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Introduction:  The concept of fuzzy sets was given by Zadesh's (1965)  becomes the 
foundation of fuzzy metric space.To use this concept in topology and analysis several 
researchers defined fuzzy metric space in various ways. Singh and Chauhan [5] introduced 
more general concept namely compatibility than that of weak-commutivity of maps in the 
setting of fuzzy metric space.Recently Singh and Jain [6] have been introduced semi-
compatibility of maps in fuzzy metric space.  M. S. Rathore, Naval Singh and Sarita 
Rathore [4] generalize the result of Singh and Chauhan [5] using the concept of 
compatibility and R-weak commutivity of mappings together with reciprocal continuity of 
maps of fuzzy metric spaces and  proved common fixed point theorem.    
              Here we generalize the result of [4] by  
(1)Replacing the assumption of R-weakly commuting map to weak-compatible map and 

semi- compatible map.  
(2)Increasing the number of self maps from four to six.  
(3)Relaxing the condition of reciprocal continuity by continuity only. 
 
Preliminaries: - For the basic properties and terminologies of fuzzy metric space the reader 
is referred to George and Veeramani [1] and M. S. Rathore, Naval Singh and Sarita 
Rathore [4]. Other required definitions are as follows: 
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Definition 1: Two maps F and G from fuzzy metric space (X, M, *) into itself are said to 
be R-weakly commuting if there exist a positive real number R such that for each x∈X 
                              M(FGx, GFx, Rt) > M(Fx, Gx, t)                    for all t > 0 
 
Definition 2: Two maps F and G of fuzzy metric space (X, M, *) into itself` are said to be 
compatible if M(FGxn, GFxn, t)  1 for all t > o ,whenever {xn} is a sequence in X such 
that  
                           lim n→∞ Fxn = lim n→∞ Gxn = x                   for some x in X. 
 
Definition 3: Two self maps F and G of fuzzy metrics space (X, M, *) are said to be weak 
compatible if they commute at their coincidence points that is Fx = Gx => FGx = GFx 
 
Definition 4: A pair (F, G) of self maps of a fuzzy metric space (X, M, *) is said to be semi 
compatible if lim n→∞ FGxn = Gx , whenever {xn} is a sequence in X such that 
                           lim n→∞ Fxn = lim n→∞ Gxn = x.  
 
It follows that (F, G) is semi-compatible and Fx = Gx then FGx = GFx 
 
Remark : From the above definitions it is clear that in a fuzzy metric space a pair (F, G) of 
self maps is R-weakly commuting implies that the pair is compatible, which implies that 
the pair is weak-compatible. But the converse is not true. 
 
Ex.: Let (X, M, *) be a fuzzy metric space where X = [0, 2], t norm is defined by a * b = 
min {a, b}, for all a, b ∈ [0, 2] and M (x, y, t) = [exp |x-y|/t]-1        for all x, y ∈ X and t > 0 
 
Define self maps F and G on X as follows: 
 
  x2 + 1   0 ≤ x < 1 
 Fx =  
     3   1 ≤ x ≤ 3 
     
   1 - x   0 ≤ x < 1 
 Gx =  
     3   1 ≤ x ≤ 3 
  
Take {xn} = 1/2n, then lim n→∞  xn = 0 and lim n→∞  Fxn = lim n→∞  Gxn = 1.   
     
Now M (FGxn, GFxn, t) = [exp | FGxn-GFxn|/t]-1 
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      = [exp | 2+½ 2n – 2/2n –3 | /t    ] -1  → e -1/ t  ≠ 1 

                            
Hence F and G are not compatible. The set of coincident points of F & G is [1, 3].Now for 
any  
x ∈ [1, 3], Fx = Gx = 3 and FGx = F(3) = 3= GFx = G(3) .Thus F and G are weak-
compatible but not compatible. 
 
Main Theorem: 
Theorem 1: Let A, B, S, T, I and J be self maps of a complete fuzzy metric space (X, M, *) 
with continuous t–norm * defined by a * b = min {a, b}, a, b ∈ [0, 1] satisfying: 
(1) AB(X) ⊂ J (X), ST(X) ⊂ I (X), 
(2)  Either AB or ST is continuous, 
(3) (AB, I) is semi-compatible and (ST, J) is weak-compatible, 
(4) For all x, y ∈ X, k ∈ (0, 1), t > 0  
            M3(ABx, STy, kt)  ≥ Min { M3(Ix, Jy, t),M3(ABx, Ix, t),M3(STy, Jy, t), 
                                                        M(ABx, Jy, 2t),M(STy, Ix, 2t), M2(STy, Jy, t)} 
(5) For all x, y∈ X, M(x, y, t) → 1 as t → ∞. 
            Then AB, ST, I and J have a unique common fixed point in X. 
 
