u ∈ X such
that z = Sz = Ju. Now by (ii)

d2(S2x2n, Tu) ≤ max{φ(d(ISx2n, Ju))φ(d(ISx2n, S
2x2n)),

φ(d(ISx2n, Ju))φ(d(Ju, Tu)),

φ(d(ISx2n, S
2x2n))φ(d(Ju, Tu)),

φ(d(ISx2n, Tu))φ(d(Ju, S2x2n))}
letting n → ∞, we get

d2(z, Tu) = d2(Sz, Tu)

≤ max{φ(d(z, z))φ(d(z, z)), φ(d(z, z))φ(d(z, Tu))

φ(d(z, z))φ(d(z, Tu)), φ(d(z, Tu))φ(d(z, z))} = 0.

Thus we have d(z, Tu) = 0 and hence z = Tu. Hence z = Tu = Ju.
Let yn = u, then Tyn → Tu = z and Jyn → Ju = z. Since (T, J) is

compatible of type (A), limn→∞ d(TJyn, JJyn) = 0. This gives Tz = Jz.
Further

d2(Sx2n, T z) ≤ max{φ(d(Ix2n, Jz))φ(d(Ix2n, Sx2n)),

φ(d(Ix2n, Jz))φ(d(Jz, Tz)),

φ(d(Ix2n, Sx2n))φ(d(Jz, Tz)),

φ(d(Ix2n, T z))φ(d(Jz, Sx2n))}
letting n → ∞, we get

d2(z, T z) ≤ max{φ(d(z, T z))φ(d(z, z)), φ(d(z, T z))φ(d(Tz, Tz))

φ(d(z, z))φ(d(Tz, Tz)), φ(d(z, T z))φ(d(Tz, z))}
= φ(d(z, T z))φ(d(z, T z))

i.e. d(Tz, z) ≤ φ(d(Tz, z)) ≤ d(Tz, z). Hence φ(d(Tz, z)) = d(Tz, z) = 0 i.e.
Tz = z. Hence z = Tz and z = Jz = Tz. Since T (X) ⊂ I(X), There is a
point u ∈ X such that Z = Tz = Iv. Now

d2(Sv, z) = d2(Sz, Tz) ≤ max{φ(d(Iv, Jz))φ(d(Iv, Sv)), φ(d(Iv, Jz))φ(d(Jz, Tz))

φ(d(Iv, Sv))φ(d(Jz, Tz)), φ(d(Iv, T z))φ(d(Jz, Sv))}
=≤ max{φ(d(z, z)φ(d(z, Sv), φ(d(z, z)φ(d(z, z),

φ(d(z, Sv)φ(d(z, z), φ(d(z, z)φ(d(z, Sv)}
= 0.

Thus we have d(Sv, z) = 0 and Sv = z. Take yn = v then Syn → Sv = z,
Iyn → Iv = z. Since (S, I) is compatible of type (A) we get limn→∞ d(ISyn, SSyn) =
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0. This implies that Sz = Iz. Hence z is a common fixed point of S, I, J and
T when S is a continuous. The proof is similar that z is common fixed point
of S, I, J and T , when T is continuous.
Uniqueness:
Let z and w be two common fixed point of S, I, J and T i.e. z = Sz = Iz =
Tz = Jz and w = Sw = Iw = Tw = Jw. From condition (ii) we have

d2(z, w) = d2(Sz, Tw)

≤ max{φ(d(Iz, Jw))φ(d(Iz, Sz)), φ(d(Iz, Jw))φ(d(Jw, Tw))

φ(d(Iz, Sz))φ(d(Jw, Tw)), φ(d(Iz, Tw))φ(d(Jw, Sz))}
= max{φ(d(z, w)φ(d(z, z), φ(d(z, w)φ(d(w, w),

φ(d(z, z)φ(d(w, w), φ(d(z, w)φ(d(w, z)}

Therefore d(z, w) ≤ φ(d(z, w)) ≤ d(z, w) i.e. φ(d(z, w)) = d(z, w). Thus
d(z, w) = 0 i.e. w = z. Hence the common fixed point is unique.
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