Proof: Let x0 ∈ X be any arbitrary point. As AB(X) ⊂ J(X) and ST(X) ⊂ I (X), there exists 
x1 ∈ X, x2 ∈ X such that ABx0 = Jx1  and STx1 = Jx2 .Inductively we construct a sequence 
{yn}and  {xn}in  X such that  y2n-1 = Jx2n-1 = ABx2n-2 and y2n = Ix2n = STx2n-1, n=1, 2, 3....  
Now using (4), we have, 

    M3(y2n+1, y2n+2, kt) = M3(ABx2n, STx2n+1, kt)  
            ≥Min{M3(Ix2n,Jx2n+1,t),M3(ABx2n,Ix2n,t),M3(STx2n+1,Jx2n+1,t),  
    M(ABx2n,Jx2n+1,2t),M(STx2n+1,Ix2n,2t),M2(STx2n+1,Jx2n+1,t)} 

                                               ≥ Min{M3(y2n, y2n+1, t),M3(y2n, y2n+1, t),M3(y2n+2, y2n+1, t), 
    M(y2n+1, y2n+1, 2t),M(y2n+2, y2n, 2t),M2(y2n+2, y2n+1, t)s} 

                                     ≥Min{M3(y2n, y2n+1, t),M3(y2n+2, y2n+1, t),Min{M(y2n+2,y2n+1,t),     
                                                   M(y2n+1, y2n, t)},M2(y2n+2, y2n+1, t)} 
=>      M(y2n+1, y2n+2, kt) ≥ M(y2n, y2n+1, t)         …(6) 
                    
Again by (4) we can prove that 
                 M(y2n, y2n+1, kt) ≥ M(y2n-1, y2n, t)                                  …(7) 
                   Using (6) and (7), we have 
           M(yn, yn-1, (1-k)t/k) ≥ M(yn-1, yn-2, (1-k)t/k2) 
                                  ≥ M(yn-2, yn-3, (1-k) t/k3) 
                                            ≥M(y0,y1, (1-k) t/kn)→ 1 as n → ∞                                                   
Hence for t > 0,λ ∈ (0,1) we can choose n0 ∈ N such that 
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             M(yn, yn-1, (1-k) t/k) > 1 – λ ,  n ≥ n0                 …(8)             
To prove {yn} is a cauchy sequence, we claim (9) is true for all n ≥ n0  and for every m∈N 
         M(yn, yn+m, t) > 1 – λ         … (9)   
                      From (6), (7) and (8), we have  
 M(yn, yn+1, t) ≥ M(yn, yn-1, t/k) ≥ M(yn, yn-1, (1-k)t/k) > (1 – λ ) 
Thus result (9) is true for m = 1.Further let it is true for m. Now we shall show that it is 
also true for m+1.  
Now by (6), (7) and definition of t-norm, we have 
 M(yn, yn+m+1, t) ≥ M(yn, yn+m, t/k)  
                            ≥ Min { M(yn, yn-1, (1-k)t/k), M(yn, yn+m, t) } ≥ (1 – λ ) 
Thus equation (9) is true for m+1 and so it is true for every m ∈ N. 

Therefore {yn} is a cauchy sequence in X and as X is complete so {yn} converges 
to some point z ∈ X. Thus {ABx2n},{Jx2n-1},{Ix2n},(STx2n-1} also converges to z. 
 
Case  I : Let  AB is continuous, ABIx2n → ABz 
                 As (AB, I) is semi compatible, (AB) Ix2n → Iz 
Since in fuzzy metric space limit of the sequence is unique, therefore ABz = Iz. 
 
Step I  : Put x = z and y = x2n+1 in (4), we have 
M3(ABz, STx2n+1, kt) ≥ Min { M3(Iz, Jx2n+1, t),M3(ABz, Iz, t),M3(STx2n+1, Jx2n+1, t),  

M(ABz, Jx2n+1, 2t),M(STx2n+1, Iz, 2t),M2(STx2n+1, Jx2n+1, t) } 
Letting lim n → ∞, we get 
M3(ABz, z, kt) ≥ Min { M3(Iz, z, t), M3(Iz, Iz, t), M3(z, z, t), M(ABz, z, 2t), 

               M(z, Iz, 2t), M(z, z, t) } 
                  ≥ Min { M3(ABz, z, t),I,M(ABz, z, 2t),M(Z, ABz, 2t), 1 } 

 ≥ M3(ABz, z, t) 
Hence                                          ABz = z 
 
Step II : As AB(x) ⊂ J (x), there exists a point w ∈ X such that ABz = Jw. 
Using (4), we have 
M3(ABz, STw, kt) ≥ Min { M3(Iz, Jw, t),M3(ABz, z, t),M3(STw, Jw, t),M(ABz, Jw, 2t), 
                                           M(STw, Iz, 2t),M2(STw, Jw, t) } 
 
 
Taking lim n → ∞, we get 
 
M3 (z, STw, kt) ≥ Min { M3(ABz, ABz, t),M3(STw, Jw, t),M(Jw, Jw, 2t),M(STw, ABz, 2t),  

              M2(STw, ABz, t) }      
 ≥ 1 
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Hence                       z = STw = Jw       …(10)  
  
 
Step III: As (ST, J) is weak compatible, JSTw = STJw  
Hence         Jz = STz        …(11)  
  
Step IV: Put x = z & y = z  in (4), we get 
M3(ABz, STz, kt) ≥ Min { M3(Iz, Jz, t),M3(ABz, Iz, t),M3(STz, Jz,  t),M(ABz, Jz, 2t), 
                      M(STz, Iz, 2t), M2(STz, Jz, t) } 

      ≥ 1 
Hence            ABz=STz                                                               …(12) 
                              Combining all the results, we get 
                   z = ABz = STz = Iz = Jz 
Thus z is the common fixed point of AB, ST, I and J. 
 
Case II: If  S and T are continuous, the proof follows by case I. 
 
Uniqueness: Let u be another common fixed point of AB, ST, I and J, then 
M3(z, u, kt) = M3(ABz, STu, kt)  

        ≥ Min { M3(Iz, Ju, t),M3(ABz, Iz, t),M3(STu, Ju, t),M(ABz, Ju, 2t,), 
                        M(STu, Iz, 2t), M2(STu, Ju, t) } 

                    ≥ Min { M3(z, u, t),M3(z, z, t),M3(u, u, t),M(z, z, 2t),M(u, z, 2t), M2(z, z, t) } 
                    ≥ M3(z, u, t) 
Thus    z = u        for all x, y ∈ X and t > 0 
Therefore z is the unique common fixed point of AB, ST, I and J. 
 
Corollary 1.1: Let A, B, S, T, I and J be self maps of a complete fuzzy metric space  
(X, M, *) with continuous t-norm satisfying the conditions (1), (2)ss, (4) of theorem (1) 
and (AB, I) and (ST, J) are semi-compatible then AB, ST, I and J have unique common 
fixed point in X. 
Proof: Since (BI, T) is semi-compatible implies (BI, T) is weak-compatible and hence 
result follows from theorem (1).  
 
Remark:  If we take B = T = Identity map in theorem (1) then  
 
Theorem 1.2: Let (X, M, *) be a complete fuzzy metric space & let (A, I) and (S, J) are 
semi compatible maps satisfying: 
 
(a) For all x, y ∈ X and t > 0. 
             M3(Ax, Sy, kt) ≥ Min { M3(Ix, Jy, t),M3 (Ax, Ix, t),M3(Sy, Jy, t),M(Ax, Jy, 2t),  
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              M(Sy, Ix, 2t),M(Sy, Ix, 2t),M2 (St, Jy, t) }, for all x,y ∈ X,                 
                                                                                           k ∈(0,1) 

(b) A(X) ⊂ I(X), B(X) ⊂ J(X), 
(c) (A, I), (S, J) are semi-compatible commuting pair of maps, 
            Then A, S, I and J have unique common fixed point. 

This theorem proves that the theorem of Rathore holds even the pairs are semi-
compatible.  

 
Remark: Take I = Identity mapping in theorem (1),we have following result for 5 self 
maps. 
 
Corollary 1.3: Let A, B, S, T and J be self maps on a complete fuzzy metric space  
(X, M, *) satisfying;  
(d) AB(X) ⊂ J(X), 
(e) (ST, J) is weak-compatible, 
(f)  For all x, y ∈ X and t > 0. 
  M3 (ABx, STy, kt) ≥ Min {M3(x, Jy, t),M3(ABx, x, t),M3(STy, Jy,  t),  
              M (ABx, Jy, 2t),M(STy, x, 2t),M2(STy, Jy, t) }   
(g)        For all x, y∈ X, M(x, y, t) → 1 as t → ∞ 
             Then AB, ST and J have a unique common fixed point. 
 
If we take B = T = I = J = identity mapping in theorem 1 then the conditions (1),(2),(3) and 
(5) are satisfied trivially and we get the following result. 
 
Corollary 1.4: Let A and B be self maps on a complete fuzzy metric space (X, M, *) 
satisfying. 
(h)  For all x, y ∈ X and t > 0. 
              M3(Ax, Sy, kt) ≥ Min { M3(Ix, Jy, t),M3(Ax, Ix, t),M3(Sy, Jy, t),M(Ax, Jy, 2t) , 
                     M (Sy, Ix, 2t), M2(Sy, Jy, t) }   
              Then A and B have a unique common fixed point. 
 
Theorem1.5: Let A, B, S, T, I and J be self maps on a complete fuzzy metric space  
(X, M, *) satisfying conditions (1), (2), (4) and (5) of theorem (1) and (AB, I) is 
compatible and (ST, J) is weak compatible.  
Then AB, ST, I and J have unique common fixed point. 
 
Proof: According to theorem (1), {yn} is a cauchy sequence in X. Since X is complete 
hence it converges to some z ∈ X. 
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Case I:  AB is continuous and (AB, I) is compatible, we get  
 
 ABIx2n  → ABz,  A2B2x2n → Iz,  IABx2n → ABz  
 
Step I : Put x = ABx2n and y = x2n+1 in (4), we get 
 
  M3(ABABx2n, STx2n+1, kt) ≥ Min { M3(IABx2n, Jx2n+1, t),M3(ABABx2n, IABx2n, t), 
                                                                     M3(STx2n+1, Jx2n+1, t),M(ABABx2n, Jx2n+1, 2t), 
                                                                     M(STx2n+1, IABx2n, 2t),M2(STx2n+1, Jx2n+1, t) } 
 
Taking lim n → ∞  , we get 
  
 M3(ABz, z, kt) ≥ Min { M3(ABz, z, t),M3(ABz, ABz, t) 
         M3(z, z, t),M(ABz, z, 2t),M(z, ABz, 2t) M2(z, z, t) }  
=>        M3(ABz, z, kt) ≥ M3(ABz, z, t) 
 
Hence                                            ABz = z 
 
Step II: As AB(X) ⊂ J(X), there exist u ∈ X such that ABz = Ju. 
Put x = x2n, y=u in (4), we have 
 
      M3(ABx2n, STu, t) ≥ Min { M3(Ix2n, Ju, t),M3(ABx2n, Ix2n, t),M3(STu, Ju, t),  
                   M(ABx2n, Ju, 2t),M(STu, Ju, t),M(STu, Ju, t) } 
 
On solving, we get 
                                    z = STu = Ju. 
Since (ST, J) is weak-compatible, we get 
                                J(ST)u = (ST)Ju => Jz = STz 
 
Step III: As ST(x) ⊂ I (X) and z = STu, there exist v ∈ X such that z = STu = Iv. 
Put x = v and y = u in (4), we get M3(ABv, STu, t) ≥ 1 
 
 ∴                             ABv = STu  
 Hence                                     z = Iv = ABv 
 
Since (AB, S) is semi-compatible, we have 
                             ABIv = IABv and ABz = Iz = z. 
 
Step IV: Assuming ABz ≠ STz  and putting x = z, y = z in (4), we get  
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                              M3 (ABz, STz, t) ≥ 1 
Hence                                    ABz = STz = z 
 
Combining all the results, we get z = ABz = STz = Iz = Jz  that is z is a common fixed 
point of AB, ST, I and J. 
 
Corollary 1.6: Let A, B, S, T, I and J be self maps on a complete metric space (X, M, *) 
satisfying the conditions (1), (2), (4) and (5) of theorem (1) with (AB, I) and (ST, J) are 
compatible. 
Then AB, ST, I and J have unique common fixed point. 
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